
Automatic Recognition of Tractability in In-ference RelationsDAVID A. MCALLESTERMassachusetts Institute of Technology, Cambridge MassachusettsAbstract: A procedure is given for recognizing sets of inference rules that generatepolynomial time decidable inference relations. The procedure can automaticallyrecognize the tractability of the inference rules underlying congruence closure.The recognition of tractability for that particular rule set constitutes mechanicalveri�cation of a theorem originally proved independently by Kozen and Shostak.The procedure is algorithmic, rather than heuristic, and the class of automaticallyrecognizable tractable rule sets can be precisely characterized. A series of examplesof rule sets whose tractability is non-trivial, yet machine recognizable, is also given.The technical framework developed here is viewed as a �rst step toward a generaltheory of tractable inference relations.Categories and Subject Descriptors: F.4.1 [Mathematical Logic and For-mal Languages]: Mathematical logic | computational logic, mechanical theoremproving; I.2.3 [Arti�cial Intelligence]: Deduction and Theorem Proving | de-ductionGeneral Terms: Deduction, AlgorithmsAdditional Keywords and Phrases: Proof Theory, Machine Inference, The-orem Proving, Automated Reasoning, Polynomial Time Algorithms, InferenceRules, Proof Systems, Mechanical Veri�cation.This research was supported in part by National Science Foundation Grant IRI-8819624 and in part by the Advanced Research Projects Agency of the Departmentof Defense under O�ce of Naval Research contract N00014-85-K-0124 and N00014-89-j-3202.Author's Address: MIT Arti�cial Intelligence Laboratory, 545 Technology Square,Cambridge Mass, 02139, DAM@ai.mit.eduThis paper appeared in JACM, vol. 40, no. 2, April 1993. A postscript electronic sourcefor this paper can be found in ftp.ai.mit.edu:/pub/dam/jacm2.ps. A bibtex reference canbe found in internet �le ftp.ai.mit.edu:/pub/dam/dam.bib.1



1 IntroductionCertain well known algorithms can be viewed as polynomial time decisionprocedures for inference relations. For example, transitive closure determineswhether a formula of the form x < y can be proven from given inequalitiesand a transitivity axiom. The union-�nd procedure determines whether anequality x = y can be proven from given equations and the re
exivity, tran-sitivity, and symmetry axioms of equality. The congruence closure proceduredetermines whether an equality s = t can be proven from a given set of equa-tions and the symmetry, re
exivity, transitivity, and congruence axioms ofequality [1]. Each of these algorithms can be viewed as a decision procedurefor the inference relation generated by a certain set of inference rules. Thispaper identi�es a general class of \local" rule sets. These rule sets have thedesirable property that the generated inference relation is polynomial timedecidable.Consider a set R of inference rules and let `R be the inference relationgenerated byR, i.e., the relation such that � `R � if there exists a derivationof � from � using the rules in R. The rule set R is called local if whenever� `R � there exists a local derivation of � from � | a derivation is local ifevery proper subexpression of a formula in the derivation is either a propersubexpression of �, a proper subexpression of a member of �, or appearsas a subexpression of an inference rule in R. One can show that, for anyrule set R, one can determine, in polynomial time in the size of � and �,whether or not there exists a local derivation of � from �. If R is local, i.e.,the existence of a derivation ensures the existence of a local derivation, thenthe inference relation `R is polynomial time decideable.One can easily show that a rule set consisting of a single transitivity ruleis local. The same is true of the rule set underlying the union-�nd procedure,i.e., the re
exivity, symmetry, and transitivity axioms of equality. The ruleset underlying congruence closure, i.e., the re
exivity, symmetry, transitivity,and substitution axioms of equality, is also local, although the locality of thisrule set is more di�cult to prove.In addition to providing a theoretical framework for the study of a certainclass of polynomial time algorithms, local inference relations provide a tool2



