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We study the implementation of a synchronous program as a set of multiple tasks running on the
same computer, and scheduled by a real-time operating system using some preemptive scheduling
policy, such as bxed priority or earliest-deadline prst. Multitask implementations are necessary,
for instance, in multiperiodic applications, when the worst-case execution time of the program is
larger than its smallest period. In this case, a single-task implementation violates the schedulability
assumption and, therefore, the synchrony hypothesis does not hold. We are aiming at semantics-
preserving implementations, where, for a given input sequence, the output sequence produced by
the implementation is the same as that produced by the original synchronous program, and this
under all possible executions of the implementation. Straightforward implementation techniques
are not semantics-preserving. We present an intertask communication protocol, called DBP, that
is semantics-preserving and memory-optimal. DBP guarantees semantical preservation under all
possible triggering patterns of the synchronous program: thus, it is applicable not only to time-, but
also event-triggered applications. DBP works under both bxed priority and earliest-deadline brst
scheduling. DBP is a nonblocking protocol based on the use of intermediate buffers and manipu-
lations of write-to/read-from pointers to these buffers: these manipulations happen upon arrivals,
rather than executions of tasks, which is a distinguishing feature of DBP. DBP is memory-optimal

in the sense that it uses as few buffers as needed, for any given triggering pattern. In the worst
case, DBP requires, at most, N + 2 buffers for each writer, where N is the number of readers for
this writer.
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Fig. 1. Two periodic tasks.

capabilities (i.e., a scheduler to allocate the processor to the different tasks).
Instead, in this paper, we consider multitask implementations, where instead
of a single task, the code-generation process produces many tasks triggered
by different events. Why worry about multitask implementations when single-
task ones are simpler (and also easier to produce)? Let us try to answer this
question below.

1.1 Single-Task Versus Multitask Implementations

If the original synchronous program is multirate, that is, contains parts that
execute at different periods or are triggered by different events, then the single-
task implementation must run at the fastest possible rate. Inside the code, if—
then statements can be used to execute the parts that run at slower rates. This
presents no problems as long as the monolithic program can be executed fast
enough, that is, as long as its worst-case execution time (WCET) is smaller than
the activation period (or minimum interarrival time of triggering events, in case
the program is aperiodic). If this condition fails, however, then the monolithic
implementation may fail to react promptly or may even miss triggering events.

For example, consider a synchronous program consisting of two parts (or
tasks) P; and P that must be executed every 10 and 100 ms, respectively.
Suppose the worst-case execution time (WCET) of P; and Py is 2 and 10 ms,
respectively, as shown in Figure 1. Then, in a monolithic implementation, a
single task P that includes the code of both P; and Py would have to be executed
every 10 ms, since this is required by P;. Inside P, P; would be executed only
once every 10 times (e.g., using an internal counter modulo 10). Assuming that
the WCET of P is the sum of the WCETSs of P; and P, (note that this might not
always the case), we find that the WCET of P is 12 ms, that is, greater than its
period. In practice, this means that every ten times, the task P; will be delayed
by 2 ms. This may appear harmless in this simple case, but the delays might
be larger and much less predictable in more complicated cases. This obviously
has an effect on semantical preservation: the outputs produced by the single-
task implementation may be different from those defined by the synchronous
semantics.

Until recently, there has been no rigorous methodology for handling this
problem. In the absence of such a methodology, industrial practice consists in
“manually” modifying the synchronous design, for instance, by “splitting” tasks
with large execution times, like task Py above. Clearly, this is not satisfactory
as it is both tedious and error-prone.

Multitask implementations can provide a remedy to schedulability problems
as the one discussed above. When an RTOS is available, and the two tasks P;
and Py do not communicate with each other (i.e., do not exchange data in the
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Notice that there is no protocol to handle the low-to-high case without unit
delay. Indeed, in this case, it is impossible to preserve the zero-time semantics,
as mentioned above and as explained in Section 3.3.

What is also interesting to note is that, although under SP the protocols are
different depending on the relative priorities of the tasks, and despite the fact
that under EDF priorities change dynamically, the protocols for EDF are chosen
statically , simply by considering the relative deadlines of tasks. For example,
when ; has smaller deadline than ; then the high-to-low protocol is used. It
turns out that even in situations where i does not preempt ; (this is possible
under EDF whereas it would preempt it under SP) the protocol works correctly.

