Theoretical Computer Science 18 (1982) 227-258
North-Holland Putlishing Company

N
N
~3

A UNIFIED APPROACH FOR STUDYING
THE PROPERTIES OF TRANSITION SYSTEMS

Laboratoire IMAG, 38041 Grenoble Cedex, France

Communicated by R. Milner
Received August 1979

Revised ueucmuer 176U

hotuant To thic cnman o cugé

A PN o
LApSLIaLie 111 uua papci a Byalcllldtlb 1 lct

£ Dam COMmpar P e -
1

T generatiig, com p"li iga nd pluvulg the proper ties
of transition systems is presented. It is assumed that any property of a system can be defined by
giving a set of ‘target’ states and a type of reachability. Ten differcnt types of reachability are
proposed; by appropriately choosing the set of target states, a family of ten potentiaily different
properties is generated. The main conclusion is that the reachability types and therefore the
system properties, can be characterized by simple relations involving the set of the possible initial
states and fixed points of certain continuous predicate transformers depending on the set of
target states. As a consequence, in order to prove a mven property it is sufficient to compute
iteratively greatest or least fixed points of continuous predicate transformers.

Some examples are presented which show how the TCSu=i5 can be applied to prove the properties
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developed and on the other hand a precise and operational definition of the notion

of correctness. While for sequential {serial) systems, sequential programs in par-
ticular, the verification theory seems to be well established, for parallel systems
the two aforementioned requirements subsist; in fact there exists neither a generally
accepted notion of correctness for parallel systems nor a general verification method.
The aim of this paper is to propose a general framework for tackling the problem
of system verification.
Verifying a system means proving the validity of a set of statements a
[ o |

L. - PR N - =.t4 =+ sencralitv ~f thha naswennn stlhat o
behaviour. We bel CVE, wildivut li llllllllg the gendtality U1 wuiC appruadi, uiat a
dictinotion made in tha cace af ceanential nroorame can be maintained hv Pnncldprmo
SABAITRANINLAVID 115ANIW 11 LidWw vAAOW Vs av\-l“vll\-lul Vl UE’I R1220 Wil U 1328828 viaiiivwis Uy WASaLOARe W A8e
that these statements are of two kinds:

- statements which are valid at every state of the system and characterize all its
possible states; these statements correspond to inzvariant properties ;

- statements which express the fact that an event may or should occur one or several
times if the system is initialized correctly. Such statements correspond to general
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propertizs of its control such as, termination, liveness, persistence, presence of
deadlock, presence of livelock, etc; the term non-invariant properties is used to
dencte them.

Therefore, verifying a system amounts to proving that both a set of invariant
properties (weak correctness) and a set of non-invariant properties hold; which
properties are considered depends on what it is specified as the ‘good’ functioning
of the system under study. A simiiar distinction between invariant and non-invariant
prorwerties can also be found in [27] (‘invariant’ and ‘temporal’ properties) and in
{21] (‘safety’ and "liveness’ properties).

It such a definition of the notion of correctness is adopted, then a system
veriiication theory must offer general methods for proving invariant and non-
invariant preperties. VW hile invariance is a rather well understood concept, this is
not the case for the other properties. The main reason for this is their (surprisingly)
great variety: in the literature one can find, three different types of termination,
more than five types of liveness, two types of livelock . ... Furthermore, there is
a lot of confusion about the terminology: different terms often denote the same
property and conversely the same term is sometimes used to characterize different
situations. For example, the terms ‘live’ in [13], ‘live-4’ in [26], ‘live-5’ in [22],
‘immortal’ in [16] denote the same property which is quite different from this one
in [21]. Also, the statement “‘a system § has a deadlock” can be given the three
different meanings:

{1) “there exists a set of states at which the system § is blocked forever”,

(2; “‘the system § can reach a state at which it is blocked forever”,

{3) “‘the system S will certainly reach a state at which it is blocked forever”.

In this paper a systematic method for generating, comparing and proving control
properties is presented. The results are developed on a highly abstract relational
model, called transition systems [16]. This model employs very few primitive notions
namely those of state and transition (action) which are at the base of every discrete
model. The advantages of working with such a primitive model, especially when
studying the properties of concurrent systems, are now widely recognized [16-19,
30].

According to the proposed method, in order to verify a given property it may
be necessary to comspute the greatest or least fixed point of a predicate transformer
which characterizes certain aspects of the functioning of the system under study.
From this point of view our approach has been inspired from the work by Van
Lamsweerde and Sintzoff [20]; some of their results on deadlock and starvation
vietection can be derived from those of Section 3.3.2.2. Also, there exists some
similarity between our approach and the method by Flon and Suzuki [10] as far
as the use of predicate transformers and the representation of parallel systems by
non-deterministic models are concerned.

This paper is organized in four parts. In Section 2 we present two fundamental
concepts: invariants and trajectories. These are predicates that can be iteratively
computed as fixed points of continuous predicate transformers. The continuity of



Properties of transition systems 229

these predicate transformers is shown to be in relation with the boundedness of
the non determinism as in [6, 29, 15, 11].

In Section 3 a systematic method for studying properties is presented; it will be
argued that every system property can be defined by giving a target predicate and
a type of reachability. Ten different types of reachability are then defined; by
appropriately choosing a target predicate a family of ten potentially different
properties is generated. The main result of this part is that the reachability types,
and consequently the properties of systems, can be characterized by simple relations
involving the set of the initial states of a system and invariants or trajectories which
depend on the target predicate.

In Section 5 illustration is given of some possible applications of the theory
developed in the preceding parts.

2. The concepts of invariant and trajectory
2.1. Preliminary results

2.1.1. Transition systems
A transition system [16] is defined by a triplet § = (Q, 7, R) where,
- Q is a countable set of states,
~T={ty, t3,..., ta}is a set of transitions,
-R={R,R,,...,R.} is a set of binary relations on Q in bijection with the
transitions.

Transition systems are a primitive model employing very few notions which are
at the base of every discrete model. Transitions correspond to actions which can
transform, by their execution, the state of the system; the relation R; describes
precisely the effect of the transition #. A transition ¢ is executable from a state g
only if there exists a state ¢’ such that (q, q') € R;; we then say that /; is enabled by
q and that q' is the state reached from q after the execution of #. The notation
q-q' is an abbreviation for ie{l,...,m} (g, q') € R, With a transition system
can be associated a digraph the vertices of which are the elements of C and the
edges are labelled by T': there is an edge from g to q' labelled by ¢ iff (¢, q') e R..
For a path of such a graph given by a sequence of states q;,;, - . - 4i,» With (g;,_,, g,) €
R; for j=1,2,..., w, the corresponding sequence of transitions o =1f;1;, ... f;, is
a sequence of actions executable from the state g, We note g;,—o - g,. Also,
i, >* qi,, is an abbreviation for 3o € T* g;,— o > q;, i.e. >* represents the reflexive
transitive closure of -.

Transition systems are a sequential non-deterministic model: sequential in the
sense that only one transition can be executed at a time and nondeterministic in
the sense that generally more than one transitions are enabled at a given state.
Obviously, every sequential discrete system can be represented, at some level of
abstraction, by a transition system. Fuctherm~re, in so far as the concurrency in
the tunctioning of a system can be represented by global non-determinism (as in
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[20] and [17]), transition systems can be considered a primitive model for the
representation of concurrent systems too.

2.1.2. The predicate transformers pre and post

Given a model, in which the actions are represented by binary relations on a set
of states, it is zenerally admitted that predicate transformers provide an elegant
manner for dezling with its semantic properties. The functions pre and post studied
in this subsection paragraph are the basic predicate transformers used in this paper.
They have already been introduced and studied by several authors, for example
{33, 1, 24, 15]; however, for the sake of completeness we recall and comment here
some of their useful properties.