for the construction of general purpose automated reasoning systems. Nosound and complete set of inference rules for �rst order logic can be local(every local relation is polynomial time decidable, but the entailment relationfor �rst order logic is undecidable). However, local inference rules can be usedto reduce proof length in �rst order proof systems. This can be done throughthe construction of a Socratic sequent system [2]. A sequent is an expressionof the form � ` � where � is a set of formulas and � is a formula. If� `R � then we say that a rule set R generates the sequent � ` �. ASocratic sequent system consists of two rule sets | a local rule set and a setof sequent rules. A sequent generated by the local set is called \obvious". Aproof in a Socratic sequent system is a series of sequents where each sequentis either obvious or is derivable from earlier sequents by one of the sequentrules. Because obvious sequents can abbreviate long derivations, proofs ina Socratic sequent system can be shorter than proofs in more traditionalsystems. However, because the rule set generating obvious sequents is local,the correctness of a proof can still be veri�ed in polynomial time. ParticularSocratic sequent systems for set theory and �rst order logic are describedin [5] and [4]. It appears that the power of the local rule set in a Socraticsequent system can be enhanced through the use of a nonstandard syntax for�rst order logic. Aspects of the syntax of English under Mantague semanticshave been used to construct particularly powerful general purpose local rulesets [2].Determining the locality of an arbitrary rule set can be di�cult | it isnot known whether locality, as a property of rule sets, is decidable. The mainresult of this paper is that a certain subclass of local rule sets | the boundedlocal rule sets | can be mechanically identi�ed. More precisely, there existsa procedure that, given an arbitrary rule set, will �nd a counter-example tolocality whenever the rule set is not local, construct a proof that the rule set isbounded local whenever it is bounded local, and will fail to terminate in caseswhere the rule set is local but not bounded local. The rule set consisting ofthe re
exivity, symmetry, transitivity, and congruence axioms of equality isbounded local so the locality of this rule set can be mechanically recognizedby the procedure given here. This amounts to mechanical veri�cation ofa theorem given in [3], [8], and [7]. Several novel examples of non-trivialbounded local rule sets are given in this paper, including a rule set based onthe syntax of English. An example is also given of a rule set that is local but3



not bounded local.Hopefully, the notion of locality described in this paper is a �rst steptoward a more general understanding of tractable rule sets. Several opentechnical problems and several directions for further research, are discussed atthe end of the paper. A better understanding of tractable inference relationswill hopefully result in an improved technology for the construction of semi-automated veri�cation systems and a deeper understanding of inference ingeneral.
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7 :?�:?	:(?� _ ?	)8 :(?� _ ?	):?�9 :(?� _ ?	):?	10 ?	:?	F11 F?�Figure 1: A tractable set of Boolean inference rules2 Preliminary De�nitionsThis paper presents a general procedure for recognizing certain cases in whicha set of inference rules generates a computationally tractable inference rela-tion. The �rst step in constructing such a procedure is to precisely de�nethe notion of an \inference rule". Figure 1 gives basic inference rules for theBoolean connectives : and _. In these rules a question mark in front of asymbol indicates a variable that can be replaced by di�erent expressions indi�erent applications of the rule. Variables in inference rules will be calledmetavariables to distinguish them from variables of the underlying language.5



Throughout the remainder of this paper we let B (for Boolean) denotethe set of inference rules given in �gure 1. All Boolean expressions can bewritten in terms of the two universal connectives : and _. The rule set Bexpresses some, but not all, of the inferential properties of these connectives.The inference relation generated by these rules is linear time decidable. Yet,if the above inference rules are augmented by a simple case analysis sequentrule, then the rules become complete for Boolean inference.As another example of a set of inference rules, consider the following rulesfor equality.12 ?s = ?t?t = ?s13 ?t = ?t14 ?r = ?s?s = ?t?r = ?t 15 ?s1 = ?t1� � �?sn = ?tn?f(?s1; : : :?sn) = ?f(?t1; : : :?tn)The rules 12, 13, and 14 express the symmetry, re
exivity, and transitivityproperties of equality respectively, while rule 15 expresses the substitutivityof equals for equals. It is well known that congruence closure provides apolynomial time decision procedure for the inference relation generated bythese equality rules. The precise notion of inference rule developed here isnot general enough to allow for the notation \: : :" used in rule 15. Fortu-nately, however, any inference problem involving function symbols of morethan two arguments can be converted to an equivalent problem involvingfunction symbols of at most two arguments. For example, a function f ofthree arguments can be replaced by two functions pair and f 0 such thatf(x; y; z) equals f 0(x; pair(y; z)). Without loss of generality, we canreplace rule 15 by the following two rules.6



