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Abstract

This report addresses the question of extending the usual approximation and sam-
pling theory of continuous signals and systems to those encompassing discontinu-
ities, such as found in modern distributed control systems. We provide a topological
framework dealing with continuous, discrete and mixed systems in a uniform man-
ner. We show how this theoretical framework can be used for appoximating systems,
sampling and voting on hybrid signals in critical real-time systems.
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1 Introduction

This work is a continuation of previous efforts3([5, 13] toward building a satisfactory theory
of hybrid computing system approximation. The motivations for building such a theory are the
following:

1.1 Model-based design in computer science and control

Model-based design is advocated in both theories as a method of choice for efficiently and safely
building systems. However these theories differ on the way of achieving this goal:

In computer science, the proposed method (see for instdficis based on successive re-
finements: a large specification is designed first, imprecise (hon deterministic) in general, but
sufficient for meeting the desired properties of the system. Then implementation details are
brought in progressively, making the specification more and more precise, while keeping the
properties, up to a point when it can be implemented. Clearly, this is an ideal scheme which is
rarely respected, but which has a paradigmatic value.

In control science, on the contrary, an exact model is built first, which allows a control system
to be designed. Then the various uncertainties that may affect the system behaviour are progres-
sively introduced and it is checked that the designed controller is robust enough to cope with
them.

Clearly, these two schemes are not, in practice, too far from each other. But, as control
systems are mostly implemented by now on computers, some effort is needed, if we want them to
match more closely and this can be valuable in the prospect of making easier the communication
between the computer and control cultures. A way to achieve this goal can be to see the initially
precise control model as representing a large class of models, those models which fall into some
“distance” of this model. This distance would then represent the maximal uncertainty around
this model and further refinements would make this uncertainty more precise. This goal requires
thus some notion of control system approximation.

1.2 Sampling discrete event and hybrid systems

Another point of interest is that large modern control systems mix very closely continuous and
discrete event systems. This is due for instance, to mode changes, alarms, fault tolerance and
supervisory control. From a theoretical point of view, computer implementations of these two
kinds of activity are quite different. Continuous control is dealt with through periodic sampling
(time-triggered computation< ¥]) while discrete event systems use event-triggered implemen-
tation. However, in practice, many mixed continuous control and discrete event control systems
are implemented through periodic sampling. This is the case, for instance, Airbus fly-by-wire
systems and many safety-critical control systems. The problem is that there is no theory for doing
it and practitioners rely on in-house “ad-hoc” methods. Building a consistent sampling theory for
mixed continuous control and discrete event systems would help in strengthening these practices.
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1.3 Fault-tolerance in GALS systems

Though the theory of distributed fault-tolerant systems advocates the use of clock synchronisa-
tion [16, 17], still many critical real-time systems are based on the GALS (globally asynchronous,
locally synchronous), and more precisely the “Quasi-Synchronoligigradigm: in this frame-

work, each computer is time-triggered but the clocks associated with each computer are not syn-
chronised and communication is based on periodic sampling: each computer has its own clock
and periodically samples its environmeng,, the physical environment but, also, the activities

of the other computers with which it communicates. When such an architecture is used in critical
systems, there is a need for a thorough formalisation of fault tolerance in this framework.

1.4 Previous works

In a previous paperc] we already formalised the concepts of threshold and delay voters. How-
ever there was in this paper some lack of symmetry between the two concepts: sampling con-
tinuous signals and threshold voting were very simply based on topological notions like uniform
continuity andL., norm. On the contrary, sampling discrete event signals and associated delay
voting were based on mossl-hocnotions.

