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Factorization: classical algorithms

Factorization of a polynomial P

Find F1,..., F, irreducible, st. P=F x --- x F;
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Factorization of a polynomial P

Find F1,..., F;, irreducible, st. P=F; x --- X F;

— X0 — X2Y + XOY £ XY?2 - X*YZ — Y?Z + X*Z? + YZ?
=X =Y+ 2)(X*+Y)(Z - X)

Z|X]: deterministic polynomial time  [Lenstra-Lenstra-Lovasz'82]

Q(a)[X] [A. Lenstra’83, Landau’83]
Q(a)[ X1, - .-, Xn] [Kaltofen'85, A. Lenstra’87]
I, [X]: randomized polynomial time [Berlekamp'67]
Fy[ X1, .., Xn]
Complexity

Polynomial in the degree of the polynomials




X102 101
Y + X].Ol Y102 _ XlOl YlOl - X
= 7 4=



X102 YlOl + XlOl Y102 . XlOl YlOl - X—-Y +1
_ (X—|— Y — 1) % (XlolleI _ 1)



XlOZlel +X101 Y102 _X101 YlOl - X — Y+ 1
:(X+Y—1)X(X101Y101—1)
= (X4Y —1)x (XY =1) x (1 + XY + - + X100y100)



The case of lacunary polynomials

Definition

k
P(X, .., Xa) =D aiXyV - X

j=1
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The case of lacunary polynomials

Definition

k
P(X, .., Xa) =D aiXyV - X
j=1

> Lacunary representation: {(aij,...,an :a;) 1<) <k}
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X102Y101 +X101Y102—X101 YlOl - X — Y+1
:(X+Y—1)X(X101Y101—1)
= (X+Y —1) x (XY = 1) x (1 4+ XY 4 --- + X200 y100)

Definition
P(Xi,..., X ZQJ XU . X
> Lacunary representation: {(auj,...,an 1 aj):1<j <k}

> size(P) ~ ). size(a;) + log(au;) + - - - + log(auy)

Algorithms of polynomial complexity in log(deg(P)) and in k

Restriction to some factors only




Integral roots of integral polynomials

Gap Theorem (Cucker-Koiran-Smale’98)
Let

P(X) = Zajxaf+ Z aiX% e Z[X]
j=t+1
| S —
Po P

with o < ap < -+ < ..
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Gap Theorem (Cucker-Koiran-Smale’98)
Let

P(X) = Zajxaf+ Z aiX% e Z[X]
j=t+1
~—_——
Po P

with a3 < ap < --- < ag. Suppose that

apr1 —ap > 1+ log (max|aj|> ,
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Let

Zajxaf+ Z aj X% € Z[X]
Jj=0+1
W ~—_——
Po P1

with a3 < ap < --- < ag. Suppose that
o1 — oy > 1+ log <maxaj> )
Jj<t

then for all x, |x| > 2, P(x) =0 = Py(x) = Pi(x) = 0.
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Let

Zajx% + Z ai X% € Z[X]

Jj=t+1
W ——
Po Py

with a3 < ap < --- < ag. Suppose that
o1 — oy > 1+ log <maxaj> )
Jj<t

then for all x, |x| > 2, P(x) =0 = Py(x) = Pi(x) = 0.
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Racine commune : — 3 et éventuellement 0, 1 et —1.



Let

Zajx% + Z ai X% € Z[X]

Jj=t+1
W ——
Po Py

with a3 < ap < --- < ag. Suppose that
o1 — oy > 1+ log <maxaj> )
Jj<t

then for all x, |x| > 2, P(x) =0 = Py(x) = Pi(x) = 0.

9+ X2 +6X"+2X8=—-9+ X2+ X"(6+2X)

Racine commune : — 3 et éventuellement 0, 1 et —1.



Factorization of lacunary polynomials

Theorems

There exist deterministic polynomial time (in log(deg /7)) algo-
rithms to compute

> linear factors of univariate polynomials over 7Z;
[Cucker-Koiran-Smale'98]
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Theorems

There exist deterministic polynomial time (in log(deg /7)) algo-
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Factorization of lacunary polynomials

Theorems

There exist deterministic polynomial time (in log(deg /7)) algo-
rithms to compute

> linear factors of univariate polynomials over 7Z;
[Cucker-Koiran-Smale'98]

> low-degree factors of univariate polynomials over O(«);
[Lenstra’99]

> linear factors of bivariate polynomials over ©;
[Kaltofen-Koiran'05]
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There exist deterministic polynomial time (in ) algo-
rithms to compute

factors of polynomials over 7;
[Cucker-Koiran-Smale'98]

factors of polynomials over ;
[Lenstra’99]

factors of polynomials over ©);
[Kaltofen-Koiran'05]

factors of polynomials over
[Kaltofen-Koiran'06]
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Gap Theorem

Let

0 k
P=> aX¥Y?h + > aXuYh
j=1 j=0+1

Po Py

with uv #0, a1 < -+ < ay. If

l
Qi1 > o1 + (2>,

then (Y — uX — v) divides P iff it divides both Py and P;.