Let Q be a countable set and 2 the set of unary predicates on Q:

Pe PSP Q - {true, false}.

We represent by £ = (2, v, A, 1, T, L) the complete lattice on P with respectively
v, A, 7, T, L the operations of disjunction, conjunction, negation, the ‘always true’
predicate (\/ %), the ‘always false’ predicate (AP). £ is isomorphic to the complete
fattice of subsets of Q, &' = (2%, U, N, ~, Q, B); with every P e ? can be associated
its characteristic set P ={q € Q|P(5) = true}. We use = and < in order to represent
the order relation on £ and &' respectively: (VP,, P,e ) (P = P,o Py Py).

Let F be the set of unary functions mapping ? into ?. The elements of ¥ are
called predicate transformers. We extend on % the operations v, A, . for F, Ge %
the expressions F v G, F A G, —F represent respectively the functions (F v G)(P) =
F(P)v G(P), (F A G)(P)=F(P)A G(P), F(P)=—(F(P)), where P is a predicate
of 2. The nciation F is used to represent the dual of F: F(P)=—F(—P). In the
sequei, the abbreviation P(7) is used in the place of P(q) = true.

Let & be the set of binary relations on Q. For R e # we define the function
pre[Rle Z:

pre[R1(P)(q)<>3q'c QP(q')and (g, ') e R.
Properties 1
(a) pre[RJ(1)=L;
(b) pre[@}(P)=1;
() pre{lo)(P)= P, where 10 ={(q,9') e Q*|q =¢q'};
(d) prefQxQYP)=T,if P# L;
(e) For {P;}; an arbitrary sequence of predicates of 2,

\
pre[R(V #i) = V prelR1(P);
(f) For {P;}; an arbi:rary sequence of predicates of 2,
pre[R](A P) = A pre[RI(P);

(g} P1= P> pre[R](P:) S pre[R](P,).
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Remark. Properties 1(f) and 1(g) are corollaries of property 1(e) which establishes
the distributivity of pre[R] over disjunction. Property 1(g) states that pre[R] is
monotonic and property 1(f) is a consequence of 1(g).

The following proposition gives a characteristic property of thc set #(P)=
{Fe#|3R e R F =pre[R]}.

Proposition 1. A function F € ¥ is an element of R (P) if and only if F(1)= L and
F is distributive with respect to a countably infinite numk:r of disjunctions, i.e. for
every sequence {P:}; of predicates of #, F(\/; P;) =\/,F(P,).

Proof. If FeR(P), then F(L)= L1 by property 1(a) and F(\/;P;)=\/,F{P;) by
property 1(e).
It remains to prove that if F(L)= L and F(V/,;P;)=\/,F(P,), then F € #(P).
Associate with each element g; of Q a predicatc P, of 2 such that: P,,(q)&q = q.
Obviously every predicate of 2 can be expressed as the countable disjunction of
a set of predicates of this type. Let R be the relation obtained from F in the
following manner:

(Vq, 9:€ Q) (9, q:)) s RS F(P,)q)).

Then Vq; € Q pre[R](P,,) = F(P,,). This implies, VP € ? pre[R](P)=F(P):if F= 1,
then the equality trivially holds; else P=\/,_,P,, where I is a set of indices and
this equality is also verified because of the distributivity of F with respect to
disjunction.

Let S =(Q, T, {R:}{~1) be a transition system. We represent by pre[S]and post[S]
the functions

m

pre[S]1=V pre[Ri],

=1

post[S]= V post[R;]
i=1

where post[R;]=pre[R; 'Tand R; ! is the inverse of the relation R

Also, we put ¢; = pre[R;}(T) and k; = post[R;](T). The predicate c; represents the
domain of R, i.e. the set of the states enabling /.

(1) For P e P, the predicate pre[S](P) represents the set of all the possible direct
predecessors of P, i.e. all the states from which P can be reached by activating one
transition of S. Also, post[Si(P) represents the set of all the possible direct
successors of P.

(2) For P e P, the predicate pre[S](P) = —pre[S](—P) represents the set of states
from which it is not possible to reach —P by activating one transition in S:

pre[SI(P)q)eVq' e Q (g q' > P(q)).
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Obviously, Aj-; ¢, € yre[S)P), for any Pe P (A;-, —c; represents the set of
‘sink’ states of S, i.e. 1he states which do not enable any transition). The characteristic
set of pré[S](P) contains, apart from the sink states, the states having all their
direct successors in .

(3) For Pe @, the predicate (pre[.51a pre[S]}P) represents the set of states
having at least one successor and whose every direct successor is an element of P.

The function pre[S]a pre{S]should not be considered equal to the wp predicate
transformer of Dijkstra {8] as it is remarked in [15] and [11]. In fact, for the
definition of wp the relations R; must be completed by adding transitions leading
to a unique sink state when non-termination is possibie {29, 1, 11].

The following properties can be proved. Also, every property derivable from
these properties by substituting, pre by post, post by pre, and c; by k; is true.

Properties 2.
(a) For {P;}; an arbitrary sequence of predicates of P,

prelSI{ A P) = ABRELSIP);
(b) For {P:}; an arbitrary sequence of predicates of 2,
VBRISIP) = BrRLS)(V P);

(c) Py= P,>pre[S)(P,) = pre[S1(P2);

(d) pre[SI(P) vpre[SI—P)v(A[L; c) =T;
(e) (pre[S]o postiSH(P) = P;

(f) Pc(pre[S]- post[ST)(P).

Remark. Properties 2(a), 2(b) and 2(c) are the duals of 1(e), 1(f) and 1(g) respec-
tively. Property 2(d) simply expresses the fact that every state is either a sink state
or a possible direct predecessor of P or a possible direct predecessor of —P.
Properties 2(e) and 2{f) can be easily prcved by using the definitions of pre and pre.

2.2. Invariants and trajectories as fixed points of monotonic functions

2.2.1. Definitions and properties
Let $ =(Q, T, {R;}/%,) be a transition system.
~ An iavariant J of § is a predicate J on Q such that V(g, q')e Q@ x Q,

J(@)and g>q'>T(q").

An invariant of S™' = (Q, T, {R;'}™,) is called inverse invariant of S.

— A computation of S [19] from a given state qo€ Q is a sequence o 'over T which
is applicable from g ant if o is finite (A, —¢;)(q) for every q such that go—o > q.
A computation is said tv be non-terminating if it is an infinite sequence.
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- A trajectory of S is a predicate W representing the set of the states visited by S
when a computation is executed, i.e. W is a predicate on Q such that Vg e Q,

W(Q_)$(\(‘\l '_IC;)((_I) or aq' (q - a’ and W(q’))-

- A non-terminating trajectory W of S is a trajectory corresponding to a non-
terminating computation, i.e. a predicate W such that Vge Q

Wq)=>24' (9->q'and W(q")).

Remarks. (1) If J is an invariant of S and for some q € Q, J(q), then J is also
verified by all the possmle curect SUCCESSOrs of q (anu consequently by aii the
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trajectory has been introduced in [24].

Proposition 2 Let S bea transition system. The following propositions are equivalent:

Proof. (a) and (b) are obviously equivalent.

Suppose that post[S](J)=J. Then, since pre[S] is monotonic we have,
(pre[S1° post[SN)(J) = pre[S1(J) and by property 2(f), J = pre[S1(J).

Conversely suppose that J=pre[S](J). This implies post[S](J)=
(post{S]epre(S ])(.I) and by property 2(e) (after interchanging pre and post) we
have posi{Sl(J) = J.

A similar proof can be carried out for Proposition 3.

Proposition 3. Let S be a transition system. Thz following propositions are equivalent:
(a) Jis an inverse invariant of S,
(b) pre[b e,

stem S iff —J is an inverse invariant

Proof. Direct consequence of the Propositions 2 and 3.
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(b) W is a non-terminating trajectory of S iff W is a solution of P = pre[S1(P) iff
W is a solution of pre[S](P) = P.

