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Abstract
We study modular, automatic code generation from hierarchical
block diagrams with synchronous semantics. Such diagrams are the
fundamental model behind widespread tools in the embedded soft-
ware domain, such as Simulink and SCADE. Code is modular in
the sense that it is generated for a given composite block indepen-
dently from context (i.e., without knowing in which diagrams the
block is to be used) and using minimal information about the inter-
nals of the block. In previous work, we have shown how modular
code can be generated by computing a set of interface functions
for each block and a set of dependencies between these functions
that is exported along with the interface. We have also introduced a
quantified notion of modularity in terms of the number of interface
functions generated per block, and showed how to minimize this
number, which is essential for scalability. Finally, we have exposed
the fundamental trade-off between modularity and reusability (set
of diagrams the block can be used in).

In this paper we explore another trade-off: modularity vs. code
size. We show that our previous technique, although it achieves
maximal reusability and is optimal in terms of modularity, may re-
sult in code replication and therefore large code sizes, something
often unacceptable in an embedded system context. We propose to
remedy this by generating code with no replication, and show that
this generally results in some loss of modularity. We show that opti-
mizing modularity while maintaining maximal reusability and zero
replication is an intractable problem (NP-complete). We also show
that this problem can be solved using a simple iterative procedure
that checks satisfiability of a sequence of propositional formulas.
We report on a new prototype implementation and experimental re-
sults. The latter demonstrate the practical interest in our methods.

Categories and Subject DescriptorsD.2.3 [Software Engineer-
ing]: Coding Tools and Techniques; D.3.2 [Programming Lan-
guages]: Language Classifications—Concurrent, distributed, and
parallel languages, Data-flow languages; D.3.4 [Programming
Languages]: Processors—Code generation

General Terms Algorithms, Design, Languages

Keywords Embedded software, Block diagrams, Synchronous
languages, Code generation, Clustering, NP-complete
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1. Introduction
Programming may be art, craft or science. In any case, the tools
used today have greatly advanced since the first days of program-
ming. By tools we mean programming languages and compilers,
but also “support” tools such as debuggers, static analyzers, etc.
The most important class of tools are probably the programming
languages themselves, since they are the primary means of captur-
ing the intent of the designer (or programmer). Understandably, as
these means become more powerful, by raising the level of abstrac-
tion, the designer’s productivity increases.

In the field of embedded, real-time systems, like in many other
fields, specialized (sometimes called “domain-specific”) languages
are used. Simulink from The MathWorks1 and SCADE from Es-
terel Technologies2 are two successful commercial products in this
field. They are especially widespread in the automotive and avion-
ics domains.

These tools offer a mix of modeling/programming model for the
design and implementation of embedded software. They provide
environments which include graphical model editors, simulators
and code generators. Automatic generation of code that implements
the semantics of a model is useful in different contexts: the code can
be used for simulation; but it can also be embedded in a real-time
digital control system (X-by-wire). In fact, usages of the latter type
are increasingly adopted by the industry. Thus, these tools can be
seen as programming languages, debuggers and compilers for the
embedded software domain.

The fundamental model behind notations such as the above is
that of synchronous block diagrams. The latter are hierarchical
dataflow diagrams with a synchronous semantics, similar to that
of synchronous languages such as Lustre (Caspi et al. 1987) or
Esterel (Berry and Gonthier 1992).

Hierarchy is a powerful concept, used extensively in graphical
notations. Hierarchy allows to build designs in amodularmanner,
which is crucial for mastering complexity but also in order to
address intellectual property (IP) issues. In a hierarchical block
diagram, a set ofatomicblocks can be connected to form a diagram,
and this diagram can be thenencapsulatedinto a macro (i.e.,
composite) block. The macro block can itself be connected with
other blocks and further encapsulated. An example of a hierarchical
block diagram is shown in Figure 1.

In such a context,modular code generationbecomes a criti-
cal issue. By modular we mean two things. First, code for a macro
block should be generatedindependently from context, that is, with-
out knowing where (in which diagrams) this block is going to be
used. Second, the macro block should haveminimal knowledge
about its sub-blocks. Ideally, sub-blocks should be seen as “black

1 www.mathworks.com/products/simulink/
2 www.esterel-technologies.com/products/scade-suite/
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Figure 1. A hierarchical block diagram consisting of a macro
blockP with three sub-blocksA, B, C.

boxes” supplied with some interface information. The second re-
quirement is very important for IP issues as mentioned above.

Current code generation practice for synchronous block dia-
grams is not modular: typically the diagram isflattened, that is,
hierarchy is removed and only atomic blocks are left. Then a de-
pendency analysis is performed to check for dependency cycles
within a synchronous instant: if there are none,staticcode can be
generated by executing blocks in any order that respects the depen-
dencies. Clearly, flattening destroys modularity and results in IP
issues. It also impacts performance since the algorithms compute
on the entire flat diagram which can be very large. Moreover, the
hierarchical structure of the diagram is not preserved in the code,
which makes the code difficult to read and modify.

Why is it difficult to avoid flattening and have a truly modular
code generation method? Let us illustrate the problem with an ex-
ample. Consider the macro blockP shown in Figure 1. An straight-
forward way to generate code forP is to generate amonolithic
piece of code, in the form of a “step” function, as follows:

P.step(x1, x2) returns (y1, y2) {
(z1,z2) := A.step(x1);
y1 := B.step(z1);
y2 := C.step(z2, x2);
return (y1, y2);

}

P.step() calls the step functions of the sub-blocks ofP , to com-
pute the outputsy1, y2 of P , from the inputsx1, x2. Now, suppose
P is used as shown to the left of Figure 2: that is, we connect its
outputy1 to its inputx2. Then we find that the function P.step()
generated above cannot be used: indeed, in order to call this func-
tion we need bothx1 andx2, but x2 = y1, which is an output of
the function! In other words, we have a cyclic dependency between
inputs and outputs. This dependency, however, is afalse depen-
dency: it is a result of the above code generation method, and not
a property of the diagram. Indeed, flatteningP as shown to the
right of Figure 2 reveals this: there are no cyclic dependencies in
this flattened diagram, and we can compute the outputy2 from the
input x1 by calling the step functions of blocksA, B, andC, in
that order.
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Figure 2. Using blockP of Figure 1.

In (Lublinerman and Tripakis 2008b) we have solved this prob-
lem, by proposing a general framework for modular code gener-
ation. This framework relies on the concept of aprofile for each
block. The profile includes a set ofinterface functionsthat evaluate

different outputs of the block and may also update the state of the
block (if the block has state). The fundamental difference with the
monolithic method described above is that the profile generally in-
cludes not one, but several interface functions. For instance, in the
case of macro blockP of Figure 1, we can generate the following
two interface functions:

P.get1(x1) returns y1 {
(z1,z2) := A.step(x1);
y1 := B.step(z1);
return y1;

}

P.get2(x2) returns y2 {
y2 := C.step(z2,x2);
return y2;

}

The profile also includes aprofile dependency graphthat specifies
constraints on the order in which these functions need to be called.
For the above example, this graph states that P.get1() must be
executed before P.get2() (thus making the second output ofA
available toC via internal variablez2).

Our framework allows to quantify modularity of the generated
code, in terms of the number of interface functions that are pro-
duced: the fewer these functions, the more modular the code is.
Our framework also allows to explore the trade-off between mod-
ularity andreusability(the ability to embed generated code in any
context). As the above example illustrates, increasing modularity
sometimes means sacrificing reusability.

Our notion of modularity has similarities but also differences
from what is typically understood as modularity in programming.
It is similar in the sense that it captures the principle of abstracting a
component by hiding all information, except what is necessary for
the users of the component: block profiles aim at capturing exactly
this necessary information. On the other hand, contrasting mod-
ularity to reusability may appear surprising. It follows, however,
from our choice to quantify modularity as inversely proportional to
profile size. This choice is not as arbitrary as it may seem. Indeed,
minimizing the size of profiles is important for scalability. In a hi-
erarchical notation such as ours, the complexity of algorithms ap-
plied to a given block is a direct function of the size of the profiles
of its sub-blocks. Therefore, minimizing the number of interface
functions is crucial in managing complexity as we move up in the
hierarchy of blocks.