Later [6], we found that the use of the Skorokhod distanenas a way to overcome this
lack of symmetry. More precisely, we showed that the discrete signals that could be sampled
were those that were uniformly continuous with respect to this distance. This opened the way
toward a generalisation to hybrid (mixed continuous-discrete) signals. Moreover, we remarked
that our previous study on voters was incomplete: in practice, it appears that people do not only
use threshold voters and delay voters but also, and mainly, mixed threshold and delay voters.
In these voters, a failure is detected if two signals differ for more than a given threshold during
more than a given delay. But, when we tried to relate those two issGpa¢ found unexpected
difficulties linked to the fact that the Skorokhod topology is too fine and distinguishes too many
systems. It should be noted that this would be also the case for another topology which has also
been proposed for robust hybrid system<]|

1.5 Report organisation

In this report, we propose a simpler topology which seems to better meet our needs in that it:
e generalises thé ., norm to non continuous signals and systems;
e allows us to uniformly handle errors and bounded delays;

e provides a setting where samplable signals are those uniformly continuous with respect to
this topology, and where asymptotically stable systems and combinational boolean systems
are uniformly continuous systems;

e provides a foundation to mixed error and delay voters.
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More precisely, we show that if two signals are within a given neighbourhood and if both of them

are uniformly continuous with respect to that topology, then we can design a 2x2 hybrid voter
which will not raise an alarm as long as these conditions are fulfilled. In practice, this result

allows us to finely tune the voter parameters as a function of the nominal (non-faulty) errors and
delays resulting from:

¢ the numerical and delay analysis of sensors,
e the algorithms used for computing outputs

¢ and the architecture of communication between computing locations.

The report is organised as follows: in a second section, we provide basic definitions. Section
3 addresses the classical theory of sampling continuous signals and systems. In Section 4, we
define our topology and prove the report main result on the property of signals and systems
which are uniformly continuous with respect to that topology. Sediiapplies this result to the
sampling and approximation problem .Finally, section 6 recalls basic voting schemes, presents
the mixed (hybrid) voter and applies the theory to this voting scheme.

1.6 Related Works

Several approaches seem to have been followed for addressing the question:

e The topological approach initiated by Nerode’|[ 5] explicitly introduces the approxi-
mation and then tries to characterise it as a continuous mapping. This leads to equip the
approximation space with aad-hoc(small) topology.

e The equivalence or property preserving approaches followed for instantsg, in, p, 11]
tries to construct an approximation of a given system and to check whether it is equivalent
to or preserves some properties of the original system expressed in some logic.

e Finally, M. Broucke [.4] mixes the two approaches and uses the Skorokhod distance in
order to define an approximate bisimulation between several classes of hybrid systems. In
this sense, her work is quite close from ours. However, the motivations are slightly differ-
ent: it doesn’t seem that uniformity is addressed and that a result similar to propdsiion
is obtained.

1We can remark that this kind of method allows the use of diverse programaijindpich is one of the ways for
tolerating design and software faults
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2 Basic definitions

2.1 Signals and systems

We consider systems that have to operate continuously for a long time, for instance a nuclear
plant control that is in operation for weeks or an aircraft control that flies for several hours.
Thus, the horizon of our signals is not bounded. Hencggmal z is for us simply a piece-wise
continuous function fronk to R, that is to say, a function which is continuous but on a finite or
diverging sequence of timgs,, . .. t,,...}. This means, in particular, that left and right limits
exist at each point in time. Furthermore, we assume that discontinuities are only of the first kind,
such that the value at a given time is always within the interval made of left and right limits:

For all t,

x(t) € [inf(a(t™), x(t7)), sup(z(t™), z(t"))]

where, as usuak;(t~), (z(t1)) is the left (right) limit of z att.
Finally, we assume that the signal remains constant before the first discontinuity time
Concerning boolean signals, the fact that the sequence of discontinuity points diverges does
not prevent from getting two consecutive discontinuity points arbitrarily close. This is why, in
many cases we may need a stronger restriction:

Definition 2.1 A boolean signat has uniform bounded variability (UBV) if the interval between
two consecutive discontinuities is lower bounded. i.e., there exists a positive (stabldtime)
between any two successive discontinuities. of

A systenis simply a functionS causally transforming signals, that is to say, such$tfad(¢)
is only function ofz(t'), t' < t.