P:oof. The relations P = pre[S1(P)v A[-, Tc; and P = pre[S](P) express directly
the definitions of trajectory and non-terminating trajectory respectively. The proof
can be completed by taking the dual of these relations (notice that by property 2(d),

prefSI(P) v A —ici = pre[SI(P) v Bre[ST(P)).

2.2.2. Recall of results on the fixed points of monotonic functions
In this subsection, we recall some well-known results [34, 25] on the fixed points
of monotonic functions which are used later on.

Definition. Let F be a predicate transformer element of %.

—F is continuous from below or b-continucus iff for every increasing sequence of
prcdicates {P,'}i, PeP,,i=012,...: F(V,-Pi)= V,F(P,)

~F is continuous from above or a-continuous iff for every decreasing sequence of
predicates {P:};, Pi,i= P, i=0,1,2,...: F(\,;P)=A\,F(P).

Notation. Being given F €  we represent by F* and F™ the functions

F*=IvFvF?v---=\/F' (I is the identity function),

F*=IAFAF*A---=A\F".
i
The unary operations * and ™ are called respectively starring and crossing.

Propesition 6. (a) Let F be a monotonic function of F, P, a predicate such that
Py = F(Py) and P, the least fixed point of F which is greater than or equal to P:

(i) F*(Py) = Po,

(i1) if F is b-continuous, then F*(P;) = P,

(b) Let F be a monotonic function of &, P, a predicate such that F(P,) = P, and
Py the greatest fixed point of F which is less than or equal to P;:

(i) Po= F*(Py),

(ii) if F is a-continuous, then F™(P,) = P,.

Proposition 7. Let F be a monotonic function of %.

(@) Fis a b-continuous iff F is a-continuous.

(b) For every predicate P of P, if P, is the least fixed point of F which is greater
than or equal to P, then —\P, is the greatest fixed point of F less than or equal to —\P
(and conversely). Furthermore, F*(P) = —(F*(-P)).
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2.2.3. Continuity of the monotonic functions constructed from elements of R (P)

It was recalled that continuity is a sufficient condition for the iterative computation
of least or greatest fixed points of a function F as the upper or least bound of the
sequence of predicates (P, F(P), F*(P),...). In this subsection we study under
which conditions the functions constructed from elements of 2 (P) by effectuating
the usual lattice operations (disjunction, conjunction, complementation) and the
operations of starring and crossing are a-continuous or b-continuocus. It is shown
that bounded non-determinism [9, 29] for a transition system, i.e. the property
that every state has a finite number of direct successors, is a necessary and sufficient
condition for the predicate transformers used in Subsection 2.2.1 to be both
continuous from above and from below.

Proposition 8. (a) Every function pre[R] of R(P) is b-continuous.
(b) A function pre[R] of R(P) is a-continuous iff R is image-finite, i.e. ¥Vq e
Q 3k eN such that [{q'€ Q|(q, q') € R}| < k.

" Proof. (a} Every function pre[R] is not only b-continuous but aiso distributive witih
respect to disjunction (property 1(e)).

(b) We prove first that if for every state q, [{g'|(g, q") € R}| is finite, then pre[R]
is a-continuous.

Let{P;};, P.ic= P,i=0,1,2,..., be adecreasing sequence of predicates. Then,
since pre[R] is a monotonic function we have, pre[R] (A; P:) = A, pic R1(P;).
Thus, it remains to show that

(Vge Q) (/\ pre[R](P:)(q) :>pre[R](/i\ P.-) (q)).

We have

(A prelRI(E)) (9)e>¥s €N (prelRIP)(a)

©VseN3g; € Q (Ps(q;) and (g, q;) € R)

s

>VseN3g, e Q(( A P,-)(qs) and (g, qs)eR),

But since g has a finite number of direct successors, only finitely many g, can occur.
The sequence {P;}; being decreasing, there exists some g, veri{ying every predicate
P;. Thus,

30. O((A P) (@) and (4, 2 < R) prelRY A P) @)

Suppose that there exists g€ Q such that |{q’|(q, q') € R} is infinite. Consider
{q5,}; a sequence of distinct elements of {g'| (g, ¢') € R} and the decreasing sequence
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of sets of indices:

In=N,I,=N-{0},..., I, =N -{0,1,..., (k- 1)}

Then the sequence of predicates {P;}; with P; ={qy,};ey, is also decreasing. Further-
more A\, P; = L which implies that pre[R}A; P)) = 1.

On the other hand, Vi € N pre[R](P;)(q) which is equivalent to (A, pre[R](P;:))(q).
Ccnsequently we have A\; pre[R](P;) # pre[RI(A; P;).

Proposition 9. (a) If Fy and F, are two bh-continuous functions of %, then Fyv F,
and Fy A F, are b-continuous too.

(b) If F, and F; are two a-continuous functions of %, then Fyv F, and F, A F, are
a-continuous too.

Proof. (a) If F;, and F, are both b-continuous, then obviously F; v F, is also
b-continuous.

Let{P;},P.= P;,1,i=0,1,2,...and increasing sequence of predicates. We have
Fi(P)AFaP) Fi(V P) nFy(V P)

SV FiP)AFuP) = Fi(V P) RV P).
Conversely
(R(v 2) ARV R)) @ ((V FiPo) a(V o) @

=3, s eNFi(P,)(q) and F3(P,)(q)
> (Fi(P.) A Fo(P)(@)

where w = Max{r, s}
>(VFP)AFAP))@.

(b) By duality.

Lemma I. (1) Every constant function of ¥ is both b-continuous and a-continuous.
(2) If F1 and F, are two b-continuous (a-continucus) functions of ¥, then their
composition F, o F, is also b-continuous (a-continuous).

Proposition 10. (a) If F € Z is b-continuous, then F* is b-continuous too.
(b) If F e ¥ is a-continuous, then F™ is a-continuous too.
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Proof. (a) Let {P;}; be an increasing sequence of predicates. We have

F(v P.-) -V F’(Y P,-) =VVF/(®) (Lemma1)

i
=V \'_/F"(P,-) =V F*(P).
(b) By duality.
The following theorem is a consequence of Propositions 8, 9, 10 and L.emma 1.

Theorem 1. Let R, be the set of the image-finite relations of R and R,(P) the set
of the elements of R (P) defined from relations of R.

Every function constructed from elements of R,(P) and constants by effectuating
a finite number of times the operations of conjunction, disjunction, dualization,
composition, is both a-continuous and b-continuous. Furthermore, starring preserves
a-continuity and crossing preserves b-continuity.

According to this theorem all the functions constructed from pre[S]in Subsection
2.1.2 for a transition systern S$=(Q, T,{R;}i~1) are both b-continuous and a-
continuous iff the relations R; belong to %&;. This condition implies that the ‘non-
determinism’ of the system S is bounded in the ~ense of Dijkstra [9] (see also [29,
15, 11].

In the sequel we suppose that the transition systems studied are such that the
relations R; belong to &, (are image-finite).

2.2.4. Computing invariants and trajectories
Solving inequalities of the type P = G(P) or H(P) = P is equivalent to computing
respectively fixed points of I A G and I v H where I is the identity function:

Pc G(P)&P=PrG(P)SP={IArG)P),
H(P)= PoP=PvH(P)oP=(IvH)P).

Furthermore, for every predicate Pp of ? we have: (I AG)(Po) = Poand Pyi= (I v
H)(P,). And by Proposition 6:
- if G is a-continuous, then (I A G)™(Py) is the greatest solution of P = G{P) which
is less than or equal to Po;
—if G is b-continuous, then (I v H)*(Po) is the least solution of H(P) = P which
is greater than or equal to Po.