In our framework, adjusting the degree of modularity is done by
choosing a certainclusteringalgorithm. This clustering algorithm
operates on the so-calledscheduling dependency graph(SDG) of a
given macro blockP . The SDG ofP consists of all interface func-
tions of sub-blocks ofP connected together according to the inter-
nal diagram ofP . Clustering splits the SDG into a number of sub-
graphs, and each sub-graph gives rise to an interface function forP .
Therefore, choosing different clustering methods results in explor-
ing different trade-offs. In (Lublinerman and Tripakis 2008b) we
presented two clustering methods, the so-calleddynamicmethod
that achieves maximum reusability and is optimal with respect to
modularity (that is, it generates the minimal number of interface
functions needed to achieve maximal reusability), and the so-called
step-getmethod that generates at most two interface functions, at
the expense of reusability.

The first contribution of this paper is the exploration of another
trade-off: between modularity and code size. We first show that the
dynamic method may result in larger code sizes. This is because the
dynamic clustering algorithm allows sub-graphs to overlap, which
in turn results in code replication across interface functions. This
leads us to study the problem of achieving maximal reusability
without code replication, that is, non-overlapping clustering tech-
niques. Our main theoretical result is thatoptimal disjoint cluster-
ing, that is, clustering into a minimal number of non-overlapping



sub-graphs without introducing false input-output dependencies, is
an intractable problem (NP-complete).

We also show that disjoint clustering generally results in loss of
modularity, that is, an increase in the number of interface methods
that need to be generated in order to achieve maximal reusability.
Finally, we show how the optimal disjoint clustering problem can
be solved using a SAT solver. We propose a reduction of checking
whether a disjoint clustering exists with a given number of clusters
K, to checking whether a given propositional formula is satisfi-
able. Then, optimal disjoint clustering can be solved by iteratively
increasingK.

The second major contribution of this work is a prototype im-
plementation of our framework and a set of experimental results.
This implementation is new and includes the optimal disjoint clus-
tering method proposed in this paper as well as the dynamic and
step-get methods proposed in our previous work. Using this imple-
mentation we experiment on a set of real Simulink examples com-
ing from the Simulink demo suite and from industrial partners from
the automotive domain. We find out that many of the problems that
our modular code generation framework attempts to solve are not
just theoretical problems, but also arise in practice. In particular,
we find examples that justify the interest in all three clustering and
code generation methods mentioned above.

The rest of this paper is organized as follows. In Section 2
we discuss related work. In Sections 3 and 4 we present the syn-
chronous block diagram notation and our modular code generation
framework: this is a summary of our previous work. In Section 5 we
illustrate the trade-off between modularity and code size. In Sec-
tion 6 we study the optimal disjoint clustering problem and show
that it is NP-complete. In Section 7 we show how to solve this prob-
lem using a SAT solver. In Section 8 we report on our implementa-
tion and experiments. Section 9 concludes this paper.

2. Related work
There exists a large body of work on automatic code generation
for languages with synchronous semantics, e.g., see (Benveniste
et al. 2003). Modular code generation, however, has been not as
extensively studied. (Benveniste et al. 2003) stated for this problem
that “a unified treatment remains a research topic” and this claim
largely remains true today.

The need to depart from monolithic code generation into multi-
ple functions for each module or block has been acknowledged in
previous works (Raymond 1988; Benveniste et al. 1997; Hainque
et al. 1999), mainly in the context of distribution of synchronous
programs. These works, however, provide incomplete solutions.
In particular, they omit the concept of profile dependency graph,
which is essential to reduce the number of interface functions by
expressing dependencies among them. Also, optimality and maxi-
mal reusability are not addressed in these works. Finally, clustering
with overlapping, which is fundamental to achieve optimality, is
not discussed in any of these works. For instance, (Hainque et al.
1999) start from a very fine-grain interface where every atomic op-
erator is mapped to an interface function, and then use methods to
reduce the number of functions by “clustering” operators together.
This approach generates a larger number of interface functions than
our dynamic approach.

Industrial tools such as Simulink or SCADE offer limited mod-
ular code generation capabilities. In SCADE the main problem with
modular code generation, namely cyclic dependencies, is avoided
by requiring that every feedback loop be “broken” by a unit-delay
block at every level of the hierarchy. This is a major modeling
restriction, as most diagrams in practice exhibit feedback loops
with no such delays at higher levels of the hierarchy. The same
restriction is imposed in (Biernacki et al. 2008). Indeed, a single

“step” function is generated per block in these works, but this is
not enough to guarantee maximal reusability as explained above.

Real-Time Workshop Embedded Coder, a code generator for
Simulink by The MathWorks, provides a feature called “Function
with separate data”, but does not seem to generate multiple inter-
face functions per block, neither a dependency interface, both of
which are essential as mentioned above.

In (Mosterman and Ciolfi 2004) a solution reminiscent of our
step-get method is presented and reported to be implemented in
Simulink. This solution generates only two interface functions per
block (an “output” and an “update” function), thus cannot achieve
maximal reusability. Indeed, maximal reusability requires in gen-
eral as many asn + 1 functions, wheren is the number of outputs
of a block (Lublinerman and Tripakis 2008b).

Less related are the works (Maffeis and Le Guernic 1994; Aubry
et al. 1996) which consider the problem ofdistribution of syn-
chronous programs. Distribution does not necessarily imply that
the generated code is modular: for instance, one may look at the
entire program (e.g., flatten it) in order to distribute it, which is the
approach taken in the works above.

Trade-offs between modularity and reusability or modularity
and code size are not discussed in any of the aforementioned works.
To our knowledge, this paper is the first to study the problem of
minimizing code size in the context of modular code generation for
block diagrams.

In this paper we use a simple, “purely synchronous” model of
block diagrams, where all blocks run at the same rate. This is done
for reasons of simplicity. In (Lublinerman and Tripakis 2008a) we
have shown how to extend our modular code generation framework
to triggeredandtimedblock diagrams: these features allow one to
describemulti-ratemodels. The optimal disjoint clustering method
proposed in this paper can be readily used in triggered and timed
block diagrams as well.

In this paper we consider diagrams that, if flattened, are acyclic.
Cyclic diagrams can be handled using the approach of (Malik 1994;
Shiple et al. 1996), which is to check at compile-time that, despite
cyclic dependencies, the diagram still has well-defined semantics.
This, however, requires semantic knowledge about each block,
namely, what is the function that each block computes. Having
such semantic knowledge is contrary to the requirement of treating
blocks as “black-boxes” due to IP reasons. It is also possible to
avoid such compile-time checks and rely on computing a fixpoint
at run-time (Edwards and Lee July 2003; Lee and Zheng 2007).
However, this fixpoint may contain undefined values, which means
such code cannot be used in safety-critical applications.

3. Synchronous block diagrams
In this section we describe our notation which is a simple form
of hierarchical block diagrams, and its semantics, which is syn-
chronous.

The notation: We consider a notation based on a set ofblocksthat
can be connected to formdiagrams(see Figure 1). Blocks are either
atomicor macro(i.e. composite). Each block has a number of input
ports(possibly zero) and a number ofoutputports (possibly zero).
Diagrams are formed by connecting the output port of a blockA to
the input port of a blockB (B can be the same asA). An output
port can be connected to more than one input ports. However, an
input port can only be connected to a single output.

A macro block encapsulates a block diagram into a block. The
blocks forming the diagram are called theinternal blocks of the
macro block, or itssub-blocks. The connections between blocks
(“wires”) are calledsignals. Upon encapsulation: each input port of
the macro block is connected to one or more inputs of its internal
blocks, or to an output port of the macro block; and each output



port of the macro block is connected to exactly one port, either an
output port of an internal block, or an input of the macro block.