The DBP buffering protocol involves one writer task communicating the same
set of data to many reader tasks. Some readers may be of higher priority (or
smaller deadline) and some of lower priority (or larger deadline). Some read-
ers may involve a unit delay, while others do not. DBP allocates buffers upon
arrivals of the writer task, whenever this is necessary, that is, when all previ-
ously allocated buffers are still in use. As we show in this paper, DBP is optimal
in terms of number of buffers used. In particular, DBP uses n+ 1 buffers for
n lower-priority readers. This is to be compared with 2 n buffers used by the
static protocol. When there are also higher-priority readers, the requirements
are n+ 2, which is independent of the number of higher-priority readers.

It should be emphasized that all protocols work  no matter what the arrival
pattern of tasks is . In particular, they work for both  time- (e.g., multiperiodic)
and event-triggered applications. In the case where the arrival pattern of tasks
is known a-priori, DBP can be easily turned into a static protocol, as we show
in Section 5.3.

2. AN INTERTASK COMMUNICATION MODEL

We consider a set of tasks, T = { 1, 2,...}. The set need not be Pnite, which
allows the modeling of, for example, dynamic creation of tasks.

To model intertask communication, we consider a set of data3ow links of
the form (i, j, p), with i,j {1,2,..}and p {S 1,0}. If p = 0 then we write
i i, otherwise, we write ot j- The tasks and links result in what we
shall call a task graph . For each i, j pair, there can only be one link, so we

cannot have both jand ; st i

Intuitively, a link (i, j, p) means that task ; receives data from task ;. If
p = Othen ; receives the last value produced by ;, otherwise, it receives the
one-before-last value (i.e., there is a Ounit delayO in the link from  ; to i). Inboth
cases, it is possible that the prst time that ~ j occurs? there is no value available
from ; (either because ; has not yet occurred, or because it has occurred only
once and p = S 1). To cover such cases, we will assume that for each task
there is a default output value y(i). Then, in cases such as the above, ; uses this
default value.

Notice that links model datalBow and not  precedencesbetween tasks.

SAs we shall see shortly, we debne an OidealO zero-time semantics where a task executes and
produces its result as the same time it is released. We can thus say Otask  ; occurs.O
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Fig. 20. Architecture of the model used in model checking.

claim that proving correctness of a given protocol only for two tasks, one writer
and one reader, is sufbcient, provided the effect of other tasks on these two tasks
is taken into account .

But whatis the Oeffect of other tasksO? In the case where a protocol of Section 4
is used only for a single writer/reader link, the buffers are not shared with the
other tasks. Therefore, the only way the other tasks inBuence the writer/reader
pair in question is by preemption. We will show how to model this inBuence,
although we are not going to model preemption explicitly.

Having eliminated the problem of inbnite number of tasks, we still have the
problem of data types. Our buffering protocols are able to convey any data type.
However, in order to use model checking directly, variables must take values in
a Pnite domain. To solve this problem, we use the technique of uninterpreted
functions [Burch and Dill 1994], which allows to replace the unknown data type
with a bxed number of distinct values. This number is the maximum number
m of distinct values that can be present in the system at the same time. To
implement this idea, we replace the data type witha  n-vector of booleans, such
that2" m.

The general architecture of the model we shall use for model checking is
shown in Figure 20. The model has four components. An  event generator com-
ponent which produces the events of the tasks. A component modeling the
ideal semantics. A component modeling the behavior of the buffering proto-
col. A preservation monitor component, which compares the two behaviors and
checks whether they are OequivalentO (where the notion of equivalence is to be
debned).

The above described approach, using the model-based paradigm, is inter-
esting because it provides means to verify the preservation of semantics in a
larger extend. One can use this scheme to generate sequences of inputs and
compare the results of the protocol in question with respect to an automaton
representing some OidealO behavior, or some behavior under test.

6.1.1 Event Generator Model. A task ; is modeled by three events, r;, by,
and g, corresponding to the release, beginning of execution, and end of execution
of (an instance of) the task, respectively. In the ideal semantics, these three
events occur simultaneously. In the real implementation, these events follow a
cyclic order

b i boe

which corresponds to two facts. First, that each task instance is prst released,
then starts execution, and Pnally ends execution. Second, that when a new
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Fig. 24. The low-to-high protocol described in L usTrE.