15a ?s = ?t?f(?s) = ?f(?t) 15b ?s1 = ?t1?s2 = ?t2?f(?s1; ?s2) = ?f(?t1; ?t2)In the remainder of this paper we let E denote the rule set consisting of rules12, 13, 14, 15a and 15b.Di�erent metavariables have di�erent syntactic kinds. For example, themetavariables that appear in the Boolean rule set B range over formulas,while the rule set E has metavariables that range over terms and metavari-ables that range over function symbols. The phrases \formula", \term", and\monadic function" each refer to a particular syntactic kind.De�nition: A syntactic kind is either a kind symbol or an ex-pression of the form �1��2� : : : �n ! � where � and each �i aresyntactic kinds.De�nition: An expression is either a constant symbol or metavari-able of a given syntactic kind, or an application of the formf(s1 : : : sn) where f is an expression of kind �1 � : : : �n ! �and each si is an expression of kind �i. In the latter case theexpression f(s1 : : : sn) is an expression of kind � .In �rst order predicate calculus, an ordinary constant symbol is just aconstant of kind term; a proposition symbol is a constant of kind formula;a function symbol of is a constant of kind term � : : : term ! term; and apredicate symbol is a constant of kind term � : : : term ! formula. TheBoolean connectives : and _ are constants of kind formula ! formulaand formula � formula ! formula respectively. Quanti�er-free predicatecalculus is the language generated by a set of constants of type term, a setof constants of type formula, a set of function symbols, a set of predicatesymbols (including equality) and the Boolean connectives. An expression�(e1; : : : en) will sometimes be written as (� e1 : : : en) (Lisp notation), andoccasionally as e1 � e2 (in�x notation).7



The above de�nitions do not allow for quanti�ed expressions. This paperonly discusses inference rules that do not involve quanti�cation. Even with-out quanti�ers, a set of rules can still generate an undecidable or intractableinference relation. On the other hand, the presence of quanti�ers does notnecessarily prevent tractability. Tractable inference relations involving quan-ti�cation are discussed in [5] and [4]. A more general notion of locality willbe needed to construct a procedure for automatically recognizing tractabilityin rule sets that involve quanti�cation.De�nition: An expression of kind formula will be called a for-mula.De�nition: An inference rule is an object of the form	1...	n�where 	1 : : :	n and � are all formulas.De�nition: A metavariable substitution is a mapping � frommetavariables to expressions such that, for any metavariable ?x,we have that �(?x) is an expression of the same kind as ?x.De�nition: For any metavariable substitution �, and any expres-sion s, we de�ne �(s) to be the result of replacing each metavari-able in s by its image under �. For any set of expressions �, wede�ne �(�) to be the set f�(s) : s 2 �g.Observation: For any metavariable substitution �, and any ex-pression s, �(s) is an expression with the same syntactic kind ass.De�nition: A formula � is one-step derivable from a set of for-mulas � under inference rules R if there exists an inference rule	1... 8



	n�inR, and a metavariable substitution �, such that �(	1); : : : �(	n)are all members of � and �(�) equals �.De�nition: A derivation of � from � is a sequence of formulas	1; 	2; : : :	n such that each 	i is either a member of �, or is one-step derivable under R from previous elements of the sequence,and 	n is the formula �. If there exists a derivation of � from �under rule set R then we write � `R �.Note that `R is the relation generated by R in the standard way.3 Local Rule SetsWe are interested in �nding general properties of a rule set R that guaranteethat the corresponding inference relation `R is polynomial time decidable.One way of doing this is to consider a \restricted" relation ` R that is ex-plicitly constructed to be polynomial time decidable. This can be done usingthe following terminology.De�nition: A formula 	 will be called a label formula of a setof expressions 
 if every proper subexpression of 	 is a memberof 
.De�nition: For any set of formulas � and rule set R we de�ne
(R; �) to be the set of all proper subexpressions of formulas in� plus all closed (variable-free) proper subexpressions of formulasin R.Note that, for any �nite rule set R and �nite formula set �, the set 
(R; �)is �nite. However, any formula constant or formula metavariable is a labelformula of any expression set. This implies that any expression set has9