Combinational, sequential, Moore-sequential blocks:Every
atomic blockA is pre-classified as eithercombinational(state-
less) orsequential(having internal state). Some sequential blocks
are Moore-sequential. Each output of a Moore-sequential block
only depends on the current state, but not on the current inputs.
For example aunit-delayblock that stores the input and provides
it as output in the next synchronous instant is a Moore-sequential
block. On the other hand, a block implementing an equation of the
form yk = axk + bxk−1, wherey is the output stream,x is the
input stream,a, b are constants andk is the index of the current
synchronous instant, is a non-Moore sequential block. The above
definitions extend to macro blocks in a natural way.

Flattening: A diagram isflat if it contains only atomic blocks. A
flatteningprocedure can be used to transform a hierarchical block
diagram into a flat one: (1) We start with the top-level diagram
(which may consist of a single macro block). (2) We pick a macro
block A and we replace it by its internal diagram. While doing so,
we re-institute any connections that would be lost: If an input port
p of A is connected externally to an output portq and internally to
an input portr, then we connectq to r directly. Similarly for output
ports ofA. (3) If there are no more macro blocks left, we are done,
otherwise, we repeat step (2).

Block-based dependency analysis and acyclic diagrams:This
type of dependency analysis is used only for the purpose of giving
semantics to a diagram. We assume the diagram is flat. We con-
struct ablock-based dependency graph. The nodes of this graph
are all the blocks in the diagram. Notice that since the diagram
is flat, all these blocks are atomic. For each blockA that is not
Moore-sequential, for each blockB with some input connected to
an output ofA, we add a directed edge fromA to B. We say that
a diagram isacyclic if, once we flatten it and build its block-based
dependency graph, we find that this graph has no cycles.

Semantics: We assign semantics only to flat, acyclic diagrams.
The semantics we use are standard synchronous semantics used
also in languages like Lustre. Each signalx of the diagram is inter-
preted as a total functionx : N → Vx, whereN = {0, 1, 2, 3, ...}
and Vx is a set of values:x(k) denotes the value of signalx at
time instantk. If x is an input this value is determined by the en-
vironment, otherwise it is determined by the (unique) block that
producesx. Since the diagram is acyclic there exists a well-defined
order of firing the blocks to compute the values of all signals at a
given synchronous instant.

4. Modular code generation
In (Lublinerman and Tripakis 2008b) we have proposed a modular
code generation scheme for the diagrams described in the previous
section. Here, we present a summary of this scheme and show the
trade-offs that can be explored with it.

Modular code generation — inputs and outputs:Our code gen-
eration scheme takes as inputs:

1. a macro blockP with its internal block diagram; and

2. theprofileof each sub-block ofP (explained below).

It generates as outputs:

1. a profile forP .

2. the implementation (in a certain programming language such as
C++, Java, etc.) of each of the interface functions listed in the
profile ofP .

Profiles: The profile of a block is essentially its interface. Both
atomic and macro blocks have profiles. The profile of a blockA
contains: a list ofinterface functionsand theirsignatures; and a
profile dependency graph(PDG) that describes the correct order in
which these functions are to be called at every synchronous instant.
The nodes of the PDG ofA are the interface functions ofA.

For example, Figure 3 shows the profiles of sub-blocksA, U, C
of macro blockP . BlocksA andC have a single interface function
called “step()” which takes the input and returns the output of these
blocks. BlockU has two interface functions: U.step() and U.get().
U.get() takes no input and returns the output ofU . U.step() takes the
input ofU and returns no output. This is a case whereU is a Moore-
sequential block: its get() method returns the outputs and its step()
method updates the state, given the inputs. The PDG ofU shown
in the figure states that U.get() must be called before U.step(), at
every synchronous instant.

Code generation steps:Our modular code generation scheme
contains two major steps, explained briefly and illustrated through
the example of Figure 3:

(1) Dependency analysis: this step determines whether there
exists a valid execution order of the interface functions of the sub-
blocks ofP . It consists in building ascheduling dependency graph3

(SDG) for the given macro blockP and then checking that this
graph does not contain any cycles. The SDG forP is built by
connecting the PDGs of all sub-blocks ofP . For example, the SDG
for the blockP shown in Figure 3 is shown in the bottom left of the
figure. If the SDG contains a cycle thenP is rejected: this means
that modular code generation fails andP needs to be flattened (one
or more levels). Otherwise, we proceed to the code generation step.

(2) Profile generation: this step involves several sub-steps, the
most important of which isclusteringthe SDG into a number of
sub-graphs. How exactly to cluster the SDG is at the heart of
our modular code generation scheme: choosing different clustering
methods results in different specializations of the scheme, with
different trade-offs as discussed below. An example of clustering
is shown in Figure 3. The SDG ofP is clustered in two sub-
graphs, one containing functions U.step() and C.step(), and the
other containing U.get() and A.step().

Once the SDG is clustered into a set of sub-graphs, for each
sub-graphG, we generate one interface functionfG for P . Func-
tion fG calls the functions included inG in the order specified by
G. This is a partial order, and any serialization of it into a total
order is legal. An init() function is also generated for sequential
blocks to initialize their state. In the example of Figure 3, the SDG
of P is clustered in two sub-graphs. Each of these sub-graphs gives
rise to an interface function. The left-most sub-graph gives rise to a
function called P.step() and the right-most one to a function called
P.get(). The implementation of these functions is shown below:

P.get( ) returns P_out {
U_out := U.get();
P_out := A.step(U_out);
return P_out;

}

P.step( P_in ) {
C_out := C.step(P_in);
U.step( C_out );

}

After the generation of the interface functions, all that remains is
to synthesize a PDG forP . This PDG can be derived directly from
the clustering: the nodes of the PDG are the interface functions
for P generated above. The edges of the PDG are computed as
follows. If sub-graphG1 depends on sub-graphG2 (that is, there
exists a nodev1 in G1 and a nodev2 in G2 such thatv1 depends

3 Note that the scheduling dependency graph (SDG) and the profile depen-
dency graph (PDG) are two different objects.
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Figure 3. Example of modular code generation.

on v2 in the SDG ofP ) then interface functionfG1 depends on
fG2 . Clustering is done in such a way so as to guarantee that no
cyclic dependencies are introduced between sub-graphs, therefore,
the SDG is guaranteed to be acyclic. As an example, the SDG of
block P of Figure 3 is shown at the bottom-right of the figure.
P.step() depends on P.get(), since U.step() depends on U.get().

Modularity vs. reusability trade-off: As we mentioned above, by
choosing different clustering algorithms, we can explore different
trade-offs. A most important trade-off is betweenmodularityand
reusability. Modularity can be made a quantitative notion in our
framework: it can be measured in terms of the number of interface
functions generated for a given block. The smaller this number,
the higher the degree of modularity. In that sense, the most modu-
lar code is one that has just one interface function. This definition
is justified by complexity considerations. The complexity of algo-
rithms such as cycle detection or clustering, that our method uses,
is a direct function of the sizes of the PDGs of the sub-blocks of a
given macro block. In turn, the size of the PDG of a block is a func-
tion of the number of interface functions generated for this block
(these function are the nodes of the PDG). Therefore, minimizing
the number of generating functions is essentially for scalability.

The price to pay for modularity is reusability.4 If we generate
too few interface functions, we may create additional, false input-
output dependencies, that were not in the original diagram. These
dependencies may result in false dependency cycles when we later
embed macro blockP in a certain diagram. An example illustrating
this phenomenon has been given in the Introduction (see Figures 1
and 2). Another example is given here. Suppose we generate only

4 Note that profiles and PDGs are essentiallyabstractionsof the internals of
a block. As with most abstractions, they can be more or less refined, that is,
lose less or more information. The more information is lost, the less usable
the abstraction becomes.

one, instead of two, interface function for blockP of Figure 3.
In terms of clustering, this means we cluster the SDG ofP into a
single sub-graph that contains all nodes. We would then generate a
single interface function forP , say P.step(), as follows:

P.step( P_in ) returns P_out {
U_out := U.get();
C_out := C.step(P_in);
P_out := A.step(U_out);
U.step( C_out );
return P_out;

}

The problem is that we have created afalse dependencybe-
tween the output ofP and its input: this dependency did not ex-
ist in the original diagram becauseU is Moore-sequential. False
input-output dependencies can be harmful in terms of reusability.
For example, if a user ofP attempts to connect the output ofP to
its input, to form a feedback loop, then the above single-function in-
terface cannot be used. We say thatmaximal reusabilityis achieved
when no false input-output dependencies are added during cluster-
ing.