Fig. 25. Model checking described in L usTRE.

Bow is also generated externally, in a totally nondeterministic manner (i.e., all
possible values are explored in model checking).

The Bow ideall models the output of the writer task. The output is ini-
tialized to value init , also provided externally (this is the L usTrRe expression
init -> ... ). The output is updated to val every time r; occurs. Otherwise, it
keeps its previous value ( pre ideall ).

The Bow ideal2 models the input of the reader task. The inputis initialized to
init and is updated to the output of the writer every time  r, occurs. Otherwise,
it keeps its previous value.

6.1.3 Buffering Protocol Model.  The buffering protocol is also modeled in
LusTrE. Figure 24 shows the model for the low-to-high protocol. Similar models
are built for the other protocols.

The model is a L ustre node, similar to a C function. The node takes as
inputs boolean Rows rl, r2, el (corresponding to events ri,r,, €) and n-
vector boolean Bow w_val (corresponding to the output of the writer) and
returns the Bow r_val (corresponding to the input of the reader). The Rows
buff_0, buff_1, curr, prev are internal variables corresponding to the dou-
ble buffer and boolean pointers manipulated by the protocol (see Figure 5).

Although event e is not a trigger of the low-to-high protocol, it is used in
the modeling in order to update the double buffer: the latter is updated when
€, occurs, i.e., when the writer task Pnishes.

6.1.4 Preservation Monitor Model.  The preservation monitor is also mod-
eled in L usTre, as shown in Figure 25. The monitor veribes whether the input
of the reader task in the ideal semantics, ideal2 , is always equal to the in-
put of the reader task as this is produced by the Low to High node (vecteq
is a function that checks equality of vectors). The only subtlety is that this
check is performed only at certain moments in time and, in particular, during
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the interval from the beginning until the end of execution of the reader task.
This interval is captured by the Boolean flow verif_period. Indeed, outside
this interval the values of the reader input in the ideal and real semantics are
generally different.

6.1.5 Verification Using LEsar. We performed model checking of the mod-
els described above using LEsAR, the model checker associated with the LUSTRE
tool suite [Ratel et al. 1991]. For the first two cases, the verification of the hi-
to-low and low-to-hi protocols, the model checker, replied with TRUE PROPERTY,
i.e., that the protocol is always equal to the ideal semantics, in less than one-
half minute time and using almost 100,000 states for this computation. On the
other hand, for the hi-to-low with unit delay, the computation time was more
than 4 minutes, the use of states exceeded the 520,000, and the result was also
TRUE PROPERTY.

The above computation time and state space, is for the verification of our
protocols given that we assert static-priority scheduling, i.e., that the generated
releases, starts and ends of the tasks have fixed priorities, as seen in Figure 21.
However, using the EDF scheduling policy there is a larger “freedom” in the
generation of those events, resulting in larger computation time and state space.
Indeed, for the verification of the hi-to-low protocol with a unit delay, with an
EDF scheduler, the computation time is more than 40 minutes and the state
space reaches the 1,700,000 states, to prove the TRUE PROPERTY as before.

6.2 Proof of Correctness of the Dynamic Buffering Protocol

In this section we will prove the correctness of the protocol DBP (Section 5.1). In
this case, model checking is not directly applicable, since we have an arbitrary
number of reader tasks. Instead, we provide a “manual” proof.

What we want to prove is semantical preservation, that is, that for any pos-
sible arrival pattern and values written by the writer, the values read by the
readers in the ideal semantics are equal to the values read by the readers in
the implementation, assuming DBP is used. More formally, consider a reader

; and let ¢; be the time when an arbitrary instance of ; is released. We denote
this instance by /. Let#, t; be the time when [’ reads. Let , be the writer
task. For the moment, let us assume that , is released at least twice before
time ¢;. We relax this assumption later in this section.

Let ¢ ¢ be the last time before ¢; that an instance of ,, was released. We
denote this instance by /.Let¢, > ¢ be the time that | produces its output and
finishes. Let y(¢) be the output of /. Let¢ < ¢ be the last time before ¢ that an
instance of the writer , was released. This instance is denoted /. It finishes
execution at time ¢, > ¢ . Let y(¢ ) be the output of [ . Figure 26 illustrates the
notation defined above. Notice that the order of events shown in the figure is
just one of the possible orders.

