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What to Expect in this Lecture

the most well-understood class of dynamical systems

e standard terminology
¢ types of behavior
* how to control the behavior



Autonomous Linear Dynamical Systems

Linear ordinary differential equation (ODE)

T = Ax

with initial state z(0) = zy;.
T ai;y ... Qip

Tn ap1 .. QApp



Example: Coasting Car

Assumptions:

¢ idealized car with no rolling resistance
® No brakes, No engine acceleration
e only wind resistance at slow speed
variable: horizontal position x;
drag force: Faae = —px1 With drag coefficient g > 0

Newton’s equation of motion (mass m):

miy = — 31,



Example: Coasting Car

miy = — B

solving for @1: & = — 24,

m

adding auxiliary variable x4 := &7 to get 1st order ODE:

oo _ B
$2——%$2

vector-matrix form:



Solution (scalar form)

Linear ordinary differential equation (scalar form)
T =ax
with initial state z(0) = x,; has the solution

z(t) = @i



Example: Coasting Car
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solve xo(t) alone:
. P By
Ty = — X2 = ZL‘Q(t) =€ M T ipj-
solve x4 (t) by integrating z»(t):
MT ini 8
T1 = To = l‘l(t) = ﬂ(l - e_mt) + T1 ini-
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Solution (general form)

Linear ordinary differential equation (ODE)

T = Az

with initial state z(0) = x;,; has the solution

x(t) = M it

tF 12
At kL 2"
e —kg Ak!—I+At+A 2+
—0



Overview

Stability



Stability: General notion

The definition is not limited to linear systems

An equilibrium state is a state x, such that in the absence of
input we have: z(0) =z, — ¥Vt > 0 z(t) = z..

For system @(t) = f(x(t), u(t)), equilibrium states are
solutions to the equation 0 = f(z,0).

An equilibrium state x., is
¢ stable if
Ve>036>0: ||x(0) — || < = ||z(t) — z| <€
¢ asymptotically stable if

Vo >0:|x(0) —x] <6 — tlim x(t) = ..
—00



Stability

A linear system
T = Ax
can have

¢ One unique equilibrium 2 = 0 if A is invertible
e An infinite number of equilibria if A is not invertible

Every linear system falls into one of the following categories:

e fort — oo, ||z(t)|| = oco: unstable
e fort — oo, ||z(t)|| = 0: asymptotically stable
e otherwise, x(t) periodic: marginally stable

ol = /aT a3

n



Example: Accelerating Car

assumption: no friction, no drag

acceleration xz = const
i’l = T3
Ty =x9, Tp=uw3, x3=0

vector-matrix form:

.’jl'l 010 T
To| = 0 01 i)
.I"3 000 xI3



Example: Accelerating Car
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Example: Accelerating Car
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t2 2
x1(t) L [P 1¢ %5 [T, Z1ini + 1021 + 5 3,ini
za(t) | = e |wopmi| = |01 ¢ | [Z2mi| = Z2,ini + t23,ini
x3(t) 23, ini 00 1] [x3,ini Z3,ini

diverging to infinity: unstable



Example: Ideal Pendulum

Variables:

e Nhorizontal position x1, horizontal velocity o
e pendulum angle ¢ (only used in modeling phase)

Parameters:

e gravitational constant g &~ 10, length of pendulum L
e pendulum mass m (only used in modeling phase)

Newton's equation of motion (assuming ¢ close to 0):

mi, = —mgsin ¢ cos ¢ = —mix; cos ¢
——

~1



Example: Pendulum

Newton's equation of motion (assuming ¢ close to 0):

mi, = —mix;
soling for @y:
fL"l = —%.’L‘l

adding auxiliary variable xo = @1:



Example: Ideal Pendulum

1
9/ 1Y |—21
WA=
t
4/ 6 10/ 12
o W \W
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[xl(g] _ [wl,ini} :[ cos(wt) %sin(wt)} [xl,im]

T2 ini —wsin(wt) cos(wt)

_ /9
w=./<

L

perfect oscillation: marginally stable

)
T2 ini



Example: Pendulum with Air Friction

drag force: Fyag = — B, with drag coefficient 8 > 0

Newton’s equation of motion (assuming ¢ close to 0):

mi, = —m< try — By

adding auxiliary variable o = 1:



Example: Pendulum with Air Friction

1 9_18 -1
0.5 Lo rm
t
2 6 8 10 12
—0.5
—1

] e [ = 6 ] o]
the (...) are long terms made up of e, cos(wt), sin(wt)

converging to equilibrium: asymptotically stable



Solution (general from)

The elements of et are sums of terms

cieithi (Cl"g cos(b;t) + ¢ 3 sin(bit))

A; = a; £ ib; is the i-th Eigenvalue of A

p; €0,...,m; — 1, where m; is the multiplicity of \;

any a; > 0: [|z(t)]| — oo, unstable
e any a; = 0and m; > 1: ||z(t)|| = oo, unstable
alla; = 0 and m; = 1: z(t) periodic, marginally stable

alla; <0: ||z(t)|| — 0, asymptotically stable



Overview

Some Linear Algebra
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Determinant of a Matrix

matrix determinant
M= > +aya,-a;,
(i1,..yin)

where (iy, ... ,1i,) are permutations of 1,--- ;nand £ is + (—)
for even (odd) permutations
a b = ad — bc
d

C

° [M|=|MT]
e if M (upper or lower) triangular, | M| = my1mas - - - My,
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Eigenvalues of a Matrix

characteristic polynomial of A:
|A—=X| =0
characteristic polynomial has n roots, called Eigenvalues

e BV of A and of AT are identical
e if Ais (upper or lower) triangular, its EV are aq1, . . ., any

22



Exercise: Stability

Compute the Eigenvalues to assess the stability of

1. coasting car

0 1
0o £

L m
2. accelerating car
[0 1 o0
0 0 1
0 0 O

deal pendulum
0 1]
-4 0

4. pendulum with air frinction
0 1

3.

B

_9
L L m




Exercise: Stability

What happens to an accelerating car with air friction”?

mjil = —ﬂ.’jﬁl + 23
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Overview

Linear Time-Invariant (LTI) Systems
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Linear Time-Invariant (LTI) Systems

Ui hn
Linear system with inputs w = | © |, outputs y =
Um Y1
T = é T+ B u
y=Cu

X
3

typically m < n, Il < n
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Solution

= Axr + Bu
y=Cx

solution from z(0) = x;,; for given input function w(t):

t
z(t) = ey + eAt/ e~ Bu(t)dr
=0

y(t) = Ca(?)

27
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