In (Lublinerman and Tripakis 2008b) we have proposed the so-
calleddynamicclustering method that achieves maximal reusabil-
ity with a minimal number of interface functions. In that sense, this
method is optimal. Moreover, the dynamic method is guaranteed to
generate no more thann + 1 interface functions for a block with
n outputs (no more thann functions if the block is combinational).
In (Lublinerman and Tripakis 2008b) we have also proposed an-
other clustering method, called thestep-getmethod, which gener-
ates at most two (and often just one) interface functions per block.
The step-get method privileges modularity but obviously cannot
guarantee maximal reusability. For sequential blocks, an init() func-
tion is added to initialize the state.



5. Modularity vs. code size
In this paper, we explore another trade-off: modularity vs. code
size. We illustrate this trade-off through an example, shown in
Figure 4. Part (a) of the figure shows a macro blockP with n + 2
sub-blocks, namedA1, ..., An, B, C. We suppose that each of these
blocks has a single interface function step(), abbreviated bys. So
A1.s stands forA1.step(), etc. The PDG of each of the sub-blocks
then clearly consists of a single node. By connecting the PDGs of
the sub-blocks we form the SDG forP , as shown in part (b) of
Figure 4.
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(b) The SDG of P

(c) The clustering produced by the dynamic method

(d) The clustering produced by the method in this paper

(e) PDG for P resulting from clustering (d)

Figure 4. Example illustrating the trade-off between modularity
and code size.

Using the dynamic method, the SDG is clustered in two sub-
graphs, as shown in part (c) of Figure 4. Notice that this is optimal.
Indeed, clustering all nodes into a single sub-graph would create
false dependencies from inputx1 to outputy2 and from inputx3

to outputy1, and that would result in loss of reusability. Also note
that the dynamic clustering method may result in sub-graphs that
“overlap”, that is, that share some nodes, as is the case with this
example. This is essential in order to achieve a minimal number of
sub-graphs.

P.get_1(x_1,x_2) returns y_1 {
if ( c = 0 ) {
z_1 := A_1.step( x_2 );
z_2 := A_2.step( z_1 );
...
z_{n-1}:=A_{n-1}.step(z_{n-2});
(z_B, z_C):=A_n.step(z_{n-1});

}
c := (c + 1) modulo 2;
y_1 := B.step( x_1, z_B );
return y_1;

}

P.get_2(x_2,x_3) returns y_2 {
if ( c = 0 ) {
z_1 := A_1.step( x_2 );
z_2 := A_2.step( z_1 );
...
z_{n-1}:=A_{n-1}.step(z_{n-2});
(z_B, z_C):=A_n.step(z_{n-1});

}
c := (c + 1) modulo 2;
y_2 := C.step( z_C, x_3 );
return y_2;

}

Figure 5. Code generated with the dynamic method for the exam-
ple of Figure 3.

P.internal( x_2 ) {
z_1 := A_1.step(x_2);
z_2 := A_2.step(z_1);
...
z_{n-1}:=A_{n-1}.step(z_{n-2});
(z_B, z_C):=A_n.step(z_{n-1});

}

P.get_1(x_1) returns y_1 {
y_1 := B.step(x_1, z_B);
return y_1;

}

P.get_2(x_3) returns y_2 {
y_2 := C.step(z_C, x_3);
return y_2;

}

Figure 6. Code generated with the optimal disjoint clustering
method (this paper) for the example of Figure 3.

The code that is generated from this clustering is shown in
Figure 5. Two interface functions are generated forP , one for each
sub-graph. The bodies of the two functions are identical up to their
last two statements: this is because both functions may need to
evaluate the chain of blocksA1 to An. Internal persistent variables
z 1, z 2, and so on, hold the values of internal signals between
blocksA1 andA2, A2 andA3, and so on. Variablec is a modulo-2
counter, initialized to zero, that serves to flag whether sub-blocks
A1 to An have or have not been fired in the current synchronous
instant: ifc=0 these blocks have not been fired; ifc=1 they have.
All these are automatically generated using the dynamic method:
we refer the reader to (Lublinerman and Tripakis 2008b) for the
details.

The problem with the code of Figure 5 is that it contains a lot of
replication: the firstn + 3 lines of the bodies of functions P.get1()
and P.get2() are identical. In the worst case, this phenomenon can
result in code that is replicatedm times, wherem is the number
of outputs of the block. This clearly results in code size blow-up
that may be unacceptable for embedded applications where small
footprint is often crucial.

We can eliminate this replication phenomenon, by giving up
some modularity: instead of two sub-graphs, we can cluster the
graph in three sub-graphs, as shown in part (d) of Figure 4. This
clustering produces non-overlapping sub-graphs, thus resulting into
interface functions that share no code. The code generated from
this alternative clustering is shown in Figure 6. Note that the code
of Figure 6 is not only smaller than the code of Figure 5, it is also
more efficient. Indeed, it avoids the use of counterc, which results
in savings of memory, as well as time (to test the conditionc=0).

The PDG forP generated for the clustering in three sub-graphs
is shown in part (e) of Figure 4.

Note that clustering (d) does not result in any loss of reusability.
It does not create any false input-output dependencies, and thus
achieves maximal reusability, as does clustering (c). The different
between the two clusterings is that (c) privileges modularity instead
of code size, while clustering (d) opts for code size at the expense
of some modularity.



In the rest of the paper we explore the idea of optimizing code
size in depth. It is worth pointing out that the motivating example
of Figure 4 is not just an academic example but actually occurs in
practice: see Figure 10 and related discussion in Section 8.

6. Optimal disjoint clustering
From the discussion in the previous section, it becomes clear that
the trade-off between modularity and code size can be explored by
“tuning” the clustering algorithm to use more or less overlapping.
The dynamic clustering method proposed in (Lublinerman and
Tripakis 2008b) uses as much overlapping as necessary in order to
optimize modularity while maintaining maximal reusability. On the
other hand, if we want code of minimal size then we should use a
clustering that results indisjoint(i.e., non-overlapping) sub-graphs.
In this section we explore this option. We show that, unfortunately,
optimizing modularity while maintaining maximal reusability and
disjoint sub-graphs is an intractable problem (NP-hard).

We formalize a Scheduling Dependency Graph (SDG) as a finite
directed acyclic graphG = (V,→), whereV is the set of nodes
and→⊂ V × V is the set of edges. Both sets are assumed to be
non-empty. If(v, v′) ∈→ we write v → v′. V is partitioned in
three disjoint non-empty sets

V = Vin ∪ Vout ∪ Vint (1)

Vin contains theinput nodes that have no incoming edges:∀v ∈
Vin, 6 ∃u ∈ V : u → v. Vout contains theoutputnodes that have
no outgoing edges:∀v ∈ Vout, 6 ∃u ∈ V : v → u. We also assume
that output nodes have a unique “writer”, that is, for anyv ∈ Vout,
the set{u ∈ V | u → v} is a singleton (i.e., contains a single
element).Vint contains theinternal nodes. We assume that there is
no direct edge between an input node and an output node (if there
is, we can add a new, “dummy”, internal node in-between). Notice
that some internal nodes may have no incoming or no outgoing
edges. This is necessary in order to model, for instance, SDGs like
the one shown in Figure 3. In that example, there are four internal
nodes, plus the input node Pin and the output node Pout.