Observation

(Y —uX —v) divides P(X,Y) <— P(X,uX+v)=0

Gap Theorem

Let

0 k
P=> aX¥Y?h + > aXuYh
j=1 j=0+1

-~

Po Py

with uv #0, a1 < -+ < ay. If

l
Qi1 > o1 + <2>,

then every linear factor of P divides both Py and P;
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— X5
Yo + x3y®8
—2x3y7
+ X3y®

XlO 2
Y2 — x9%y3
+ X%Yy?

X18 Y13
. X16 Y15
+ X17 Y13
+ X16 Y14

X31 Y6
_ 2x30 Y? + X29
Y8 _ X29 Y6



— X3Y® 4+ x3y?®
:X3Y6—2X3Y7+X3Y6
» (X2 +Y2-2Y+
— Xoy3 4 X9y?2 :
Y

X18
Y13 . X16 Y15
+ X17 Y13
+ X16 Y14

X31 Y6
_ 2x30 Y? + X29
Y8 _ X29 Y6



—X3Y® L x3y® 2 x3y7 4+ x3y®
=X3Y(X-Y+1)1-X-Y)
X10Y2 _ng3 —|—X9Y2

X18 Y13 . X16 Y15 + X17 Y13 + X16 Y14

X31 Y6 _ 2x30 Y? + X29 Y8 _ X29 Y6



— XY+ x3y8 —_2Xx3y7 4 x3y*
=X3Y(X-Y+1)1-X-Y)

X10Y2 _ X9Y3 —|—X9Y2
=X°Y3(X -Y +1)

X18 Y13 . X16 Y15 + X17 Y13 + X16 Y14

X31 Y6 _ 2x30 Y? + X29 Y8 _ X29 Y6



— XY+ x3y8 —_2Xx3y7 4 x3y*
=X3Y(X-Y+1)1-X-Y)

X10Y2 _ X9Y3 —|—X9Y2
=X°Y3(X -Y +1)

X18 Y13 . X16 Y15 + X17 Y13 + X16 Y14
=XPYB(X+Y)(X-Y+1)

X31 Y6 _ 2x30 Y? + X29 Y8 _ X29 Y6



—X5YO 4+ X3Y® —2X3Y7T 4 X3Y®
=X3Y(X-Y+1)1-X-Y)
X10Y2 _ng3 —|—X9Y2
=X°Y3(X -Y +1)
X18 Y13 . X16 Y15 + X17 Y13 + X16 Y14
=XPYB(X+Y)(X-Y+1)
X31 Y6 _ 2x30 Y? + X29 Y8 _ X29 Y6
=XPYO(X-Y+1)(X-Y-1)



— XY+ x3y8 —_2Xx3y7 4 x3y*

= X3y® (1-X-Y)
X10Y2 _ng3 —|—X9Y2

= X%Y?
X18 Y13 . X16 Y15 + X17 Y13 + X16 Y14

= XPYB(X 1Y)

X31 Y6 _ 2x30 Y? + X29 Y8 _ X29 Y6
= X2y® (X-Y-1)



—X5YO 4+ X3Y® —2X3Y7T 4 X3Y®

= x3y® (1-X-Y)
X10Y2 _ng3 —|—X9Y2

_ X9Y2
X18 Y13 . X16 Y15 + X17 Y13 + X16 Y14

= XPYB(X 1Y)

X31 Y6 _ 2x30 Y? + X29 Y8 _ X29 Y6
= X2y® (X-Y-1)



— XY+ x3y8 —_2Xx3y7 4 x3y*
= x3y® (1-X-Y)

X10Y2 _ng3 —|—X9Y2
= X°Y?

X18 Y13 . X16 Y15 + X17 Y13 + X16 Y14
= XPYB(X 1Y)

X31 Y6 _ 2x30 Y? + X29 Y8 _ X29 Y6
= X2y® (X-Y-1)

— Linear factors of P: ( , 1), (X,3), (Y,2)
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Definition

val(P) = degree of the lowest degree monomial of P € K[X]
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val(P) = degree of the lowest degree monomial of P € K[X]

Theorem
¢

Let P = a;X(uX+v)% #0, withuv # 0and oy <+ < .
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val(P) = degree of the lowest degree monomial of P € K[X]

val(X3 +2X5 — X17) =3
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Definition

val(P) = degree of the lowest degree monomial of P € K[X]

val(X3 +2X5 — X17) =3

Theorem

L

Let P = ZanO‘f(uX—i—v)’Bf #0,withuy #0andag < ---

j=1
Then

)<+ (1)

X% (uX + v)# linearly independent

Hajés' Lemma: if oy = --- = ay, val(P) < a; + (£ — 1)




Gap Theorem

Theorem

Let

‘ k
P= Z ai X% (uX 4 v)% 4 Z ai X% (uX + v)Pi
j=1 j=t+1

Po Py

/

with uv #0, a1 < -+ < ay. If

(41—
e > e (aJ 4 ( 5

then P = 0 iff both P, =0 and P; = 0.
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Theorem

Let

¢ k
P=> aiX¥(uX+v)%+ > aX%(uX + v)P
j=1 j=t+1

Po Py

with uv # 0, a3 < -+ - < ay. If £ is the smallest index s.t.

l
Oyl > oq + <2>7

then P = 0 iff both Pp =0 and P; = 0.