6.2.1 Lower-Priority Reader without Unit Delay. Suppose, as a first case,
that the reader ; has a lower priority than the writer , and we have ,, i
Let x(¢;) be the value read by f". The ideal semantics states that x(¢;) = y(¢).
We want to show that this equality holds in the implementation as well.
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Fig. 27. N + 1 buffers are necessary in the worst case (IV is the number of readers).

Fig. 28. Worst-case scenario for N + 1 buffers: N lower-priority readers without unit delay.

is needed by the second occurrence of ;. The third buffer is necessary because
when ,, starts writing at time 4, 3 may not have finished reading from the
first buffer yet. Note that in the above example the rate-monotonic assumption
is not required, only that the writer has the highest priority is sufficient to
generate the described results.

We now provide generalized scenarios and bounds. We consider again the
situation of Section 5: one writer, N; lower-priority readers without unit delay,
Ny lower-priority readers with unit delay, and M higher-priority readers (with
unit delay). Again we let N = N + Nj.

First, consider the case M = Ny = 0 (i.e., there is no unit delay). We claim
that N+ 1 = N;+ 1buffers are required in the worst case. Consider the scenario
shown in Figure 28. There are N + 1 arrivals of the writer and one arrival of
each reader. We assume that when the (N + 1)th arrival of the writer occurs,
none of the readers has finished execution. This is possible, because the readers
have lower priority from the writer and they can be preempted on every new
release of it. Moreover, the schedulability assumption is not violated. In the
figure we show the lifetime of each buffer: for i= 1,..., N, buffer B[i] is used
from the moment of the ith arrival of the writer until the (V + 1)th arrival. A
buffer is needed at the last arrival so that the writer does not corrupt the data
stored in one of the other buffers.
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Fig. 29. First worst-case scenario for N + 2 buffers: N lower-priority readers without unit delay
and at least one higher-priority reader (with unit delay).

Fig. 30. Second worst-case scenario for N + 2 buffers: N = N; + N, N1 lower-priority readers
without and N lower-priority readers with unit delay.

Next, consider the case M > 0 and N, = O (i.e., there is a unit delay). Then,
N1 + 2 buffers are required in the worst case. This can be shown using a slight
modibcation of the previous scenario, by adding one more occurrence of the
writer at the end: this is shown in Figure 29. The last buffer B[ N + 2] is needed
because none of the brst N + 1 buffers can be used: buffers B[1 ..N] are used
by the N lower-priority readers and buffer B[ N + 1] stores the previous value,
which may be needed when a higher-priority reader with unit delay arrives (the
latter is not shown in the bgure).

Finally, consider the case M = 0 and N, > O (i.e., there is again a unit
delay). Then, N + 2 buffers are required in the worst case, where N = N;+ Nj.
A worst-case scenario is shown in Figure 30. In the brst part of this scenario, N1
lower-priority readers without unit delay arrive, interlaced with N occurrences
of the writer. Thisrequires N1 buffers. Next, N, lower-priority readers with unit
delay arrive, interlaced with N, + 1 occurrences of the writer, as shown in the
bPgure. This requires N + 1 buffers, since the previous values are used by the
readers: reader r, uses B[Ny + 1], ..., and reader r, uses B[N1+ Ny]. The last
writer cannot overwrite any of the brst  N; + N, buffers, since they are used
by readers that have not yet bnished. The last writer cannot overwrite buffer
B[N+ N,+ 1] either, since this stores the previous value, which may be needed
when a lower-priority reader with unit delay arrives (the latter is not shown in
the bgure).
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These lower bounds show that DBP is optimal in the worst case, that is,
in the OworstO arrival/lexecution pattern. In the next subsection we show that
DBP actually has a stronger optimality property, in particular, it uses buffers
optimally in any arrival/execution pattern.

7.2 Optimality of DBP for Every Arrival/Execution Pattern

The protocol DBP is, in fact, optimal not only in the worst case, but for every
arrival/execution pattern, in the following sense:

for every task graph, for every arrival/execution pattern of the tasks, and at
any time t, the values memorized by DBP at time t are precisely those values
necessary in order to preserve the semantics.

We proceed into formalizing and proving this result.

Let be an arrival/execution pattern: is a sequence of release, begin and
end events in real time (i.e., we know the times of occurrence of each event). We
will assume that all writer tasks occur at least once in , attime 0, and output
their respective default values. This is simply a convention which simplibes the
proofs that follow.