Definition 1 (Clustering). LetG = (V,→) be a directed graph. A
clusteringof G is defined by a partition ofV into k disjoint sets of
nodesV = {V1, ..., Vk} such that∪k

i=1Vi = V . EachVi is called a
cluster. We “lift” the relation → from nodes to clusters as follows:
Vi →V Vj iff there existv ∈ Vi andv′ ∈ Vj such thatv → v′.
Givenv ∈ V , we denote by[v] the (unique) clusterVi ∈ V such
thatv ∈ Vi. We denote by→∗ (resp.,→∗

V ) the transitive closure of
→ (resp.,→V ). We say that the clustering defined byV is valid if
the following conditions hold:

1. For any v ∈ Vin ∪ Vout, [v] is a singleton, that is, input and
output nodes are clustered independently.

2. For anyv ∈ Vin andv′ ∈ Vout, if [v] →∗
V [v′] thenv →∗ v′.

That is,V does not introduce any input-output dependencies
that were not already inG (note thatv →∗ v′ implies[v] →∗

V
[v′] by definition).

3. The relation→V on clusters is acyclic (after dropping all self-
loops).

We say that the clustering defined byV is almost validif Condi-
tions 1 and 2 above hold, while Condition 3 (acyclicity) may not
necessarily hold.

Thequotientof G w.r.t. V, denotedG/V , is the directed graph
that has clusters as nodes and whose edge relation is the relation
→V on clusters.

Validity captures the fact that a clustering achieves maximal
reusability, by not introducing false input-output dependencies. The
acyclicity condition ensures that the resulting interface functions
do not have cyclic dependencies. Notice that there always exists a

valid clustering for any SDG: the one where every cluster contains
a single node.

Proposition 1. Validity of a clustering can be checked in polyno-
mial time in the number of nodes of the SDG.

Proof. Validity Condition 1 is trivial to check in linear time in the
number of nodes. Condition 2 can be checked by computing the
transitive closure of→ on the nodes of the original graph, then
the transitive closure of the “lifted” relation→V on clusters, and
then checking that the two relations are the same between inputs
and outputs. Transitive closure can be computed using a simple al-
gorithm such as the all-pair shortest-path algorithm (Floyd 1962)
which runs inO(|V |3) time, or other techniques with better worst-
case complexity, e.g., see (Fischer and Meyer 1971) and (Copper-
smith and Winograd 1990). The acyclicity condition can be verified
by explicitly computing the quotient graph and then checking for
acyclicity using Tarjan’s algorithm (Tarjan 1972) which runs in lin-
ear time.

The optimal disjoint clustering problemis, given an SDGG,
find a valid clustering ofG with minimum number of clusters. The
decision version of this problem is, givenG and an integerk, decide
whether there exists a valid clustering ofG with at mostk clusters.
We will show that the optimal disjoint clustering problem is NP-
hard.

Before proving the result, we introduce some useful concepts.
Notice that because of validity Condition 1, input and output nodes
are clustered in isolation in a valid clustering. Therefore, a valid
clustering can be defined by a partition ofVint instead ofV . We
will be using this alternative definition in what follows.

Definition 2 (Mergeability). Let G = (V,→) be an SDG
and let V ′ = {v1, . . . , vk} ⊆ Vint = {v1, . . . , vn} be a
subset of internal nodes. We callV ′ mergeableif the partition
{V ′, {vk+1}, . . . , {vn}} defines an almost valid clustering. Two
nodesv1, v2 ∈ Vint are calledmergeable, if the subset{v1, v2}
is mergeable. Themergeability graphof G, denotedM(G), is an
undirected graph on the node setVint, where we add an edge be-
tweenv1 andv2 iff v1 andv2 are mergeable.

Lemma 1. Let G = (V,→) be an SDG and letV = {V1, ..., Vk}
be a partition ofVint defining an almost valid clustering. LetV ′ =
{V1, ..., V

′
i , V ′′

i , ..., Vk} be arefinementof V, whereVi is split in
two non-empty, disjoint subsetsV ′

i ∪ V ′′
i = Vi. ThenV ′ defines an

almost valid clustering.

Proof. SupposeV ′ is not almost valid. Then,V ′ violates validity
Condition 2 (Condition 1 holds by definition). This means there
must exist nodesv ∈ Vin andv′ ∈ Vout such that[v] →∗

V′ [v′] in
G/V′ butv 6→∗v′ in G. That is, there must exist a path

σ = [v] →V′ U1 →V′ · · ·Ul →V′ [v′]

in G/V′ . This means in turn that there exist nodesuj , u
′
j ∈ Uj , for

j = 1, ..., l, such that

v → u1, u
′
1 → u2, ..., u

′
l → v′.

We distinguish the following cases:
1) None ofV ′

i , V ′′
i appear inσ, that is,∀j = 1, ..., l : Uj 6=

V ′
i ∧ Uj 6= V ′′

i . Thenσ is also a path ofG/V , which implies that
V is not almost valid, which is a contradiction.

2) Only one ofV ′
i , V ′′

i appear inσ. Suppose, w.l.o.g., that only
V ′

i appears inσ. Then, by replacingV ′
i by Vi we obtain a new path

σ′ which is a path ofG/V : this holds becauseV ′
i ⊂ Vi. This again

implies thatV is not almost valid, a contradiction.
3) BothV ′

i , V ′′
i appear inσ, that is,σ has the form:

[v] →V′ U1 →V′ · · · →V′ Ul1 →V′ V ′
i →V′ · · ·



→V′ V ′′
i →V′ Ul2 →V′ · · · →V′ Ul →V′ [v′].

Then the path

σ′ = [v] →V U1 →V · · · →V Ul1 →V Vi →V Ul2 →V · · · →V [v′]

is a path ofG/V : this holds because bothV ′
i , V ′′

i are subsets ofVi.
This again implies thatV is not almost valid, a contradiction.

Lemma 2. Let G = (V,→) be an SDG and letV = {V1, ..., Vk}
be a partition ofVint defining an almost valid clustering. Then for
all i = 1, ..., k, for all v, u ∈ Vi, v andu are mergeable.

Proof. By Lemma 1, sinceV is almost valid, any refinement ofV
into a finer partition is also almost valid. In particular the refinement

({v1}, ..., {v, u}, ..., {vn})
that groups only nodesv, u together and leaves all others isolated
must be almost valid. Therefore, by Definition 2,v and u are
mergeable.

An SDGG = (V,→) is calledflat if there are no dependencies
between its internal nodes, that is

6 ∃v, v′ ∈ Vint : v → v′ (2)

Notice that in a flat SDGG, any clustering ofG that satisfies the
first two validity conditions also satisfies the acyclicity condition,
that is, it is a valid clustering. This is because the only edges
allowed in a flat SDG are from input nodes to internal nodes and
from internal nodes to output nodes.

Lemma 3. Let G = (V,→) be a flat SDG and letV =
{V1, ..., Vk} be a partition ofVint into mergeable cliques, that
is, for all i = 1, ..., k, for all v, u ∈ Vi, v and u are mergeable.
ThenV defines a valid clustering.

Proof. SupposeV is not valid. Then, validity Condition 2 must be
violated (Condition 1 holds by definition and Condition 3 cannot be
violated in a flat graph). This means there must exist nodesv ∈ Vin

andv′ ∈ Vout such that[v] →∗
V [v′] (in G/V ) but v 6→∗v′ (in G).

Sincev is an input,[v] →∗
V [v′] implies there existsv1 ∈ Vi, for

somei = 1, ..., k, such that: (1)v → v1 and (2)Vi →∗
V [v′]. (2)

and the fact thatG is flat together imply that (3) there existsv2 ∈ Vi

such thatv2 → v′. (1) andv 6→∗v′ together imply (4)v2 6= v1. (1),
(4) andv 6→∗v′ together imply thatv1 andv2 are not mergeable,
which contradicts the hypothesis thatVi is a mergeable clique.