P = (CvaI(PO)XvaI(PO) 4. ) + XQet <a£+1(ux + V)ﬁHl 4. )




The Wronskian

Definition
Let f1,...,f; € K[X]. Then
fi ... fy

-
wr(fi, .. ) =det | ? :

2'—1 E:—l l:—l
(D g gl
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The Wronskian

Definition
Let f1,...,f; € K[X]. Then
fi ... fy

-
wr(fi, .. ) =det | ? :

e AT A
e e e

Proposition (Bocher, 1900)
wr(fi,...,f) #0 <= the fj's are linearly independent.
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Lemma

val(wr(fi,...,f)) > Zval =

Jj=1

(2

val(f) val(fz)

0 fl fg
S| R g
k.—l k.—l

val(fx)
fi
A

fk(k.—l)



Wronskian & valuation

l
val(wr(fi, ..., f)) > Zval(f}) B (ﬁ)
=1

J=

Lemma

Let f; = X% (uX + v)%, uv # 0, linearly independent, and s.t.
aj,Bj > £ —1. Then

¢
val(wr(fy,.... £)) <) oy,
j=1
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Lemma

val(wr(fi, ..., Zval ( )

Lemma

Let f; = XY (uX + v)%, uv # 0, linearly independent, and s.t.
aj,Bj > £ —1. Then

val(wr(fi,..., 1 g a;.

Proof of the theorem. wr(P, f,...,f) = aiwr(f1,..., 1)



Lemma

val(wr(fi, ..., Zval ( )

Lemma

Let f; = XY (uX + v)%, uv # 0, linearly independent, and s.t.
aj,Bj > £ —1. Then

val(wr(fi,..., 1 g a;.

Proof of the theorem. wr(P, f,...,f) = aiwr(f1,..., 1)

L 4

Zaj > val(wr(f1,...,f)) >val(P) + ZO‘J — (ﬁ)

j=1 j=2



Final algorithm

k
Find linear factors (Y — uX — v) of P(X,Y) = Z aj X% YPi

j=t
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Find linear factors (Y — uX — v) of P(X,Y) Z ai X YPi

If u = 0: Factors of polynomials }_; a Y [H. Lenstra’99]
If v =0: P(X,uX) =3, ajufi Xth [H. Lenstra’99]
If u,v #0:

Compute P = P1 + - - - + Ps where P; = ZJ. 2, X% Y#i with

Omax < Qmin 1 (;) and ﬁmax < ﬁmin aF (g)

Write P, = X%min YBmin Q. with deg(Q:) < k(k — 1)

Apply some dense factorization algorithm [Kaltofen'82, ..., Lecerf'07]



def

SplitList (list0fCouples,comp,cst):
listOfCouples.sort (key=lambda c:c[compl)
gap=1ist0fCouples [0] [comp];

imin=0

res=[]

for i in range(1l,len(listOfCouples)):
if listOfCouples[i][comp] > cst*gap:
res+=[list0fCouples[imin:i]];
gap=1ist0fCouples[i] [comp];
imin=i;
else:
gap+=i-imin;
res+=[list0fCouples[imin:]];

return res
Clusterize (listOfCouples ,cst):

firstSplit=SplitList (listOfCouples ,0,cst)
secondSplit=[]

for 1 in firstSplit:
secondSplit+=SplitList(l,1,cst)

if len(secondSplit) == 1:
return secondSplit
else:
res=[]
for 1 in secondSplit:
res+=Clusterize(l,cst)
return res

def TrulyBivariateLinearFactors(poly):

exponents=poly.exponents () ;
clustersExp=Clusterize (exponents ,1);

pvar=poly.variables();
x=pvar [0]
y=pvar [1]

clustersPoly=[]

for cluster in clustersExp:
xmin=min (cluster ,key=lambda c:c[0]) [0]
ymin=min(cluster ,key=lambda c:c[1]) [1]
p=sum([poly[el*x"(e[0]-xmin)*y~(e[1]-
ymin) for e in cluster])
if p.nvariables () <2:
return {}
else:
clustersPoly+=[p]

d = dict(gcd(clustersPoly).factor())
return dict ((k,d[k]) for k in d.keys() \
if k.nvariables()==2 and k.
degree () ==1)
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Theorem
¢
Let P = Z 2 X% (uX + v)? € Fps[X], where p > max;(a; + f3;).
j=1
Then val(P) < max;(aj + (“;_J)), provided P # 0.

Theorem

Let P = > ;aj X% YPi € Fps[X, Y], where p > max;(aj + 5;).
Finding factors of the form (uX + vY + w) is

» doable in randomized polynomial time if uvw # 0 ;

» NP-hard under randomized reductions otherwise.
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Finding multilinear factors of bivariate lacunary polynomials
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Results in large positive characteristic

¢
There exists P = Z aiX%(uX 4+ v)% st. val(P) = a; + (20 — 3)

j=1

Main open problem

Extend to low-degree factors of multivariate polynomials

Thank you!