Thedelay operatorA” is such thatA™ x)(t) = z(t — 7), and a system istationary(or time
invariant) if vz, S(A™ x) = A7(S z).

An even more restricted class of systems is the classadc or combinationasystems, that
is to say, systems that are the “unfolding” of a scalar function:

3 A sampling theory for continuous signals and systems

3.1 Uniformly continuous signals

A signal = is uniformly continuous (UCJfigure 1) if there exists a positive function, from
errors to delays, such that:

Ve > 0,Vt, t
[t =t < nule) = |a(t) —x(t)] <€
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Figure 1: A uniformly continuous signal

Figure 2: A periodic sampling retiming

Such a definition can be rephrased in a functional way by introducing ffie norm on
signals,i.e., for our piece-wise continuous signals with only first kind discontinuitjesi., =
supy |z(t)].

Then, a signak is uniformly continuous if there exists a positive functipnfrom errors to
delays, such that:

Ve > 0,V7, 7| < ne(e) = ||z — AT 2)||o <€

3.2 Retiming and sampling

A retimingfunctionr € Ret is a non decreasing function frofto . This is a very general
definition which provides many possibilities. For instance, a piece-wise constant retiming func-
tion can be seen as a samplerzif= x o r, and ifr is piece-wise constant, then, at each jump

of r, a new value ofr is taken and maintained up to the next jump. This allows us to define a
periodic sampler, of periodT,. as the piece-wise constant function (see figi)re

r(t) = [t/T)T,

where| | is the floor function.
A desirable property of retimings is to have a bounded deviation with respect to identity.
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Definition 3.1 (Bounded retiming) A bounded retiming is a retiming which has a deviation
dev(r) = sup, |r(t) — t|

Finally, retimings allow us to characterise static (or combinational) systems as those systems
which commute with retiming:

Proposition 3.1 (Static systems)A static systen$ is such that, for any € Ret,

Sor=rolS

3.3 Sampling

Retiming allows us to restate the uniformly continuous signal definition, by saying that a signal
x is uniformly continuous if there exists a positive functignfrom errors to delays, such that:

Ve > 0,V retiming r,
dev(r) < mn.(e) = ||lx —xor||lew <€

whereid is the identity function (neutral retiming).
We can then define samplablesignal as a signal such that the sampling error can be con-
trolled by tuning the sampling period:

Definition 3.2 (Samplable Signal) A signalz is samplable if there exists a positive functign
from errors to sampling periods, such that:

Ve > 0,V periodic sampling r,
T <ne)= ||z —xor|le <€

Then the following property obviously holds:

Proposition 3.2 A signal is samplable if and only if it is uniformly continuous.

3.4 From signals to systems

This framework extends quite straightforwardly to systems by saying that a syssaumiformly
continuous (figure) if there exists a positive functions from errors to errors such that:

Ve > 0,Va, 2/,
|z = 2'l|c < ms(e) = |[(Sz) = (S 2')]|c < €

and state the following proposition:

Proposition 3.3 A uniformly continuous stationary system, fed with a uniformly continuous sig-
nal outputs a uniformly continuous signal.
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N _—
ns(e) % \\/\

System

Figure 3: A uniformly continuous system

Proof:
The proof is straightforward and is repeated frai [
Givenx UC, S UC, ande > 0, V',

|z = 2'||oe < mse) = [|(Sx) = (S 2)]|w < €
andvr,
17| < ne(ns(e)) = [lz — (A7 2)[| < ns(e)
Thus,VT,
7] < ne(ns(e)) = [[(S ) = (S (A7 2)[|c < €

But S(A™ z) = A™(S z). We thus get

NSz = Tz O 1T]s

End

This property says that given an acyclic network of UC systems, one can compute maximum
delays on system interconnection, sampling periods and maximum errors on input signals such
that errors on output signals be lower than given bounds. This provides us thus with a nice
approximation theory.