an in�nite set of label formulas. In spite of the in�nity of label formulas,however, restricting the inference process to label formulas of a small �niteset yields a tractable inference relation.De�nition: We write � ` R � if there exists some derivation	1;	2; : : :	n of � from � under rule set R such that each 	i isa label formula of 
(R;� [ f�g).Tractability Lemma: For any �nite rule set R, the relation ` Ris polynomial time decidable.De�nition: A set of rules R will be called local if the relation` R is the same as the relation `R.The tractability lemma implies that the inference relation generated by alocal rule set is polynomial time decidable. The proof of a re�ned version ofthe tractability lemma is given in appendix I. As an example, consider theproblem of determining whether or not � ` E � where � and each formulain � is an equation between �rst order terms and E is the equality rule set(rules 12, 13, 14, 15a and 15b). The expression set 
(E;� [ f�g) consistsof the equality symbol plus all �rst order terms that appear in � and �. If sand t are terms in 
(E;� [ f�g) then the equation s = t is a label formulaof 
(E;� [ f�g). Let n be the total size of � [ f�g. There are order n2equations that are label formulas of 
(E;� [ f�g). This implies that onecan enumerate, in polynomial time, all label formulas of 
(E;� [ f�g) thatcan be derived from � using derivations restricted to label formulas.The de�nition of locality does not provide any obvious way of determin-ing if a given rule set is local. Locality of the equality inference rules wasoriginally proved (using di�erent terminology) independently by Kozen [3]and Shostak [8]. Kozen uses a syntactic argument to show that if � `E �,then � ` E �. The proof is essentially an induction on the length of thederivation used to establish � `E �. Shostak's proof of the locality of Eis semantic. Shostak observes that the relation ` E is clearly sound underthe standard semantics for equality. Furthermore, if � 6` E �, then one canconstruct a model of � in which � is false. In other words, the relation ` Eis semantically complete. Since `E is sound, and `E is at least as strong as10



` E, the semantic completeness of ` E implies that ` E is the same as `E. Asemantic proof using a simpler model construction was later given by Nelsonand Oppen [7].Semantic proofs of locality are more compact in many cases than syntacticproofs of the same results. However, it seems di�cult to generalize semanticproof techniques to the point where they can be used to mechanically recog-nize a wide class of local rule sets. The following section shows that syntactictechniques can be used to construct a general locality recognition procedure.4 Syntactic Proofs of LocalityFor any �nite rule set R, the relation ` R is polynomial time decidable. Therule set R is local if the relation ` R is the same as the relation `R. Ageneral syntactic approach to proving locality for particular rule sets can beconstructed using the following de�nitions.De�nition: A set of expressions � will be called subexpressionclosed if every subexpression of every member of � is also a mem-ber of �.De�nition: Let R be a rule set, � a formula set, and let � bean expression set that is subexpression closed and that contains
(R;�) as a subset. The set CR(�;�) is de�ned to be the set offormulas 	 such that there exists a derivation of 	 from � suchthat every formula appearing in that derivation is a label formulaof �.Observation: � ` R � if, and only if, � 2 CR(�;
(R;� [f�g)).De�nition: We say that the set CR(�;�) is universal ifCR(�;�)contains all label formulas of �.Lemma: Let R be a �xed rule set. Let � be a formula set, let� be a subexpression closed set containing 
(R;�). One candetermine whether CR(�;�) is universal in time polynomial in11