(I A G)*(Py) (respectively (I v H)*(P,)) can be computed iteratively as the limit
of the decreasing (increasing) sequence {X};, defined by

Xk+1 =Xk A G(Xk) (resp. AL’k-{-] =Xk \ H(Xk)) with X() = Po.
The general term X, is equal to (I A G)"(Po) (IVvH )k(Po)).



238 J. Sifakis

The halting criterion for this iterative computation is stabilization: there exists
some s € N such that X; = X,.,;. Remark that continuity is not a crucial property
from a practical point of view; even if G or H is not continuous, if stabilization is
reached in such an iterative computation, then X, is a fixed point. Thus, the
hypothesis that the considered systems are of finitz non-determinism is not too
restrictive as far as the possibility to exploit the results exposed in this paper is
concerned, while it allows a more elegant presentation.

In order to simplify the notations we represent in the sequel by pre and post the
functions pre[S] and post[S] defined for a system S = (Q, T, {R;};~,). Also, we write
A —c; instead of A\ |-, 7c; and V¢; instead of \/ |-, ¢c; when no confusion is possible.

Proposition 11, Let P, a predicate of P.
(a) pre”(Py) is the greatest invariant of S less than or equal to P,.
(b) post“{Py) is the least invariant of S greater than or equal to P,.
(c) pOSE*(Pa) is the greatest inverse invariant of S less than or equal to P,.
(d) pre*(Po) is the least inverse invariant of S greater than or equal to P,.

Proof. This proposition is a direct consequence of the results of the preceding
subsection if it is taken into account that (I v F)*(P)=F*(P) if F is distributive
with respect to disjunction and (I A F)*(P) = F*(P) if F is distributive with respect
to conjunction.

Propasition 12. (a) J is the greatest invariant of S less than or equal to Poe P iff —J
is the least inverse invariant of S greater than or equal to —\P,, i.e. J =pre*(Po) =
—lpr'e*(ﬂPo).

(b) J is the least invariant of S greater than or equal to Poe P iff —J is the greatest
inverse invariant of S less than or equal to Py, i.e. J = post™(P,) = —post - (Fy).

Proof. Direct consequence of ithe preceding proposition and Proposition 7(b).

Observatien. The predictions pre*(Py) and post*(Py) represent respectively the set
of all the {possible) predecessors and the set of all the (possible) successors of the
states verifying Po. Thus, Proposition 12(a) means that the greatest invariant
contained i Py is equal to the complement of the predicate representing the set
of all the possible predecessors of —P,.

Proposition 13. The set of the invariants of a transition system S forms a distributive
sub-lattice of Z.

Proof. Let J, and J;, be two invariants, J; = pre(J;) and J» = pré(Ja).
Then,

J1 A J, = pre(Jy) A pre(J) = pre(Jy A Jy).
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Also,
Jiv J; =pre(J1) v pre(J2) = pre(Jy v J).

The greatest and the least invariant are respectively T and L.
Z being distributive, the lattice of the invcriants is distributive too.

Observation. The atomic elements of the lattice of the invariants of a transition
system S are predicates whose characteristic set contains either a sink state or the
states of a strongly connected component of the graph associated with S.

Definition. An invariant J of § is called deadlock-free invariant if J = \/c..

Observation. If J is a deadlock-free invariant of § and S is initialized at a state
q, such that J(q), then S can never reach a sink state (it never deadlocks).

Propeosition 14. J is a deadlock-free invariant of S iff J = (pre A pre)(J).
Proof. Omitted.

Observation. The greatest deadlock-free invariant of § is (I Apre Apre)™(T)=
(I npre apre) (Ve:). If we remark that pre(Vc;) = V¢, we find that the greatest
deadlock-free invariant of S is equal to pre (Vc,), i.e. it is the greatest invariant
less than or equal to \/c. Also, if we use the equality F *(P) = (F*(P))
(Proposition 7), we find that the greatest deadlock-free invariant is equal to
—(pre*(A\—c;)); this predicate characterizes the set of the states which are not
possible predecessors of ihe set of the sink states:

Proposition 15. (a) The greatest trajectory, cf a transition system S, less than or equal
to PocePis W

"V = (I A (pre v pre))“(Po) = —(I v pre A pre)*(—Po).

(b) The greatest non-terminating trajectory of a transition system S, less than or
equal to Poe P is W

W = (I apre)*(Po) = (I v pre)*(—Po).
Proof. Omitied.

Proposition 16. Let S be a transition system, Poe P and q a state of S.

(a) pre*(Po)(q) iff there exists a computation from q such that for some state q'
visited in this computation Py(q').

(b) (I vpre Apre)*(Po)(q) iff for every computation from q there exists a state q'
visited in this computation such that Po(q').
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(c) (I vpre)*(Po)(q) iff for every non-terminating computation from q there exists
a state q' visited in this computation such that Po(q').

Proof. (a) Notice that pre*(Py)() means that q is a possible predecessor of some
state g', Po(q’), i.e. there exists q', Po(q’), and a sequence o over T such that
q - o - q'. So, o can be the prefix of a computation starting from q.

(b) Suppose that (I v pre A pre)*(Po)(q) and that there exists a computation from
q such that no one of the states visited in this computation satisfies Py. This means
that ihere exists a trajectory W, corresponding to this computation, such that
(Ivpreapre)*(Po)aW#1 and WaPy=L. By Proposition 15(a), W,=
~(I v pre A prey*(Po) = (I A (pre v pre)) (—Po) is the greatest trajectory contained in
"'IPQ.

From WAPy= 1 we have that W is a trajectory contained in —P, and con-
seqently W = W,. But this contradicts the hypothesis Wy A W # 1. Conversely,
supposc that for every computation from g there exists a state q’ such that Py(q’)
and that —(I v pre A pré)* (Py)(q). Then, according to Proposition 15(a) q belongs
to the greatest trajectory contained in —1P, and this contradicts the hypothesis.

(c) A similar proof can be carried out.

Proposition 17. Let S be a transition system, Po€ P and q a state of S.
(a) If pre*(Po)(q), then there exists a trajectory W, W(q), such that W A Py # L.
(3) (I vpre npreY*(Po)(q) iff for every trajectory W, W(q) implies that W A Py # L.
ic) (I vpre*(Po)(q) iff for every non-terminating trajectory W, W(q) implies that
WA Po # 1.

Proof. A proof similar to the proof of proposition 16 can be carried out. However,
notice that the converse of (a) is not true: if g is a possible successor of son:e state
of P, but it is not a possible predecessor of any state of Py, then thers exists a
trajectory W such that W(q) and W A Py # L but —pre*(Po)(q).

Observation. The predicate A = (I v pre A pre)*(Po) is the least solution of (pre A
pre)(P) = P which is greater than or equal to P,. Thus, A contains all the states
which are not sink states and all their direct successors belong to A. In a similar
manner, the predicate B = (I v pre)*(P,) is the least solution of pre(P) = P which
is greater than or equal to P,. B contains all the states which if they are not sink
states then ail their direct successors belong to B.

Proposition 18. The greatest non-terminating trajectory of a transition system is equal
1o W=pre™(V,;c).

Proof. The greatest non-terminating trajectory is equal to (I A pre)*(T). By taking
into account that pre(T) =V, ¢; and that pre(\/, ¢;) £ V, c; we obtain: (I A pre)™(¥) =
pre (V,c).
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3. The properties of transition systems

]
il
[¢']
[
cu
<

]
-
a
Q.
-
=
a
=

«

=)
Q
—~
5
Ly
UJ
=.
4-1
-

=
[¢:]
b=
=
o
<
(D
—
-n

euatam varifinatinn with racnant ta o gtuan eranifRrntinm Aom lha Aoncecanond o desrm
DY OLLAL VEIILIVALIVEL WL IVopPVLL U a giVedl dPLLivativll Lall ue GLLunipudca i two
parts: one nart corresnonds to invariant nronerties and the other to non-invariant
| sl -~ A -—a WA S WURNSRANST R aiaViRAafiaaw poa vyvl SEWE AEINA VEEAW VLIIWE VUV O JIVIITIIAVALIQGIRY

The aim of thls section is to provide general definitions of these two classes of
properties and general methods for their verification as well. Since most of the
properties of a system depend on the choice of its initial state, we consider in the
sequel that a system is a doublet (S, P,) where S is a transition system and P, a
predicat representing the set of all the possible initial states of S.