10/30 Verimag Research Report 2005-19
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4 A hybrid topology

The difficulties met with the Skorokhod topology have led us to propose the following definition:

4.1 Topology definition

Let us consider the following family of open balls centred at arbitrary signalgith positive
parameterg’, e:

t+T _
BT =yl s [ U
t Jt T

Proposition 4.1 This family defines a topology.

Proof:
It suffices to show that any point of a ball is the centre of another ball which is a subset of the
former.

Letaz’ € B(z;T,¢). Ityields:

T | —
sup/ |2 x|:d<€
t Jt

T
Let us take
o T'=T
o ¢ =(e—d)

Letz” € B(2;T",¢') and let us show that” belongs taB(z; T, ¢): for anyt,
t+T " t+T y , t+T ,
/ |z —xlg/ | —x|+/ |z’ — x|
t t t
t+T
/ 2" — x| < €T +dT
t
t+T
/ " — 2| < (e — d)T + dT
t
t+T
/ 2" — x| < €T
t

End

Example: Figure4 shows two boolean signals that can be made arbitrarily close in this topol-
ogy by decreasing the duratidn It is easy to see conversely that this is not the case, neither
with the L, distance nor the Skorokhod distance nor the tube distancelpf [

Verimag Research Report 8005-19 11/30
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Figure 4:2 andz’ are close to each other whéns small in the given topology.

Closed Balls: Let us denote a8(z; T, ¢) the corresponding closed balls.

_ t+T _
BT =y s [ M <q
t Jt T

4.2 Product topology

When dealing with signal tuples, we consider product topologies. For instance, the topology
associated with couplés, y) will be defined by the balls:

B(l’; T, Ez) x B(y; Ty, Ey)
Yet, another solution would be to consider the two-dimension balls:

t+T _ / _ /
Ble.yT.0) = (ol | sup [ TV
t t

What are the relations between the two generated topologies ?

Proposition 4.2 These topologies are equivalent

Proof:

It suffices to show that each ball of one family is included in one ball of the other family:

1: Assumer’,y’ belongs taB(xz; T, €,) X B(y; T, €,).

Then
t+Te |x — |
< €
wp [ < e
T |y — |
<
Sl;p/t Ty Ey
Taking
T = inf{T,,T,}
&1y €1,
‘ T T

12/30 Verimag Research Report 2005-19
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yields

t+T _ ! —ay
Sup/ - +ly -yl _
t Jt T

2: Conversely, taking

t+T _ ! —a
Sup/ |z — 2’| + |y y|<6
t Jt T

obviously yields

t+T |z — 2|
su < €
tp/t T

=Ty —of|
su <
tp/t T

End

4.3 Uniformly continuous signals

Definition 4.1 A signalx is uniformly continuous with respect to the hybrid topology(,) if
there exists a positive functiop (7', ¢) such that

e Foralle, T > 0,
e For all r with dev(r) < n,(T,€)

x o r belongs toB(x; T, €)

Examples:
¢ Uniform bounded variability signals atéC},,.

e Uniformly continuous signals in the usual senselace,;.

4.4 Fundamental property of U C},; signals

Proposition 4.3 Letz be alU C),; signal and let;, be the corresponding error function.
Then, there exists, for any positiveT’, in any interval of durationl’, a sub-interval of
durationh = inf{7",n.(T, €)} such that, for any, ¢’ in this interval

2 (t) — x(t)] < 2

Verimag Research Report 8005-19 13/30
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B I I

Figure 5: Interval partition

Proof:

The proof is by contradiction: let us assume that in each sub-interval of duratioam signal
variation is larger tharze and show that there exists a retimingf deviation smaller than or
equal toh such thatr o r does not belong t& (xz; T, €).