the size of �. If CR(�;�) is not universal, it is �nite and can beenumerated in time polynomial in the size of �.The proof of the above lemma is not given here but is similar to theproof of the re�ned tractability lemma given in appendix I. It is possibleto characterize locality in terms of the closure operator CR rather than theinference relation ` R. To do this we need some additional terminology.De�nition: A one step extension of a subexpression closed set� is an expression � that is not a member of � but such thatevery proper subexpression of � is a member of �.De�nition: An extension event for a rule set R is a four-tuple<�;	;�;�> such that � is subexpression closed and contains
(R;�), � is a one step extension of �, and 	 is a member ofCR(�;� [ f�g).The letters E , E1, E2, etc. are used below to denote extension events.Consider an extension event <�;	;�;�>. Note that the formula 	 may be\old" in the sense that 	 may be a member of CR(�;�). Alternatively, 	may be \new" in the sense that 	 is a member of CR(�;� [ f�g) but nota member of CR(�;�). The lemma given below states that a rule set R islocal if, and only if, it is impossible for a new formula to be a label formulaof the old set �.De�nition: A feedback event for a rule set R is an extensionevent <�;	;�;�> for R where 	 is a label formula of � but nota member of CR(�;�).Lemma: A rule setR is local if, and only if, there are no feedbackevents for R.Proof: First, suppose there exists a feedback event E for Rwith components <�;	;�;�>. The fact that 	 is a memberof CR(�;� [ f�g) implies that � `R 	. The fact that E isa feedback event implies that 	 is a label formula of � but not12



a member of CR(�;�). The fact that 	 is a label formula of �implies that � contains 
(R;�[	). So 	 must not be a memberof CR(�;
(R;� [ f	g)) and so � 6` R 	. Thus `R and ` R aredi�erent and R is not local.The above argument shows that if R is local then there canbe no feedback events for R. We will now show the converse |if there are no feedback events for R then R is local. Supposethere are no feedback events for R. Now consider any � and� such that � 6` R �. To show that R is local it su�ces toshow that � 6`R �. To show � 6`R � it su�ces to show thatfor any �nite subexpression closed set � containing 
(R;� [�) we have � 62 CR(�; �). By assumption we have that � 62CR(�;
(R;� [ f�g)). Now let � be any subexpression closedset containing 
(R;� [ f�g) such that � 62 CR(�; �). For anyone-step extension � of � we have that � is not a member ofCR(�; � [ f�g) | otherwise the tuple <�;�;�;�> would be afeedback event. By induction, this implies that � is not a memberof CR(�; �) for any �nite subexpression closed set � containing
(R;� [ f�g) and thus � 6`R �.The above lemma reduces the problem of determining locality to the prob-lem of determining the existence of feedback events. The locality recognitionprocedure is based on a general method of proving the non-existence of feed-back events. This general method is best introduced using a simple example.Consider the following rules expressing the monotonicity of an operator f .16 ?t � ?t17 ?r � ?s?s � ?t?r � ?t 18 ?s � ?uf(?s) � f(?u)13



Let M (for monotonicity) be this set of three inference rules.1 We wishto prove the non-existence of feedback events for M . Consider an extensionevent <�;	;�;�> for rulesM . Either 	 is an \old" formula, i.e., a memberof CM (�;�), or 	 is provable from old formulas using the above inferencerules. It is possible to characterize all the ways of proving a new formulafrom old formulas using rules M . More speci�cally, for any extension event<�;	;�;�> for M , one of the following four conditions must hold.� 	 is an \old" formula, i.e., a member of CM(�;�).� 	 is the formula � � �.� � is of the form f(s) and 	 is a formula of the form � � t whereCM(�;�) contains the formulas s � u and f(u) � t .� � is of the form f(s) and 	 is a formula of the form t � � whereCM(�;�) contains the formulas t � f(u) and u � s.If an extension event satis�es one of the above conditions then either 	 is anold formula (the �rst condition) or 	 contains � as a proper subexpression(the last three conditions). Thus 	 is either an old formula, or 	 is not a labelformula of �. So no extension event satisfying one of the above conditions canbe a feedback event. The problem of proving the non-existence of feedbackevents for M has now been reduced to the problem of proving that everyextension event for M satis�es one of the above four conditions. This can bebe done using the following de�nitions.Let R be a rule set, � a formula set, � a subexpression closed setcontaining 
(R;�), and let � be a one step extension of �.De�nition: The set C�;0R (�;�) is de�ned to be CR(�;�). Theset C�;j+1R (�;�) is de�ned to be C�;jR (�;�) plus all label formu-las of � [ f�g that can be derived from C�;jR (�;�) via a singleapplication of an inference rule in R.1An in-depth analysis of the computational complexity of the relation `M is given in[6]. 14