3.1. Reachability types

The starting point of our approach is that every property of a given system (S, P;)
is specified as a pair (P,, RT) where,
- P, is a predicate characterizing a set of rarget states;
-RT is a reachability type which specifies how states of P, can be reached when
the system is initialized at an arbitrary siate of P;.

The choice of P, determines which kind of events are of interest for a property
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contains all the ﬁnal states) and hy choosing a reachab!h-v ty kich can e

tion termmatmg propeny or “for any preﬁx o of an arbitrary computation from
a state qo, a sequence x of transitions can be found such that qo—ox—>¢q and
HALT(q)”, etc.

The reachability types correspond to different types of ‘causajity relation’ or
‘temporai implication’ which can exist between the two statements “the system is
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characterize invariant properties and it expresses the fact that something always

holds after the system is initialized at a state of P,. The other nine reachability
types express the idea that something will eventually become true in the future
(but after becoming true it can become false again) and they are used for defining
non-invariant properties.

Definitions. Let S be a transition system and Py, P,€ &,

— P; is potentially reachable or p-reachable from P; if for every state q, Pi(q), there
exists a computation from g such that for some state q' visited in this computation
Ps(q), i.e. P, = pre*(P,), accord:ng to Proposition

_ 11 . 1

-Pis oaugatoruy reachable or ¢-reachable from Pl i
H 7=3
\



242 J. Sifakis

computation such that P»(q'). According to Proposition 16(c), in this case, P = (I v
pre)*(Pa).

- P, is inevitably reachable or a-reachable from P, if for every state g, Pi(q), and
every computation from ¢ there exisis a state q' visited in this computation such
that P»(q'). According to Proposition 16(b) in this case, P = (I vpre.A pre)*(P,).
- P, is always reachable or a-reachable from P if for every state q, Pi(q), every
possible successor q' of q (g »>* q') is such that Py(q"), i.e. post*(P;) £ P,.

The first three reachability types in the preceding definition are cailed types of
simple reachability. They characterize situations where a state of P, is reachable
at least once from every state of P;. A fundamental difference between simple
reachability and a-reachability is that in the former case the predicate P, becomes
true in an intermittent manner while in the ‘atter, P, is permanently true.

Observation. There is some similarity in our approach with the one followed when
modal or temporal logic is used for the study of programs (see for example [23,
27, 21)). In fact, some reachability types correspond to modalities of a modal logic
for which a (Kripke) frame is given by the doublet (Q, —*). By using the terminology
in [21] we can say that the assertion ‘P, is a-reachable from P;” means that P, is
true ‘now’ (at every state of P;) and it will remain true during all the possible
*futures’ (a ‘future’ corresponds to a computation in our model). The types of simple
reachability give assertions that a statement 15 ‘eventually’ true: P, is p-reachable”
means that there exists some ‘future’ at somie ‘time’ of which P, is reachable; “P,
is o-reachable’ means that for every non-terminating ‘future’ there is some ‘time’
at which P, is reached; ““P, is i-reachable” means that for every passible ‘future’
there is some ‘time’ at which P, is reached.

Hereafter we introduce three more types of ‘intermittent’ reachability which will
be called types of systematic reachability. They are used to qualify the situations
where P, is reachable not only from every siate which satisfies P; but also from
every possible successor of it; i.e. “systematically reachable from P;’’ means “‘simply
reachable from post®(P;)” and it implies that P, is reachable an unbounded number
of times if the system is initialized correctly.

Definitions. Let S be a transition system and Py, P, 2.

- P, is p-systematically reachable or p-s-reaci:ablz from P, if P, is p-reachable from
post*(P;), i.e. post*(P;) = pre*(P;).

- P, is o-systematically reachable or o-s-reacl:able from P, if P, is o-reachable from
post*(Py), i.e. post*(P;) = (I v pre)*(P,).

- P is i-systematically reachable or i-s-reachable from P, if P, is i-reachable from
post*(P,), i.e. post®(P;) = (I v pre A pre)*(P,).
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Observation. Notice that the different types of systematic reachability can be
considered as cases of a-reachability of pre*(P,), (I vpre)*(P,) and (I vpre A
pre)*(P;) from Py. For example, “‘pre*(Ps) is always reachable from P,” is equivalent
to “P, is p-s-reachable from P, or to “P; is p-reachable from post*(P,)".

Finally, we introduce the notion of quasi-sysiematic reachability in order to
characterize the cases of simple but non-systematic reachability; the types of
quasi-systematic reachability can be used for expressing properties such as partial
liveness, partial deadlock and livelock.

Definitions. Let S§ be a transition system and P,, P,e ?. For je{p,0,i}, P, is
Jj-quasisystematically reachable from P or j-qs-reachable from P, if P, is j-reachable
from P; and P; is not j-s-reachable from P;.

3.2. The reachability types as relations involving invariants and trajectories

Pmi)osition 19. For a transition system S, P,, P, P,

(a) P, is p-reachable from P, in S iff for every invariant J of S less than or equal
to 1Py, PeAT =1,

(b) P, is o-reachable from P, in S iff for every non-terminating trajectory W of S
less than or equal to —\Py, Py AW = 1,

(c) P, is i-reachable from P, in S iff from every irajectory W of § less than or
equal to =Py, PyA W = 1,

Proof. (a) P, is p-reachable from P,¢> P, A —pre*(P;) = 1. According to Proposi-
tion 12(a) —pre*(P,) = pre “(—P,) is the greatest invariant less than or equal to —P5.
Thus, for every invariant J, J = P, we have, P;AJ = 1.

(b) P, is o-reachable from P;& Py A (I v pre)*(P,) = L. According to Proposi-
tion 15(b) ~(J vfa?é)*(Pz) = (I anpre)”(—P) is the greatest non-terminating trajec-
tory contained in —P,. Thus for every non-terminating trajectory W contained in
—FP, we have, W AP, = 1.

(c) A similar proof can be carried out.

Proposition 20. For a transition system S, Py, P,€ P, the following expressions are
equivalent:

(a) P, is a-reachable from P;

(b) post*(P;) = Pa;

(c) Py=pre ();

(d) there exists an invariant J of § such that Py = J = P,.

Proof. Obviously, (a) is equivaient to (b).
(c) If post*(P;)= P,, then, since pre  is a monotonic operator, we have
pre o post*(P;) = pre “(P2). But post*(P) is an invariant and pre e post*(P;) =
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post“(Py). Thus, post*(P;)cpre (P,) and from P;cpost™(P;) we have

Picpre (P). If P Cﬁ?‘é”(l"z), then post*(P;) = post* 067'6"(1"2) But
post“"opre *(Py) = '("2) since pré (P,) is an invariant. Thus, post (Py) = pre (Py)
______ ln Ll 2 S L-..A vtk TD O\ — r)
and from pie (P} = P, we have post™(#y) & P,.
(A If thara ovicte an invariant T P.— I — P. then noct¥(PX—= T and T— P,
W2) Rl UIVIV VAIDIO GIl HITVQLIGIIY Jy 1 | = J = X Jy UAVIL PUSE (X [) =y Gl & T A 7
which imnlies nost*(P.) = P,. If nost*(P,) = P.. then bv taking J =nost*(P,) we
VB Rwas asspraswes g 4 N 17 = A r \ i/ o3 J o r \ s

Proposition 21. For a transition system S, Py, P,€ P, the following expressions are
equivalent:
@) P, is p-s-reachable from P, in S ;
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invariants, is an invariant less than or equall to toth post*(P;) and —P5.