Let us cover an arbitrary intervdl of durationT" into n sub-intervalsl;,7i = 0,n — 1 of
durationh wheren = [T'/h]|. We choose these sub-intervals such that they equally overlap
(unlessh exactly dividesl"). We then partitiorY” into n sub-intervald;, i = 0,n — 1 of duration
h' =T /n (see figure).

We can thus write:

T=nh=nh—r

with » < h. More precisely,

I = [t,t+T]

r r
I, = [t+ih———),t+i(lh———)+h
o= i )t i(h— )+
Il = [t+ih;t+ (i+1)h]

By assumption, there exists, in each sub-intefyal; andt; such that:
2e < x(t;) — x(t)
Furthermore,
e eithert; andt;,; do not belong td; N 7;,; andt; < t;,1

e Or we can rearrange them by assigning:

t = argmax{z(t;),z(tiz1)};
t; = 1
tiy1 =

which also yields; < ¢;,;. Moreover, this rearrangement preserves the property
x(t;) — x(th).
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The same rearrangement can be performed oritthsequence, Thus, the two sequenges
(t;) are loosely increasing ones.
Let us consider the two retimingsets’ such that :

o forallt e I}, r(t) =t
o forallt € I, r'(t) =t

It can be seen that the corresponding deviations are les&ithan

r 7

. _ - N _ e <
t+i(h n_1)+h (t +h') h rn<n_1)_h

T n—1—1

. /_ . o — _ 7<
t+ (i 4+ 1R — (t+i(h n—l)) h Tn(n—l)_h

Thus,
dev(r) N (T €

<
dev(r') < n.(T,e€)

Now we can see that
|lxor —xor| n oy
/1# => f[ﬂﬁ(ti) —x(t;)] > 2e
By triangular inequality, we get:

/|x—xor|+/|x—xor’| -9
€
I T I T

This means that at least one of the two integrals is larger ¢harhe corresponding retiming
violates thel/ C},; assumption.

End

We clearly see now how our new topology generalises the usual one concerning uniform
continuity: In the usual definition, for any we can find; such that, in any interval of duration
7, the signal variation is smaller than or equal ¢0ln our new framework, for any, ¢, we can
findn such that, in any interval of duratioh, there exists a sub-interval of duratigrwhere the
signal variation is smaller than or equal to This is clearly a generalisation and it is the price
to be paid for tolerating the discontinuities inherent to discontinuous signals like booleans and
for encompassing in the same framework continuous signals and boolean signals. Furthermore,
having been able to encompass both classes of signals allows us to also deal with hybrid piece-
wise continuous ones.
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Moreover, we can show that this property is quite tight by considering the example of a
boolean signat with uniform bounded variabilityi.e., such that the interval between two dis-
continuities is larger thaf'.

It is easy to show, by taking a delayt) =t — T'¢, with e < 1/2, that

Ne(T,¢e) =Te

Now, in any interval of duratiofi’, there truly exists an interval of duratidre < 7'/2 where the
boolean signal remains constant and, thus,

M <2 < 1

16/30 Verimag Research Report 2005-19
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5 Sampling hybrid signals and systems

5.1 Sampling hybrid signals

The fundamental property.3 allows us first to find a condition on sampling periods. The idea,
here, is that hybrid signals are made of stable intervals, where the signal variation is smooth,
separated by intervals where discontinuous perturbations are present. Propeityes us a
condition on sampling periods such that at least one sample is taken in each stable intervals.
More precisely:

Definition 5.1 An e_stable interval §_Sl) of a signalz is an intervall such that, for any, ¢’ in
I |x(t) —z(t)] <e

Definition 5.2 A e_maximal stable intervak(MSI) of a signal: is ane_SI which is not contained
in a larger one.

Proposition 5.1 Given a UCy, signal z, a sampling retimingr of deviation dev(r) <
supy 1.(T, €/2) takes at least one sample in eacMSI.