Note that CR(�;� [ f�g) = [j�0C�;jR (�;�):Consider a �xed but arbitrary �, � and �. To show the non-existence offeedback events forM , it su�ces to show that every formula 	 in CM (�;�[f�g) satis�es one of the above four conditions with respect to �, �, and �.The four conditions can be viewed as de�ning four di�erent types of formulasin the set CM (�;� [ f�g). To prove that every formula in CM(�;� [ f�g)is of one of these four types, it su�ces to prove, by induction on j, thatevery formula in C�;jM (�;�) is of one of these four types. Every formula inC�;0M (�;�) is an old formula and so is a formula of the �rst type. Now assumethat every formula in C�;jM (�;�) is of one of the four given types. Under thisassumption one can prove that every formula 	 in C�;j+1M (�;�) is of one ofthe given types. The induction step involves a case analysis on the proof ruleused to derive an element of C�;j+1M (�;�) and the types of formulas used asantecedents in the application of that rule.The method just described for proving locality for the rule set M can begeneralized to a mechanical procedure for recognizing locality.5 The Locality Recognition ProcedureThe mechanical locality recognition procedure is not guaranteed to recognizeall local rule sets. However, it is possible to precisely characterize the class ofrule sets whose locality is mechanically recognizable by our procedure. Thisprecise characterization involves some additional terminology.De�nition: The rank of an extension event <�;	;�;�> for arule set R is the least natural number j such that 	 is an elementof C�;jR (�;�).De�nition: For any natural number k and rule set R we saythat R is k-bounded-local if R is local and all extension events forR have rank k or less. The rule set R is bounded-local wheneverthere exists some k such that R is k-bounded-local.15



Note that if R is k-bounded-local then CR(�;� [ f�g) is always equalto C�;kR (�;�). It would seem that bounded-locality is an extremely strongcondition on inference rules and that few rule sets would satisfy this condi-tion. However, all of the examples of local inference rules discussed aboveare bounded-local | the rule sets E and M are 2-bounded-local while Bis 1-bounded local. Unfortunately, there are rule sets which are local butnot bounded-local. Let I consist of the re
exivity rule (16), transitivity rule(17), plus rules 19, 20, and 21 given below. The rule set I is local but notbounded-local (the proof is left as a non-trivial exercise for the reader).19 \(?s; ?t) � ?s20 \(?s; ?t) � ?t 21 ?w � ?s?w � ?t?w � \(?s; ?t)Given that I is local (although not bounded-local), the re�ned tractabilitylemma implies that the generated inference relation is decidable in order n3time (the transitivity rule has order 3).The following two theorems are the main results of this paper.First Locality Recognition Theorem: For any rule set R andbound k it is possible to determine whether or not R is k-boundedlocal.Second Locality Recognition Theorem: There exists a pro-cedure which, given any rule set R, does the following.� If R is not local then the procedure terminates and outputsa feedback event for R.� If R is bounded-local, then the procedure terminates andoutputs the least k such that R is k-bounded-local plus anenumeration of the possible \types" of extension events.� If R is local, but not bounded-local, then the procedure failsto terminate. 16



Consider the proof of locality for the monotonicity rules described in thepreceding section. The proof shows that every monotonicity extension eventfalls into one of four types and that no extension event of these types can bea feedback event. To mechanize this proof technique we need some way toformally represent extension event types. Consider the third monotonicityextension event type given in the preceding section:� � is of the form f(s) and 	 is a formula of the form � � t whereCM(�;�) contains the formulas s � u and f(u) � t .The extension events of this type can be characterized by specifying theform of �, the form of 	, and certain formulas that must be in CR(�; �).In general, we allow a formal speci�cation of an extension event type toalso include a speci�cation of expressions that must be in �. A formalspeci�cation of an extension event type is a four-tuple <�0;	0;�0;�0> where�0 and 	0 are patterns giving the form of � and 	 respectively; �0 is a set offormulas that must be included in CR(�;�); and �0 is a set of expressionsthat must be included in �. The patterns �0 and 	0 are just expressionscontaining metavariables. The above type of monotonicity extension eventcan be characterized by the following formal four-tuple.� <f(?s); f(?s) � ?t; f?s � ?u; f(?u) � ?tg; f�; f; ?s; ?t; f(?u); ?ug>The above four-tuple speci�es the class of extension events in which �has the form f(?s), 	 has the form � � ?t, and CR(�;�) contains theformulas ?s � ?u and f(?u) � ?t. Let <�0;	0;�0;�0> be the above four-tuple. Note that �0 has been constructed so that �0 is a subexpressionclosed set containing 
(R;�0), and �0 is a one-step extension of �0. Infact, the tuple <�0;	0;�0;�0> satis�es all of the conditions given in thede�nition of an extension event | this tuple is itself an extension event. Ingeneral, an extension event containing metavariables de�nes an entire classof \instantiations" of that extension event.De�nition: Let E be an extension event <�;	;�;�> and letE 0 be an extension event <�0;	0;�0;�0>. We say that E is an17