Proposition 22. For a transition system S, Py, Pye P, the following expressions arc
equivalent:
(a) P is o-s-reachabie from P, in S,

(d) there is no non-terminating trajectory Wof S, W # 1 suchthat W PO
‘1P 2.

o
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eof. Similar to the preceding one. Notice that the conjunction of an invariant
and of a non- Ielrmmdung Il'a]( CIOI’y is a non- [ermmdtmg tra]ecmry
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equivalent:
(@) P, is i-s-reachable from P, in S,
(b) P, =pre (I vpre A pre)*(P,).
(c) forevery trajectory W of S, W = P, post*(P)) A W = 1;
(d) there is no trajectory W of S, W # L, such that W = post*(P;) A 1P,.
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Jbservations. (a) Accord'ing to Proposition 19 if P, is such that pre (—P,) =
(respectively (I A pre) ‘(mP2)=L,(I A (pre v pre))” (—1P2) 1), then P, is p- reachabMe

(respectively o-reachable, i-reachable) from every possible initial state.
() :
) ,
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(b from which a predicate P; is p-s-reachable (respectively
o-s-reachable. i-s-reachable) ic pre(nre¥(P.)) (recnactively nra~(T v nra)¥(D.)
MOPTAVRVAIRAURYy 2 OTAVRVMAUIRY) A0 IV IV (2 7)) UVOPVWUIYVLYy PIV UV PICT 12,

For an overview of simple an S ¢ .

The main result of th1s subsectlon is t'hat it is noss1bl to express the ten defined
reachability types in terms of relations between on the one hand, the ‘input
predicate’ Py or the least invariant containing P; and on the other hand, the greatest
invariant, non-terminating trajectory, trajectcry less than or equal to —/,. These

relations are illustrated in Fig. 1.
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In this subsection, we show how the results of 3.1 and 3.2 can be zpplied to
prove system properties.

Definition. A property of a given system (S, P,) is specified as a pair (P,, RT) where
P, is an arbitrary predicate of 2 and RT one of the ten reachability types defined
. We say that the system (S, Py) safisfies the property (P2, RT) if P, is RT
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For a system (S, Pl) an invariant property is any property that is specified as a
pair (P, a-reachable), where P, is an arbitrary predicate of 2.

According to Proposition 20, in order to prove that a system satisfies an invariant
property one has to find some invariant J of S such that P, = J = P, and such an
invariant exists iff post*(P;) = P, or pre (P) = P;. Thus the va]idity of an invariant
property can be established by computmg elther post*(P;) or pre’ (P, )

We believe thst the distinction between the notions of invariant and of invariant
property is important since both of them have to be used in order to prove that
an assertion about a system ‘always’ holds. Suppose for instance that we want to
prove that a mutual exclusion constraint always holds in a given system (S, P,).
According to our approach, one has to prove that (S, P;) satisfies the invariant
property U’z, a-reachable) where P, is a predicate characterizing all the states for
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p —-**-reachable : A is the greatest invariant contained in “Pz
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3.3.2. Non-invariant properties
For a system (S, P,), a non-invariant properry is any property which is specified
as a pair (P, RT), where P, is an arbitrary predicate of 2 and RT one of the nine
types of simple, systematic, quasi-systematic reachability defined in 3.1.
According to the suggested approach, a family of non-invariant properties is
defined by nxmg the target premca # and it potentlally con":ams nine different

properties.

Apart from the two families of properties studied hereafter, other families which
are of interest in practice can be defined by appropriately choosing the target
predicate P,. The reader can find an application of this idea in [32] where the
properties relative to the presence of deadlock and livelock are studied.

3.3.2.1. Blockability properties

WR_0 %48 A s otel oidnae L o ool A 4~ bn ‘ot Blanlabhls fe D £ (C D\

Definition. A transition system S i said t0 be "X -Di6CKaAO0E IIOM ) i \S5, £1)
. . » ) R}

satisfies the non-invariant property (A —c;, ‘x’-reachable) where ‘x’ stands for one

of the nine possible prefixes of ‘-reachable’

— —
P, vpie(P,) = P, v pre(P2) A pre(P;)
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Peoof. Omitted.

P+ oposition 24. For a transition system S the following expressions are equivalent:
(a) S is o-blockable from P;;
(b) S is i-blockable from P;;
(c) S iso-s-blockable from P;;
(d) 8 is i-s-blockable from P;.

Proof. By Lemma 2, (a) is equivalent to (b) and (c) is equivalent to {d). Furthermore,
if Py = (I vpre*(A —c:), then every possible successor of a state of P; verifies the
predicate (I v pfé)*(A —c;). Thus, post*(Py) = (I vpre)*(A —1c)), i.e. (a) is equivalent
to (c).

Coroilary. For a transition system S the following propositiens are cortradictions :
(a) §is o-qs-blockabie from P,;
(b) S is i-qs-blockable from P;.

The following three propositions are direct consequences of the Propositions
19(a), 21 and 19(b) respectively.

Propaosition 25. A transition system S is p-blockable from P, iff for every deadlock-
free invariant J of S, P\AJ = 1.

Propasition 26. For a transition system S the follow:ng expressions are equivalent:
(a) S is p-s-blockable from P;;
(b) Py pre(—J), where J is the greatest deadlock-free invariant of S.
(c) for every deadlock-free invariant J of S, J npost*(P;) = 1;
(d) there is no invariant J of 8, J # 1, such that J c: post*(P1) A (V ¢:).

Proposition 27. A transition system S is o-s-blockable from P, iff for every non-
terminating trajectory W, P1Aa W = 1.

Observations. (a) If S is such that the greatest deadlock-free invariant pie (\ ¢;) =
i, then § is potentially blockable from every possible initial state.

(b) If S is such that the greatest non-terminating trajectory pre™(\/ ¢;) = L, then
S is inevitably blockable from every possible initial state.

(c) The greatest invariant J such that § be p-s-blockable from J ic equal to
pre” (pre*{\ —1c;)) = —pre*(—pre* (A —i¢c;)) = pre*(pre*(V ¢;)). pre“(V ¢;) is the
greatest deadlock-free invariant and —pre*(pre”(V c;)) represents the set of the
states from which this invariant is not reachable.

(d) The greatest invariant J such that § be o-s-blockable from J is equal to
pre (I vprE)*(A i) = —pre*(—(I v preY*(A —c)) = —pre*((I apre)“(V c;)). This
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predicate represents the set of the states from which the greatest non-terminating
trajectory is not reachable.

Fig. 2 represents the results of this subsection.

post*(PI) J

post*(Pl)

df

p-blockable p-s-blockable p-qs-blockable

o-blockable

i-blockabtie H

de = the greatest deadlock-free invariant

o-s—blockable

=
it

the greatest non—terminating trajectory. i-s-blockable

Fig. 2.

3.3.2.2. Activability properties
Activability of a set of transitions

Definition. Let S =(Q, T,{R;}{~,) be a transition system, P,e¢? and Lc
{1,2,...,m}, L#0.

A set of transitions {t;};c. is said to be ‘x’-activable from P, in S if (S, P,) satisfies
the non-invariant property (V,., ¢» ‘x’-reachable) where ‘x* stands for one of the
nine possible prefixes of ‘-reachable’.

Obviously, the properties prefixed by ‘0’ do not represent any practical interest.
Fig. 3 shows how the other types of activability can be characterized by using
Propositions 19(a), 19(c), 21 and 23.