5.2 Checking theUC),; property

Property4.3also gives us a way of approximatedly checkingh@,, property. The idea is that,
if we sample a signal in such a way that at least two samples are taken in 846, we know
that in eacHhl” interval, at least two consecutive samples should not vary of morectaad we
can rise an alarm if this is not the case. This is the basis of Airbus confirmation functions.

Definition 5.3 (Confirmation function)

Confirm(z,h,nmaz,e) = y wherey, n = if |z — AZOJJ| <e
thenz, 0
else if Aln < nmaz —1
then A y, Afn+1
else alarm

whereA” 'is thedelay operatosuch that\" z(t) = z(t — h) with initial value z.

Notations: In this definition and in the sequel, algorithms are expressed using a functional
notation, that is to say by abstracting over time indices, in order to stay consistent with design
tools like Simulink or Scadé. Thus, a signal definition; = x, meansvn € N : x,(nT) =
xo(nT') whereT is the period of the computing unit running the algorithm.

e this function maintains a counterwith initial value0, and its previous output, with some
known initial valuex,

2http://www.mathworks.com
3http://www.esterel-technologies.com
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e whenever the input and the preceding one don’t differ from moredh&outputs the input
and resets the counter,

e else, if the counter has not reachechazr — 1, it increments it and outputs the previous
output,

e else it raises an alarm.

Proposition 5.2 If
o 1isUCY,
o h<n.(T,c/2)/2

* nmar = [7T*’712T76/2)}

Con firm(z, h,nmaz, €) never raises an alarm

This is in fact a corollary of propositiof.3.

We can go a bit further and improve the boundronaz. As a matter of fact, the maximum
interval between two consecutiveS M I may not be as large & — 7,(7,¢/2). The idea, here,
is that the property.3is true for any7 _interval. By sliding the interval, as soon as'a/ [ starts
disappearing at the left side of the interval, another one should have already appeared at the right
side of the interval:

Proposition 5.3 If z is UC},, in any interval of duratiory’, the maximum interval between two
consecutives_SMIs is smaller than or equal t6 — 2, (7, ¢/2)

Proof:

The proof is by contradiction: assume such an intefval([t,, to] with to —t; > T'—2n, (T, €/2).
Consider thel"interval [(t; + to — T')/2,(t1 + t2 + T')/2] centred at the centre df. This
interval should contain at least arSMI of duration at least, (7, ¢/2) but there is no room for
it in the space left by.

End

5.3 Smoothing hybrid signals

Yet, confirmation functions have also additional interesting properties, in that their output is a
smooth delayed version of their input: the output is freezed once notis & 7, and thus
“lumps” from SM 1 to SM]I.

18/30 Verimag Research Report 2005-19
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5.4 UCy systems

This framework also allows us to provide elements of a sampling and approximation theory for
hybrid systems.

Definition 5.4 A systent is UCy, if there exists a positive functiop;(T', €) such that:
e forall T, e > 0,
o for all z, 2’ wherez’ belongs taB(x; n5(T), €))

S(z') belongs taB(S(z); T, €)
Clearly,

Proposition 5.4 Asymptotically stable linear time-invariant systems &@,,;.

Proof:
An asymptotically stable LTI systersi is such that there exists a an impulse respadnseith:

S@)0) = [ hs(w(t =)

and -
/ ’h5| = Kg < o0

Thus, for anyx, 2/, T, t,
[ s ~s@er = [T ks - w — a0 - w)/T
< [ sl — )~ 2o~ wi/T
[ sl [ o =) — (o — )l T
o0 t+T
| Ihslsup [ 10’0 = u) = a(v = w)|/T

IN

IN

T
< Kgsup/ |2’ (v —u) — (v —u)|/T
v Ji

It suffices then to choose:

€
nS(T7 6) = T7 K73

to get the announced result.

End

But we also have this very nice property:
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Proposition 5.5 Boolean combinational systems dre’),;.