R-instance of the template E 0, or that the template E 0 R-coversthe extension event E , if there exists a metavariable substitution� satisfying the following conditions.� �(�0) = �� �(	0) = 	� �(�0) � CR(�;�)� �(�0) � �We say that a template set T1 R-covers an event set T2 if everymember of T2 is R-covered by some member of T1.I will often say \covers" or \instance" rather than \R-covers" or \R-instance" respectively when the rule set is clear from context. I will usethe term \event template", or just \template", rather than the term \exten-sion event" to describe extension events that are being used as templates orschemas for a whole class of extension events. The following lemmas stateuseful properties of extension event templates.Let E be <�;	;�;�> and let E 0 be <�0;	0;�0;�0> such that Eis an instance of E 0 by virtue of the metavariable substitution �.Lemma: The set �(CR(�0;�0)) is a subset of CR(�;�).Proof: Consider any formula � in CR(�0;�0). We must showthat �(�) is a member of CR(�;�). Consider a derivation D of �from �0 such that all formulas in the derivation are label formulasof �0. Let �(D) be the derivation derived from D by replacingeach expression in D by its image under the substitution �. �(D)is a derivation of �(�) from �(�0). Furthermore, since �(�0) is asubset of �, every formula in �(D) is a label formula of �. Sinceevery element of �(�0) is in CR(�;�), we must have that �(�) isalso in CR(�;�).Lemma: For each natural number j, the set �(C�0;jR (�0;�0)) is asubset of C�;jR (�;�).Proof: The proof is by induction on j. The previous lemma es-tablishes the result for j = 0. Now assume that the result holds18



for j and consider j+1. Let � be any formula in C�0;j+1R (�0;�0).We must show that �(�) is in C�;j+1R (�;�). � is derivable, via asingle inference rule, from some formulas �1 : : :�n inC�0;jR (�0;�0).By the induction hypothesis �(�1) : : : �(�n) are in C�;jR (�;�).But �(�) is derivable from �(�1) : : : �(�n) and �(�) is a labelformula of � [ f�g. Thus �(�) is in C�;j+1R (�;�).Lemma: The rank of E is less than or equal to the rank of E 0.Proof: Let j be the rank of E 0. The formula 	0 is in C�0;jR (�0;�0).By the above lemma, �(	0) must be in C�;jR (�;�). Since �(	0)equals 	, the extension event E must have rank j or less.Lemma: If E 0 is not a feedback event then E is not a feedbackevent.Proof: Since E 0 is not a feedback event the formula 	0 is eithera member of CR(�0;�0) or is not a label formula of �0. In the�rst case, the above lemma implies that �(	0), and hence 	, is amember of CR(�;�). Now suppose that 	 is not a label formulaof �. Since 	0 is a label formula of �0 [ f�0g but not a labelformula of �0, the expression �0 must be a proper subexpressionof 	0. But this implies that �(�0) is a proper subexpression of�(	0) and thus � is a proper subexpression of 	. This impliesthat 	 is not a label formula of � and thus E is not a feedbackevent.The locality recognition procedure takes a bounded-local rule set R andautomatically constructs a proof of the locality of R using the same techniqueas that used above in proving the locality of the rule set M . The proof oflocality ofM involved showing that every extension event forM is an instanceof one of four speci�c templates. In order to construct an analogous proof foran arbitrary bounded-local rule set R, the procedure must generate a �niteset of extension event templates, speci�c to the rule set R, and must showthat this �nite set of extension event templates covers all extension eventsfor R. The recognition procedure uses a single process to both generate theextension event templates and to prove that the generated templates coverall extension events. This process starts with a set of \null" templates and19