If |L| =1, then the properties prefixed by ‘p’ correspond to liveness properties
for a transition [16]: these properties express the possibility of activating a transition
without however guaranteeing that it will be effectively enabled. The properties
prefixed by ‘i’ express to which extent the enabling of a transition will inevitably
take place and they can characterize the absence or presence of a certain type of
livelock [19, 32].
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Observations. (a) If the greatest invariant (trajectory) contained in A,cr —ic; is
equal to L, then {t;};c. is p-s-activable (i-s-activable) from every possible iuitial state.
{b) The greatest invariant from which {t,},c, is p-s-activable is equal to

’ﬁE"(pre*("g; ci)) = —lpre*(—zpre*(i\G/L c,-)) = ﬂpre*(ﬁ\ré'x(’_é\l‘ "IC,')).

(c) The greatest invariant from which {,};c,. is i-s-activable is equal to pre (I v
pre » pre)*{V,., ¢i)) = —pre*(W), where W is the greatest trajectory less than or
equal to A, ¢

©

J
“i'ieL is p-activabie {t:i}i-EL is p-s-activable {ti}ieL is p-gs-activable
O,
w @
@
p C s o C e
ui}ifL is i-activable ‘ti}icL is i-s~activable {ti}icL is i-gqs-activable
P22V ¢
" ieL
J = the greatest invariant contained in A "ci
iel
W = the greatest trajectory contained in A "ci
ielL

Fig. 3.

Activability of a transition system

Definition. A transition system S =(Q, T, {R;}/~,) is said to be ‘x’-activable from
P1e P, iff T is ‘x’-activable from P, in S.

Proposition 28. [ et S be a transition system and P, = P.
(@) §is p-activable from P, iff § is i-activable from P;.
(b) S is o-activable from P, is a tautology.
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(c) S is p-s-activable from P, iff S is i-s-activable from P;.
(d) S is o-s-activable from P, is a tautology.

(e) S is p-qs-activable from P iff S is i-qs-activable from P,.
(f) S is o-gs-activable from P, is a contradiction.

Proof. By direct application of Propositions 19, 21, 22 and 23 and by taking into
account the relations: pre*(\/ ¢;))=V ¢, Vaivpre(V e) =T, I vpre aApre)*(V ¢;) =
\/ Ci.

Fig. 4 represents the main results of this paragraph.

Observation. The greatest invariant under which § is p-s-activable is equal to

s s LY , \

f)?é'x(pre*(v c.-)) ='ﬁ”€"(v c,-) = the greatest deadlock-free invariant.

p-activable = p-s-activable = p-gqs-activable =
i-activable i-s-activable i-qs-activable
Fig. 4.

4. Applications

The results presented can be applied to the verification of a system described in
any discrete model provided that a semantics of this model is given in terms of
transition systems. In this case it is possible to compute the function pre associated
to the given system and verifying a property amounts to computing fixed points of
monotonic functions constructed from pre.

In order to illustrate this idea we consider a class of programs with guarded
commands [8] for which the function pre can be obtained in a direct manner. These
programs are of the type

S=doc;»a;0c;»a,0:---Ucm>anod

where,

—{c;}i=1 is a set of total computable predicates,

—{a}%, is a set of ‘simultaneous’ assignments, a;=(X = a;(X)), where X =
(x1, ..., %s) is the vector of program variables and ¢; an arbitrary total computable
function.
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If we assume that the state space of § is Q, then we can associate to S a transition
system 8’ = (Q, T, {R;}{~1) such that its transitions are in bijection with the guarded
commands and Vg, q'€ Q

((q,q9") e Rieci(q)and a;(q) = q').

Obviously, for a given predicate P, pre[S](P)= Viw,ciAPoa;, where Poa; rep-
resents the predicate P o a;(q) = P(ai{q)).

This class of programs, besides the nice possibilities for analysis that it provides,
has good description capabilities due to the iterative non-deterministic construct
do od [9]. in fact, for every iterative sequential program (deterministic or not), it
is possible to find an equivalent program of this class by adding control variables
(see for example [14]). Furthermore, if it is accepted, as in [20, 10, 31, 12], that
concurrent execution can be ‘represented’ by non-deterministic sequential models,
then these results can be applied to the verification of the properties of concurrent
systems; in particuiar it is given in [10] a method for obtaining from a given parallel
program with conditional criticai regions [2] an ‘equivalent’ program of this class.

Finaity, notice that under the aforementioned assumption, several models used
to describe the flow of control in concurrent systems such as vector replacement
systems, vector addition systems, Petri nets and their extensions, can be represented
by such programs and coiisequently the methods given are directly applicable to

these riodels [28].
Example 1. Consider the system described by:
S=dox=0->x=x+1
Ux>0-x=x-1
Ox=0->x:=x-1
Ox=-1>x=x+1
od

$ may be considered to represeat the coordination of a ‘reader/writer’ system: the
domain of the synchronization variable x is Z; x =0, x>0, x = -1, correspond
respectively to the situations where, the shared resource is free, x readers use the
resource, a writer uses the resource.

(a) In order to find the greatest deadlock-free invariant, one has to compute
iteratively:

4
Pio1 =P Apre(Py), withPo=V ¢;=x=-1
i=1

(We denote by c; - a; the ith guarded command of S, where a; = (x = a;(x)))

4
pre(Po)= A (c;ivPoo ;) =[x <O0vx=0]alx<-1vx=-2]=T.
i=1
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Thus, Py =Py=x =1 is the greatest deadlock-free invariant and S never blocks
if it is initialized at a state verifying this invariant.
(b) Liveness of the guarded command (x =0-x = x + 1):

pre*(x =0)= \ pre'(x =0)=x =-1.
i=0

The greatest invariant under which (x =0-x = x+1) is live {p-s-activable) is
pre”(x =—1) = x =—1; thus, this guarded command is live from every initial state
verifying x = —1.

(c) Since S does never block if it is initialized properly, in order to verify if there
is a possible livelock for (x=0-x:=x+1) one has to compute the greatest
non-terminating trajectory contained in —(x =0)

Pri1=P A pre(Pk), with Po=x < 0,
Pi=x<O)A[(x=0)A(x<)vx=-Da(x<-1)]= 1.

Thus, there is no possible livelock for this guarded command. On the contrary
compute the greatest non-terminating trajectory contained in —ic3 = (x £0). We
have

Py=(x #0),

Pi=(x#0)a[(xz=0)r(x# D) vx=-DAax#-1)]=x=1,

Po=x=zDA[x=0)r(x=2)v(x=-1)Alx=0)]=x=1.
Thus, there is possibility of livelock for ¢3 - as.

Example 2. The following parallel program, given in [10], is a solution to the
mutual exclusion problem discussed in [6] for two processes A and B.

var inA, inB: boolean initially false,
prty: (A, B) initially A ;

processA:while true do processB:while true do
(think) (think)
inA <« true; inB « true;
while inB do while inA do
if prty = B then if prty = A then
inA «false; inB « false;
while prty = B do skip od; while prty = A do skip od;
inA «true inB « true
fi fi
od; od,
(critical section) {critical section)
inA «false; inB « false,
prty« B prty« A

od od
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A ‘non-deterministic version’ of this program is [10]:
pl«p2e1;inA«inB«false; prtye A;

d-pl=i->inA«true;pl«2
Opl1=2ainB->ple3
Opl1=3naprty=B->inA«false; pl«4
0 p1 =4 aprty = B ->skip
Opl=4nprty#B->inA<«true;ple«?2
Opl=3aprty#B->ple2
0 p1 =2 A—inB - (critical section); pl « 5
Opl=5->inA<false;pl<6
Cpl=6-prtye«B;plel

Op2=1->inBe«true;p2+«2
Mnp2=2AinA->p2<3
Jp2=3nprty=A->inB«false; p2 « 4
0 p2 =4 Aprty= A > skip
Op2=4rprty#A—>inBetrue; p2«2
Op2=3naprtyZA->pe?2
0 p2 =2 A inA > (critical section); p2 « 5
0p2=5->inB<false; p2« 6
Op2=6-prty« A;p2«1

od

Showing that the mutual exclusion constraint is respected in the concurrent
system amounts to proving that the non-deterministic system never reaches a state
for which the guards protecting the critical section are both true, i.e. that it satisfies
the invariant property having as target predicate Jo:

Jo=-1(p1=2)A—inB A (p2 =2) A—iinA]

(Jo is the negation of the conjunction of the guards protecting the critical section).
Computation of J =pre (Jo):

-’k+1 =Jk /\f)?é'(]k), with Jo=p1 A vap2 # 2 vinA.