Proof:
Let us show the proof for a boolean functigrwith two inputs. It suffices to take:

(T, €) = (T'e)
and to notice that, for a boolean functignwe have for any:, ', y, v/, t:

[f(z,y) = f,0)I() < o —2|() + [y = /|(2)

End

Noting that combinational functions commute with retiming, we can reuse the prao8 of
to state a similar property for networks of boolean functions:

Proposition 5.6 A uniformly continuous combinational system, fed with a uniformly continuous
signal outputs a uniformly continuous signal.

This property says that given an acyclic networklaf},; combinational systems, one can
compute maximum delays on system interconnection, sampling periods and maximum errors on
input signals such that errors on output signals, in the sense of our topology, be lower than given
bounds. This provides us thus with a nice approximation theory which also nicely combines with
voting, in that this “error calculus” allows voter parameters to be correctly set.
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Figure 6: Threshold voting

6 Hybrid voting

In this section we recall the classical threshold and delay voting schemes. Then we propose a 2/2
hybrid voter which is a mixture of these two aspéects.

6.1 Threshold Voting

Threshold voting is a classical voting scheme. Assume that signalsare redundantly com-
puted signals. In theory, the two signals should be equal but, because they are not computed at
the same time, in the same computer, from the same sensor values, and possibly by dissimilar
algorithms, their values can be slightly different. The figaishows a tolerance tube around the
reference signat. Whenever the signal’ remains within the tolerance tube, the voted value is
the reference one. If the signelgets out the tube, an alarm is raised.

Knowing bounds on the normal deviation between values that should be equal, easily allows
the design of threshold voters. For instance; i§ uniformly continuous and if

¥ =xor+e
with
o |lr —idlloc < nu(e)
° [lell <€

We can find a threshold = 2¢ and design &/2-voter:

voter2/2(x, 2’ €') = if |[x — 2| <€
then x
else alarm

such that the voter delivers a correct output in the absence of failure and, otherwise, delivers an
alarm.

“In the usual terminology for voters; /n, means that, units out ofn, redundant ones should operate correctly
in order that the redundant system operates correctly.
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6.2 Delay voting

Delay voting is the discontinuous equivalent to the threshold one. The fignaws this scheme
principle. Whenever the two signals are equal, the voted value is the common one. Else, the voter
holds its output and waits for a new agreement during a predefined temporal window. If there is
no agreement, an alarm is latched.
Let us consider boolean UBV signals and z; which is, in normal operation, a delayed
image ofz;:
Tog = T10T

with a boundr on the delay in correct operation:
dev(r) < T

There signals are received by some unit of peffodHowever, the assumption that correct
computers have perfect clocks. is clearly not realistic. To be more realistic, one should consider
clock drifts. A frequent assumption is that clock drifts are bounded, either because the mission
time is bounded or extra mechanisms allow for detecting exceedingly large drifts. Then there
exist lower ((;,) and upperTy,) bounds forl" and, in each condition involving, it should be
replaced by the bound which makes it more pessimistic. We thus as§pel’ < T),.

We also assume + T, < T,. This assumption guarantees that the joint effect of the delay
and the sampling at rafé (which can induce an additional delay) cannot lead to miss any change
of input value (which, by assumption lasts at I€Bst Then,

e the maximum time interval during which the two signals may continuously disagree is
obviously,

¢ the maximum number of samples where two correct copies continuously disagree is

M
nmaxr = | —
T

This allows us to desigdelay votersfor delay booleans signals. For instance/a voter could
be:

Definition 6.1 (2/2 delay voter)

voter2/2(xy, xo,mmax) = = wherex, n = if z1 = x9
then z1, 0
else if Al'n < nmaz —1
then ATz, Aln+1
else alarm

¢ this voter maintains a counter with initial value 0, and its previous output, with some
known initial valuex,,
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alarm

Figure 7: Bounded delay voting

e whenever the two inputs agree, it outputs one input and resets the counter,

e else, if the counter has not reachecaz — 1, it increments it and outputs the previous
output,

e else it raises an alarm.