We are now ready to prove our main theoretical result. We show
that the optimal disjoint clustering problem is NP-hard by reducing
the partition-into-cliquesproblem to the former problem. Let us
first recall the problem of partitioning a graph into cliques. We are
given an undirected graphG = (V, E), whereV is the set of nodes
andE is the set of edges, and a positive integerK ≤ |V |. We
want to decide whetherV can be partitioned intok ≤ K disjoint
sets,V = V1 ∪ · · · ∪ Vk, such that eachVi is a clique, that is, for
any v, u ∈ Vi, (v, u) ∈ E. This problem is NP-hard (Garey and
Johnson 1978).

Proposition 2. Optimal disjoint clustering is NP-hard.

Proof. Let G = (V, E) be an undirected graph. We construct a flat
SDGGf , using the construction technique illustrated in Figure 7.
For each nodev of G we create three nodes inGf : an internal node
v ∈ Vint, an input nodevi ∈ Vin and an output nodevo ∈ Vout.
We add inGf the edgesvi → v andv → vo.

For each edge(u, v) ∈ E, we create the following six nodes in
Gf : eu, ev ∈ Vint, e′u, e′v ∈ Vin, e′′u, e′′v ∈ Vout. We also insert
in Gf the edgese′u → eu, eu → e′′u, e′v → ev, ev → e′′v .
Additionally, we create the following four edges:ui → eu, eu →

vo, vi → ev, ev → uo. Gf can be constructed in linear time in the
size ofG.

Let us studyM(Gf ). First, note that a nodeeu produced by
edgee of G is not mergeable with any other internal node. For
instance,eu is not mergeable withu, since this would create the
dependencye′u →∗ uo; eu is not mergeable withev, since this
would create the dependencye′u →∗ e′′v ; eu is not mergeable with
v, since this would create the dependencyvi →∗ e′′u. Now, let us
focus on two nodesu andv of G. Suppose, first, that(u, v) 6∈ E.
Thenu andv are not mergeable inGf , since merging them would
create the dependencyui →∗ vo (or vi →∗ uo). Next, suppose
that(u, v) ∈ E. Thenu andv are mergeable inGf . Indeed, in this
case we have the picture shown in Figure 7. Mergingu andv does
not add new dependencies, sinceuo already depends onvi andvo

already depends onui.
It follows that two nodesu andv of G are mergeable inGf iff

they are adjacent inG. This, and the fact thateu-type nodes are not
mergeable with any other node, implies thatM(Gf ) is the disjoint
union of G and a set of2|E| independent nodeseu, ev, ..., that
must be clustered in isolation. We claim thatG can be partitioned
into k cliques iffGf admits a valid clustering ofk + 2|E| clusters
(we are not counting the clusters for the input and output nodes).
SupposeGf can be clustered intok + 2|E| clusters. Then the
nodes ofG (that are internal nodes ofGf ) must be clustered intok
clustersV1, ..., Vk, since the rest2|E| clusters are reserved for the
eu-type nodes. By Lemma 2, eachVi can only contain nodes that
are pairwise mergeable. Therefore, eachVi corresponds to a clique
of M(Gf ), thus to a clique ofG. Conversely, suppose thatG can
be partitioned intok cliques. Thus,M(Gf ) can be partitioned into
k + 2|E| (mergeable) cliques. SinceGf is flat, by Lemma 3, this
partition defines a valid clustering forGf .
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Figure 7. The SDG sub-graph representing edge(u, v) of G in the
proof of Proposition 2.

Corollary 1. Optimal disjoint clustering is NP-complete.

Proof. The problem is NP-hard as shown in Proposition 2. It is
also in NP: non-deterministically choose a clustering, then check
whether it is valid. The latter can be done in polynomial time as
shown in Proposition 1.

7. Reduction to SAT
In this section, we show how the optimal disjoint clustering prob-
lem can be solved by reducing it to a propositional satisfiability
problem. The latter can be solved in practice today using a SAT



solver. Before we present our method, we need some technical re-
sults.

Let G = (V,→) be an SDG with sets of input and output nodes
Vin andVout, respectively. For a subsetV ′ ⊆ V of nodes, we define

In(V ′) = {v ∈ Vin | ∃v′ ∈ V ′ : v →∗ v′} (3)

Out(V ′) = {v ∈ Vout | ∃v′ ∈ V ′ : v′ →∗ v} (4)

the set of dependent inputs and outputs ofV ′, respectively. We
write In(v) andOut(v) instead ofIn({v}) andOut({v}), respec-
tively.

Let V be a partition ofVint. For anyV ′ ∈ V, we define

InV(V ′) = {v ∈ Vin | [v] →∗
V V ′} (5)

OutV(V ′) = {v ∈ Vout | V ′ →∗
V [v]} (6)

If v ∈ InV(V ′) then we say that clusterV ′ depends on input
nodev. If v ∈ OutV(V ′) then we say that output nodev depends
on clusterV ′. Notice that, by definition,In(V ′) ⊆ InV(V ′) and
Out(V ′) ⊆ OutV(V ′). The inverse inclusions do not generally
hold, however. Also note that, by definition, ifV ′ →∗

V V ′′ then
InV(V ′) ⊆ InV(V ′′) andOutV(V ′) ⊇ OutV(V ′′). Finally, note
that forv ∈ Vin andu ∈ Vout, [v] →∗

V [u] iff there existsV ′ ∈ V
such thatv ∈ InV(V ′) andu ∈ OutV(V ′).

Lemma 4. LetG = (V,→) be an SDG and letV = {V1, V2, ..., Vk}
be a partition ofVint defining an almost valid clustering. Suppose
that InV(V1) = InV(V2) and OutV(V1) = OutV(V2) and let
V ′ = {V1 ∪ V2, V3, ..., Vk}. V ′ defines an almost valid clustering.

Proof. V ′ is a partition of internal nodes only, thus the clustering
it defines satisfies validity Condition 1 by definition. Suppose there
existv ∈ Vin andv′ ∈ Vout, such that[v] →∗

V′ [v′] but v 6→∗v′.
Then, there must existV ′, V ′′ ∈ V ′, such that: (1)[v] →V′ V ′,
(2) V ′ →∗

V′ V ′′, and (3)V ′′ →V′ [v′]. If both V ′ 6= V1 ∪ V2 and
V ′′ 6= V1 ∪ V2 then the clustering induced byV does not satisfy
Condition 2, which contradicts the hypothesis that it is almost valid.
Thus,V ′ = V1 ∪ V2 or V ′′ = V1 ∪ V2.

Case (a):V ′ = V1 ∪ V2. (2) implies that eitherV1 →∗
V V ′′ or

V2 →∗
V V ′′. Without loss of generality, we consider the latter case.

(1) and the fact thatInV(V1) = InV(V2) imply [v] →V V2. (3)
impliesV ′′ →V [v′]. Thus, we have[v] →V V2 →∗

V V ′′ →V [v′],
i.e., [v] →∗

V [v′], which contradicts the hypothesis thatV defines
an almost valid clustering.

Case (b):V ′′ = V1 ∪ V2. (2) implies that eitherV ′ →∗
V V1 or

V ′ →∗
V V2. Without loss of generality, we consider the latter case.

(3) and the fact thatOutV(V1) = OutV(V2) imply V2 →V [v′]. (1)
implies [v] →V V ′. Thus, we have[v] →V V ′ →∗

V V2 →V [v′],
i.e., [v] →∗

V [v′], which again contradicts the hypothesis thatV
defines an almost valid clustering.

Lemma 5. LetG = (V,→) be an SDG and letV be a partition of
Vint defining an almost valid clustering. SupposeV is optimal w.r.t.
the number of clusters, that is, there is no partitionV ′ that has
fewer elements thanV and also defines an almost valid clustering.
ThenV defines a valid clustering.

Proof. V defines an almost valid clustering, therefore, validity Con-
ditions 1 and 2 are already satisfied (Definition 1). We need to prove
that Condition 3 (acyclicity) is also satisfied. Suppose not. Then
there existV1, V2 ∈ V, i 6= j, such thatV1 →∗

V V2 andV2 →∗
V V1.