We have J; = Jo Apre(Jo) =Jo A A joq [T¢i v Jo o ;] where ¢; and a; = (X « a;(X)) are
resdeciively the ith guard and the ith command of the non-deterministic program
(for example c10={p2=1)).

The proposed solution being symmetric, in order to evaluate /\:2 L (eivlpeay)
it is sufficient {0 evaluate /\?=1 (mc; vJo o a;).

Remark that for every command a; containing an assignment of the type pl «j
with j #2, Jooa; = T because Jo=pl #2vinBv p2 # 2 vinA.

Thus, it remains to compute —ic; vJooa; fori=1,4, 5, 6.
-i=1:"1c,vJoear1=pl#1v(2#2)vinBvp2#2vT=T;
-i=4: —1Ca V]0° (1'4:"'|C4Vjo;
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—i=5:"csvJocas=pl#4vprty=BvinBvp2#2vT=T;
-i=6: e vJocag=pl#3vprty=BvinBvp2#2vinA.

K=pl#3vprty=BvinBvp2#=2vinA
and

L=p2#3vprty=AvinAvpl#2vinB.
We have J, = Jo A pre(Jo) =Jo A K A L. Compute now J, = J; APre(J;) = Jo A pre(Jo) A
pre(K)pre(L). )
Computation of pre(K) = A;_, (mc; v K o a;): Remark that for every i, 1 <i<18
such that a,- contains an assignment of one of the following types, p1 «j with j # 3,
prtv« B, inB « true, p2 «j with j # 2, inA « true, we have —i¢; v K ° a; = T. Further-

more, if a; =skip, then —i¢; v K ¢ a; = —i¢; v K and this term is absorbed by pré(Jo)
¢ 1t ramaing tn avaliiata —» v K o AT F — nd s =18
11Uy Il L WILIGLIID 1V vValualy Wi vaias v~ vl = I — 1J.

Thus, pre(K) =—csA—c;3v K and by symmetry pre(L) = 11cs A c13 v L. Con-
sequently, the greatest invariant under which the mutual exclusion is respected is
equal to

J=.’1=.’0/\K/\L,

F —inAvVinB v (ol £ 2D a2 2D viol #Dalol #
J EIMAVIIDVPLF LJA\PaF 2JVIPLFZ L)JA\PLF )

V(P2 #2)A(p2#3)v(p2#2)a(prty=A) v (pl#2)a(prty = B).

This invariant is verified for the initial values of the variables and consequently
the mutual exclusion constraint is respected by the two processes.

Example 3. Consider the problem of constructing a self-stabilizing ring of machines
discussed in [7]. The first solution proposed in that paper can be described by the
program:

S=d0S1|j52|j"‘|js,.0d

where,
- 8o =(x0=xn = x0 = (xo+1)mod n),
=Si=i#Fxia>x; = x), 1sisn,

—each guarded command corresponus to a machine. The x;’s represent the state
wvariahlas ~f sha 32 1 menabicac o A thn Amaratinee am tha cnihadrinte are dane
yaliauvied Ul LU1IC lT 1 lllﬂblllllcb allu LuIc pcxauuu UII UIC JUUdLLIIPL alec uviliv
mod(n +1). (We admit the existence of a "central decamon’ selecting cne privilege
at a time).

Let S; = ¢; > a; with a; = (x; = a;(X)) the ith guarded command and represent by
B; the predicate
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Proving that this solution conforms to the specifications of the problem amounts

to proving that

(a) J =V7_, B; is a (deadlock-free) invariant, i.e. every possible successor of a
iegitimate state is a legitimate state;

(b) For every couple B,, B, 0=, s<n, B, is a i-s-reachable from B;;

{cj The system is self-stabilizing: from every possible initial state it will finally

Y 3 .
7
reach a legitimate state after execution of a finite number of t transitions, i.e. J i3

We have

” s - —_— e — = 5 )
Bo=\Xo=X1=" """ TX-1=X="""FXn)

By=(xo=x1="" =X 1#x= " "=X,), 1<k=n
Let’s prove that B; = (re[Si]  pre[Si){(Bi+1), i.e. every time §; is executed from
a legitimate ctate, a state verifying B; . is reached. This is equivalent to
Bl .:(C. AB,+1°C¥,)/\(_TC,VB loat) CIABl+1 C o
By substituting the B;’s in this inequality one obtains the trivially verified relations.
Rrae § = N.
SV T WV,

Tt

The proved relation B; = (pre[S;]Apre(S:])(Bi+1) 1mphes that B; = (pre[S]a
1213 )(Bi+1). By taking the disjunction of aii the rei: is type w je:

and since pre[S]a pre[S]is a monotonic function,
V B = (rElS]aprelSD( V B.).
i= i=0

The latest relation shows that J is a deadlock-free invariant. Furthermore, the
relations B; = (pre[S]1A pre[S1)(B;.1) for 0=<i<n imply that if the system is initial-
ized at a state verifying B,, then it goes through a sequence of states verifying
successively B;.1, B;.s, ..., Bo, By, . .. and it reaches a state verifying B; aftern +1
transitions. Thus, B; is i-s-reachable froin every B, 1 <j<n.

e

Finaily, in order to estabiish (c) one has to prove that the greatest trajectory
contained in —J/ is equal to 1. The computation of (I A (pre[S] v pre[S]) (—J) raises
non-trivial problems of manipulation and simplification of predicates.
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5. Conclusion

This paper proposes a very general framework for tackling the problem of system
verification. The presented results can be applied to any discrete model provided
that a semantics of this model can be given in terms of transiticn systems.

The method used for the study of properties, namely their definition by giving
a ‘target’ predicate and a reachability type, seems to be sufficiently general for
being applicable to a great variety of cases. This method is the more interesting as
it allows a systematic study of the properties in terms of two fundamental concepts,
the different reachability types being expressed by simple relations involving
invariants and trajectories.

Computing fixed points of monotonic functions is, from a practical point of view,
the central problem and it determines the limitations of our approach in the domain
of verification. Apart from the limitations of theoretical nature (non-decidability
of the ‘interesting’ system properties, non-continuity of the functions) serious
problems appear when applying iterative solution methods which require the
manipulation, simplification and comparison of predicates on several variables.

Superposed on these difficulties is the lack both of any general criterion guarantee-
ing the convergence of the iterations and of any notion allowing to measure the
‘distance’ between the resuit of the ith iteration and the approached fixed point.

For all these reasons, it is not realistic to expect that the presented results can
ve applied directly to the analysis of systems of non-trivial complexity. However,
we believe that it is possible to obtain mechanizable proof methods by applying
techniques for approximating fixed points as in [3-5] or by working with finite state
models which represent some adequately chosen ‘abstraction’ of a complex system
under study.

How to exploit in practice the given theoretical results is an open problem to
which we are not supposed to answer; the examples with ‘condition-action’ systems
in Section 4 are an illustration of what can be done with other models 9. The
main contribution of this paper is to propose a methodology for system verification
by giving a unified approach for generating, comparing and proving system
properties.
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