For an arrival/execution pattern and for some time t, we dePneneeded ,t)
to be the set of all outputs of writer tasks occurring in that are still needed
at time t. Formally, needed ,t) is debPned to be the set of all y such that vy is
the output of THE writer task w occurring in - at some time t,,, and one of the
following two conditions holds:

1. There exists a link i, task i isreleasedin after t, and before the
next occurrence of , (if it exists), and ; Pnishes after t.

2. There exists a link st i, there is a second occurrence of ,, in at time
t,, where ty, < t,, ;i isreleased after t, and before the next occurrence of
(if it exists), and ; Pnishes after t.

We assume that outputs y are indexed by the writer identibPer and occurrence
number, so that no two outputs are equal and needed ,t) contains all values
that have been written. This is not a restricting assumption since, in the general
case, the domain of output values will be inbnite, thus, there is always a scenario
where all outputs are different.

needed ,t) captures precisely the minimal set of values that must be mem-
orized by any protocol so that semantics are preserved. Another way of looking
at the debnitions above is that needed ,t) contains all outputs whose lifetime
extends from some point before t to some point after t. Notice that needed ,t)
is clairvoyant in the sense that it can OseeO in the future, after time t. For in-
stance, needed ,t) OknowsO whether a reader ; will occur after time t or not,
and if so, whether this will be before the next occurrence of w-

Obviously, a real implementation cannot be clairvoyant, unless it has some
knowledge of the arrival/execution pattern. This motivates us to debPne another
set of outputs, denoted maybeneede( , t). The latter contains all outputs that
may be needed given the knowledge up to time t. Formally, maybeneede( , t)
is dePned to be the set of all y such that vy is the output of some writer task
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occurring in  at some time t,,, and one of the following two conditions holds:

1. There exists alink i, such that, if there is a second occurrence of
in attime t,, with ty, < t, < t, then there is an occurrence of ; attime ft;,
with ty < tj < t,, and ; Pnishes after t.

2. There exists a link st i, such that, if there is a second and a third
occurrence of  in attimes t, and t,, with t, < t, < t, < t, then there is
an occurrence of ; attime t;, with t, < tj < t,,, and ; Pnishes after t.

The intuitionisthat y may be needed because the readertask ; may perform
a read operation, say, right after time  t. It should be clear that for any and t,
needed ,t) maybeneeded ,t).

We want to compare the values stored by DBP to the above sets. To this end,
we debne DBPuse( ,t) as the set of all values stored in some buffer B[i] of
DBP at time t, when DBP is executed on the arrival/execution pattern , such
that free(i) is false”’ (recall that the predicate free is debned in Figure 16).

We then have the following result.

THeorREM 7.1. For any arrival/execution pattern and any time t,
DBPuse@ ,t) maybeneeded , 1)

Proor. Consider some y in DBPuse(l ,t). There must be some position |
such that free(j) is false and the value of BJ[j] attime t is y. This value was
written by the writer w attime t, < t. We reason by cases:

1. free(j) isfalse because previous =j . This means that there is a reader task

i communicating with , with a unit delay link w st i. We must show

that Condition 2 in the debnition of maybeneeded ,t) holds. We consider

the following cases, depending on how many times , was released before t:

N . is not released before t. This means that previous = j = 1 and BJ[j]
holds the default value yo.

N . is released only once before t. When this happens, previous is set to
current , which is equal to 1, since this is the prst release of . Thus,
again B[j] holds the default value yy.

N , is released at least twice before t, and the last two times where at
tw < t, < t. At t,, previous is set to current , which equals j at that
point. Thus, BJ[j] holds the value y written by the instance of |, released
at ty.

In none of the three cases above there is more than one occurrence of , after

tw. Thus, Condition 2 in the debnition of maybeneede( , t) holds.

2. free(j) is false because there is some i  [1..N;] such that R[i] =j. This
means that the reader ; communicates with , via a link without unit

“When implementing DBP, there is the option of  preallocating the worst-case number of buffers or
allocating buffers on-the-Ry, that is, during execution, as necessary. This is a usual time vs. space
trade-off. To avoid such implementation considerations, we have included in the above debnition

of DBPuse{ , t) the requirement that free(i) be false, which means that, even if B[i] has been
preallocated, its contents are no longer needed.
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