This implies thatInV(V1) = InV(V2) andOutV(V1) = OutV(V2).
But this means that we can mergeV1 andV2 and still obtain an
almost valid clustering, with fewer elements (Lemma 4). This con-
tradicts the hypothesis thatV is optimal.

We now propose the reduction to SAT. LetG = (V,→) be a
Scheduling Dependency Graph as before. Letk ∈ N be an arbitrary

Fk ≡
^

1≤j≤k

_
b ∈ Vint

Xbj

∧
^

b ∈ Vint

1 ≤ j ≤ k

0BBBBB@Xbj ⇔
^

1 ≤ ` ≤ k
` 6= j

¬Xb`

1CCCCCA
∧

^
b ∈ Vint, o ∈ Vout

b→ o
1 ≤ j ≤ k

`
Xbj ⇒ Yoj

´

∧
^

b ∈ Vint, i ∈ Vin

i→ b
1 ≤ j ≤ k

`
Xbj ⇒ Zij

´

∧
^

b1, b2 ∈ Vint, o ∈ Vout

b1 → b2
1 ≤ j 6= ` ≤ k

`
Xb1j ∧Xb2` ⇒ (Yo` ⇒ Yoj)

´

∧
^

b1, b2 ∈ Vint, i ∈ Vint

b1 → b2
1 ≤ j 6= ` ≤ k

`
Xb1j ∧Xb2` ⇒ (Zij ⇒ Zi`)

´

∧
^

i ∈ Vint, o ∈ Vout

i 6→∗ o
1 ≤ j ≤ k

¬ (Yoj ∧ Zij)

Figure 8. Encoding almost valid clusterings as propositional for-
mulas.

positive integer. We define the propositional formulaFk as shown
in Figure 8, whereXbj , Yoj , Zij are boolean variables denoting
that internal nodeb belongs to clusterj, that output nodeo depends
on clusterj, and that clusterj depends on input nodei, respectively.
Fk encodes the following conditions (conjunctions appearing

from top to bottom in Figure 8):

1. every cluster must contain at least one internal node,

2. an internal node belongs to exactly only one cluster,

3. if an outputo directly depends on an internal nodeb theno also
depends on the cluster containingb,

4. if an internal nodeb directly depends on an input nodei then
the cluster containingb also depends on input nodei,

5. if an internal nodeb2 directly depends on another internal
nodeb1, then the cluster containingb2 will depend on every
input node that the cluster containingb1 depends upon (i.e.,
b1 → b2 ⇒ InV([b1]) ⊆ InV([b2])),

6. if an internal nodeb2 directly depends on another internal node
b1 then every output that depends on the cluster containingb2

will also depend on the cluster containingb1 (i.e., b1 → b2 ⇒
OutV([b1]) ⊇ OutV([b2])), and,

7. if an outputo does not depend on an inputi then it is not the
case that a clusterj depends oni ando depends on clusterj.

Lemma 6. Let G = (V,→) be an SDG andk ∈ N such thatFk

is satisfiable. Letφ be a satisfying assignment andV the clustering



induced byV ′ = {V1, · · · , Vk} where forb ∈ Vint, b ∈ Vj if and
only if Xbj is true itφ. Then:

1. ∀1 ≤ j ≤ k.∀o ∈ Vout.Vj →∗
V [o] implies thatYoj is true in

φ,
2. ∀1 ≤ j ≤ k.∀i ∈ Vin.[i] →∗

V Vj implies thatZij is true inφ.

Proof. Follows by induction on the length of the path on the depen-
dence relation→V .

Lemma 7. Let G = (V,→) be an SDG andk ∈ N. Fk is
satisfiable if and only if there exists an almost valid clustering
defined byV ′, a partition ofVint, such that|V ′| = k.

Proof. (⇐) LetV ′ be a partition defining an almost valid clustering
V such that|V ′| = k and letb ∈ V and∀1 ≤ j ≤ k.Vj ∈ V ′.
Set each boolean variableXbj to true if b ∈ Vj and to false
otherwise. Note that the first two conjunction terms inFk hold
for any proper partition of sizek. Set each variableYoj to true
if o ∈ OutV(Vj) and to false otherwise. Set each variableZij to
true if i ∈ InV(Vj) and to false otherwise. Observe now that the
third to sixth conjunction terms inFk encode the following facts:
In(Vj) ⊆ InV(Vj), Out(Vj) ⊆ OutV(Vj), and∀j, `, if Vj →∗

V V`

thenInV(Vj) ⊆ InV(V`) andOutV(Vj) ⊇ OutV(V`). Finally, the
last term encodes the fact that∀i ∈ Vin, o ∈ Vout, i 6→∗ o ⇒6
∃j : i ∈ InV(Vj) ∧ o ∈ OutV(Vj). Thus the above is a satisfying
assignment forFk.
(⇒) Consider a satisfying assignmentφ to Fk and let V ′ =
{V1, · · · , Vk} whereb ∈ Vj if and only if Xbj is true inφ. The
first two terms inFk imposeV ′ to be a partition of sizek. Let
V = V ′ ∪ Vint ∪ Vout as before and note thatV satisfies valid-
ity Condition 1. Suppose that validity Condition 2 does not hold.
Hence∃i ∈ Vin, o ∈ Vout such thati 6→∗ o and [i] →∗

V [o].
Moreover there existsj such that[i] →∗

V Vj and Vj →∗
V [o].

By Lemma 6 we have thatYoj andZij are true inφ but thenφ
would not be a satisfying assignment ofFk since this assignment
falsifies the last term in the conjunction.

Thus, we can solve the optimal disjoint clustering problem using
the following procedure:

1. initialize k := 1;

2. build formulaFk;

3. check whetherFk is satisfiable;

4. if Fk is satisfiable, terminate and announce that the optimal
disjoint clustering hask clusters; the clustering can be directly
obtained by theXbj variables: nodeb is in clusterj iff in the
solution ofFk, Xbj is true;

5. otherwise incrementk := k + 1 and go to step 2.

The procedure is guaranteed to terminate since there always exists
a valid clustering with at most as many nodes as the nodes of the
SDG. By Lemma 7, the procedure is guaranteed to produce an
almost valid clustering, which is also of minimal size. By Lemma 5,
this almost valid clustering is also valid.

8. Tool and experiments
We have implemented the code generation techniques proposed
in (Lublinerman and Tripakis 2008b) and in this paper in a proto-
type tool written in Java. The tool takes as input a Simulink model
(.mdl file) as well as profiles of blocks (in our own ASCII format).
The tool generates as output profiles for the macro blocks in the
Simulink model as well as Java code that implements the interface
functions for each of the macro blocks. The tool also generates var-
ious statistics such as those that are presented below.

Three clustering and corresponding code generation methods
are currently implemented in the tool: the step-get and the dynamic
methods proposed in (Lublinerman and Tripakis 2008b) and the op-
timal disjoint clustering method proposed in this paper. To solve the
latter problem, the tool employs the SAT-based method described
in Section 7. In our implementation we used theSAT4JSAT solver
(see http://www.sat4j.org).

We have experimented using our tool on a set of Simulink ex-
amples. Some of these examples are described in The Mathworks’
web-site for Simulink under “Demos” and they are available with
the Simulink tool. Two other examples are real-world models pro-
vided by industrial partners from the automotive domain. For con-
fidentiality reasons we cannot reveal the source neither the nature
of these examples. We will refer to them as “X1” and “X2” in the
rest of this section.

Our experiments had multiple objectives. First, we wanted to
validate the need for multiple interface functions per block, which
is the fundamental hypothesis justifying this and our previous work.
Indeed, we found that this need arises in practice and it is not just a
theoretical problem. In most of the examples we tried, there are
feedback loops between macro blocks, at different levels of the
hierarchy. One such example is an engine timing model coming
from the Simulink demo suite. The top-level diagram for this ex-
ample is shown in Figure 9 (picture copyright The Mathworks).5

The top-level diagram contains a number of macro blocks: “Throt-
tle & Manifold”, “Compression” and so on. Notice that there are
multiple feedback loops between these blocks. However, when the
hierarchy is flattened these loops are “broken” by blocks such as
unit-delays. A monolithic code generation method that generates a
single interface function per block would fail on all these examples,
because of these feedback loops. Thus, multiple interface functions
per block are needed in practice as well as in theory.