Proposition 6.1 voter2/2 raises an alarm if the two inputs disagree for more thanaxT),
and otherwise delivers the correct value with maximum délayax + 1)7),.

6.3 Hybrid delay-threshold voting

Can we mix now the two previous voters, the threshold and the delay one? This would amount
to define an hybrid voter that is illustrated at figére

Definition 6.2 (2/2hybrid voter)

hyb_voter2/2(x,x’,nmax,e) = y wherey, n = if |zv—2a/| <¢
thenz, 0
else if Al'n < nmax —1
then Al y, Afn+1
else alarm

this voter maintains a counter with initial value 0, and its previous output, with some
known initial valuez,

whenever the two inputs threshold-agree, it outputs one input and resets the counter,

else, if the counter has not reachegiax — 1, it increments it and outputs the previous
output,

else it raises an alarm.

On which condition could we state the following desirable proposition?
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alarm

Figure 8: Hybrid threshold-delay voting

Proposition 6.2 (Hybrid voter property) hyb_voter2/2 raises an alarm if the two inputs dif-
fer for more thane’ during more thammaxzT),; and otherwise delivers the correct value with
maximum delaynmax + 1)T);.

Answering this question is the object of the next section.

6.4 UC); signals and votes

We can now state this proposition which provides a positive answer to the question r&ised in
Proposition 6.3 If x andz’ are UC},; and
2’ € B(x;T,e)

then in any interval of durationT, there exists a sub-interval of duratioh =
inf{7,n,(T,¢),n.(T,€)} over which any yields

|z (t) — 2'(1)] < 3e

Proof:
The proof is very similar to the one of property3 and proceeds by contradiction: assume, in
any sub-interval of duratioh, some time such thatxz(t) — 2'(¢)| > 3e. Then some of the initial
assumptions is not satisfied.

We define the covef;,i: = 0,n — 1 and partition//, i = 0,n — 1 as previously. Let; in I; be
such thafz(t;) — 2/(t;)| > 3e. After some possible rearrangement, the sequence is loosely
increasing and we can define the retiminigy:

VteIl,r(t) =t

As previously we can check that this retiming has a deviation smaller than or equal bas
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dev(r) < inf{n,(T,€),n. (T, €)}
We then get
/lxr—xr\ -3
I T ¢

By triangular inequality,

/]a:m*—x_}_/]x—x’\+/]x’—x’or| >3
e — e — E
I T 1 T I T

Here also, at least one of these integrals is larger thand the corresponding assumption is
violated.

End
Clearly this property provides a foundation to the use of mixed threshold and delay voters.
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7 Conclusion

This report has intended to provide a satisfactory theory for merging together threshold voters
adapted to continuous signals and delay voters adapted to boolean signals in order to cope with
hybrid piece-wise continuous signals. One problem in performing this merge was that, while
threshold voters are based on uniform continuity, delay voters are based on advoweno-

tion of uniform bounded variability. After having previously tried the Skorokhod topology, we
propose here a new topology for hybrid systems which seems to better match our purpose. In
particular, it allows us to merge in a very uniform way the theory of threshold voters and the
theory of delay voters and to build a theory of hybrid mixed threshold and delay voters.

Moreover, this voting problem is clearly related to the more general sampling problem for
hybrid systems and the results provided here may also help in defining which classes of hybrid
systems can be accurately sampled. This can be a subject for future work.

Identifying uniformly continuous signals and systems enables us to handle in a safe way re-
configuration issues by using finely tuned voting schemes. These schemes guarantee recovering
the overall stability of switched hybrid systems. The "error calculus” introduced in this report is
a starting point for a further work closely linking uniform continuity to the more general field of
robustness.
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