As a second objective for the experiments, we wanted to com-
pare the three clustering and code generation methods implemented
in the tool. Finally, we wanted to see how the SAT-based method
performs in practice in terms of execution time.

The results of our experiments are summarized in Table 1.
Although the optimal disjoint clustering problem and our SAT-
based method have exponential worst-case complexity, in every
example we have tried, execution took only a few seconds on
a standard laptop computer (IBM T43p with a 2.26 GHz Intel
Pentium processor and 2 GB of RAM running Windows XP and
Java 6). Notice that this is the time it takes to process and generate
code forall blocks of each example. The greatest SAT problem
submitted to the SAT solver among all the examples that we tried
was a formula with 851 boolean variables and 773 clauses. This
formula was produced for the top-level block of example “X2”
when checking whether a disjoint clustering with 4 clusters exists.
Notice that modern SAT solvers can easily handle problems of
much greater size.

Table 1 should be read as follows. Every row contains the infor-
mation for one example. In the columns, we list: the name of the ex-
ample; the total number of blocks in the example (including atomic
and macro blocks); the number of macro blocks; the number of
blocks that are of type Combinational (C), Non-Moore-Sequential
(NS), and Moore-Sequential (MS); the maximum number of out-
put ports that some block from the entire model has; the maximum
number of sub-blocks that some (macro) block has; and the results
we obtained by running the three code generation methods on these
examples.

The three methods are: step-get (S-G), dynamic (Dyn) and op-
timal disjoint clustering (ODC). For each method, and each exam-
ple, we report the total number of interface functions generated for

5 This model corresponds to the “Engine 1” row in Table 1.



Figure 9. An engine timing model in Simulink

model no. blocks max no. max no. total no. intf. func. total code size (ELOC)
name total macro C,NS,MS outputs sub-blocks S-G Dyn ODC S-G Dyn ODC max red.
ABS 27 3 1,0,2 1 13 4 4 4 57 57 57 —

Autotrans 42 9 4,0,5 2 11 fails 13 14 fails 108 101 14:6
Climate 65 10 4,0,6 4 29 12 14 14 144 165 144 42:26
Engine1 55 11 2,1,8 2 12 18 18 18 132 140 132 19:11
Engine2 73 13 3,2,8 2 13 20 20 20 180 188 180 19:11

Power window 75 14 6,2,6 3 11 20 21 21 180 199 183 32:16
X1 82 16 2,5,9 3 14 19 19 19 182 182 182 —
X2 112 16 7,9,0 5 14 22 24 24 245 342 261 108:27

Table 1. Experimental results

all the macro blocks in the example, as well as the total code size
generated for these functions, measured ineffectivelines of Java
code (ELOC). Effective means that we do not count comments,
Java class constructors, and other similar overhead lines of code
(these can be different when using a different language). We also
do not count init() functions and the corresponding lines of code.
The last column labeled “max red.” corresponds to the maximum
reduction achieved by ODC and is explained later in the section.

By studying Table 1, we can make the following observations:
First, it is interesting to see that the step-get method succeeds in

eliminating the feedback loops and corresponding dependency cy-
cles between macro blocks in almost all cases: the exception is the
“Autotrans” example, modeling an automotive transmission sys-
tem. In this example the step-get method fails, that is, results in
a (false) dependency cycle in the SDG of one of the macro blocks.
As already mentioned, the step-get method generates at most two
interface functions per block. More precisely, it generates two inter-
face functions for Moore-sequential blocks (that have inputs) and a
single interface function for all other blocks (Lublinerman and Tri-
pakis 2008b). The explanation why step-get succeeds on most of
the examples lies in the fact that most of the cycles in the examples
are “broken” by Moore-sequential blocks. For these blocks, two in-
terface functions is all that is needed to achieve maximal reusabil-
ity, and the step-get method provides exactly this. In conclusion,
the examples show both the interest but also the limitations of the

step-get method, which justifies the need for more elaborate meth-
ods, in particular Dyn and ODC.

The second observation is that ODC indeed achieves code size
reduction in all cases except two (the “ABS” and “X1” examples).
Moreover, in all but one case (the “Autotrans” example) this reduc-
tion comes at no expense in terms of modularity: that is, the number
of interface functions remains the same. In the case of “Autotrans”
only one extra interface function is generated. The reason why
ODC can reduce code size without modularity penalty is because
the overlapping that the dynamic method creates can sometimes
be eliminated without introducing an additional interface function.
This happens when sub-graphG1 overlaps with sub-graphG2, and
the set of inputs thatG1 depends upon is a subset of the set of inputs
thatG2 depends upon. In this case the overlapping area can be re-
moved fromG2, and the dependencyG1 → G2 can be added. This
is valid, sinceG2 requires more inputs thanG1, therefore whenever
the inputs forG2 are available,G1 can be executed beforeG2.

The above phenomenon occurs in all the examples except “Au-
totrans”, where an additional sub-graph (and corresponding in-
terface function) needs to be generated in order to preserve the
input-output dependencies. This occurs for the “Transmission Ra-
tio” macro block, the internal diagram of which is shown in Fig-
ure 10. It is interesting to observe that the structure of this diagram
is identical to the structure of diagram shown in Figure 4(a). Indeed,
blocksB andC of the latter figure correspond to the two “Product”
blocks of “Transmission Ratio” and blockAn corresponds to the



“Look-Up Table” block. This indicates that the motivating exam-
ple of Figure 4 is not just an academic example but actually occurs
in practice.

Figure 10. The internal diagram of the “Transmission Ratio”
macro block

One may claim that the reduction that ODC achieves in code
size is a small percentage of the overall size. This is true in most of
the examples presented in Table 1, but not in all of them: in “X2” a
reduction of almost 25% on the total code size is achieved. More-
over, in the context of modular code generation, it is meaningful to
measure not only the reduction achieved in the entire set of blocks,
but also in individual blocks. Indeed, these blocks are likely to be
used not only in the current model, but in other models as well.
The last column of Table 1, labeled “max red.” shows the great-
est reduction achieved for some macro block in each example: the
pair L1 : L2 is shown, whereL1 is the ELOC generated by Dyn
for this block, andL2 is the ELOC generated by ODC. It can be
seen that the reduction in code size for individual blocks can be
dramatic, e.g., 75% in “X2”, 50% in “Power window”, and so on.
This justifies the practical interest in the ODC method.

Finally, it is worth pointing out that the examples presented in
Table 1 involve blocks with a relatively small number of outputs
each: from 1 to 5 at most. Because of this, and the way the dynamic
method operates, the potential for overlap that can be removed
is small on these examples. We expect that the savings that can
be achieved by ODC are greater in blocks with a greater number
of outputs, but experiments with larger examples are required to
validate this expectation.

9. Conclusions
This work extends our previous work on modular code generation
for synchronous block diagrams. In previous work we have studied
the trade-off between modularity and reusability. In this paper we
studied another trade-off, between modularity and code size. We
can reduce code size by avoiding the code replication that one of
our previous methods introduces. However, this generally comes
with a price in terms of modularity. Optimizing modularity while
avoiding replication and maintaining maximal reusability is a clus-
tering problem in a directed acyclic graph. We showed that this
problem is NP-complete, and that it can be solved by a simple enu-
meration of the numberK of available clusters and calling a SAT
solver to check satisfiability of a propositional formula for each
K. We finally reported on a new tool that implements the methods
developed in this and our previous work. Experimental results ob-
tained by applying the tool on real Simulink models are encourag-
ing and justify the interest in our approach. The experiments seem
to suggest that the optimal number of clustersK is likely to be
small in practice.
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