generates new templates by iteratively passing existing templates throughthe inference rules.De�nition: The null template of kind � is <?�; ?	; f?	g; fg>where ?� is a metavariable of kind � .Observation: An extension event has rank 0 if, and only if, itis an instance of some null template.Without loss of generality we can consider only the syntactic kinds usedin the inference rules, so we need only consider a �nite set of null templates.The following lifting lemma states the existence of a procedure for passingtemplates through inference rules.Lifting Lemma: Let R be a �nite rule set and let T be a �nitetemplate set such that T covers all extension events for R of rankj or less. It is possible to compute a �nite template set R(T ) thatcovers all extension events of rank j + 1 or less.The proof of the lifting lemma, and a procedure for computing R(T ), is givenin appendix II.De�nition: For any rule set R, de�ne T0(R) to be the set of nulltemplates and de�ne Tj+1(R) to be Tj(R) [R(Tj(R)).2Observation: Tj(R) covers every extension event for R withrank j or less.Lemma: R is local if, and only if, there is no j such that Tj(R)contains a feedback event.Proof: Suppose there exists some feedback event for R. Thisextension event must have some �nite rank j and must be coveredby some element of Tj(R). Templates that are not feedback events2A \more e�cient" de�nition states that Tj+1(R) equals Tj(R) plus those elements ofR(Tj(R)) not already covered by some element of Tj(R).20



can not cover feedback events, so Tj(R) must contain a feedbackevent.Lemma: R is j-bounded-local if, and only if, Tj(R) does notcontain any feedback events, Tj(R) covers R(Tj(R)), and everymember of Tj(R) has rank j or less.3Proof: First suppose Tj(R) covers R(Tj(R)). Since covering istransitive, this implies that Tj(R) covers all extension events ofrank j + 1 or less. But, by the same argument, this implies thatTj(R) covers all extension events of rank j + 2 or less. In fact,Tj(R) covers all extension events. If, in addition, Tj(R) does notcontain any feedback events, then there can be no feedback eventsfor R and R must be local. If all templates in Tj(R) have rankj or less then, since no template can cover an extension event ofgreater rank, all extension events for R must have rank j or less.Now suppose that R is j-bounded local. Since there are nofeedback events for R, Tj(R) must not contain a feedback event.Since every extension event has rank j or less, Tj(R) must coverall extension events. This implies that Tj(R) covers R(Tj(R)).Finally, since all extension events for R have rank j or less, everytemplate in Tj(R) must have rank j or less.The recognition theorems follow directly from the above lemmas. A pro-cedure based on the above lemmas has been implemented and all claimsmade in this paper for the bounded-locality of particular rule sets have beenmechanically veri�ed.6 Additional ExamplesThis section presents additional examples of bounded-local rule sets. Theseexamples are intended to support the hypothesis that bounded-local rule sets3The most natural procedure for constructing R(T ) ensures that every extension eventin Tj(R) has rank j or less. 21



are quite common and easily constructed. The examples are also intendedto support the hypothesis that recognizing locality is usually di�cult.Three examples of local rule sets are discussed above | a Boolean ruleset B, an equality rule set E, and a monotonicity rule set M . Additionalexamples of bounded-local rule sets can be derived by considering variousunions of these rule sets, e.g., M [ B or M [ B [ E. It turns out thatall such unions are bounded-local. In general, however, a union of localrule sets need not be local. Similarly, a subset of a local rule set need notbe local. The locality of the various combinations of B, E, and M hasbeen determined through mechanical veri�cation. Except for the rule setB, which is 1-bounded-local, all combinations of rule sets B, E, and M are2-bounded-local.The next example is a rule set based on the syntactic structure of Englishunder Montague semantics. The rules involve expressions of three di�er-ent syntactic kinds: class expressions, speci�ed noun phrases, and formulas.The expressions can be given a simple semantics in which each class expres-sion denotes a set, each formula denotes a truth value, and each speci�ednoun phrase denotes an operator that maps sets to truth values (a secondorder predicate). For example if x denotes a set, then (every x) is a speci-�ed noun phrase and denotes a second order predicate that is true of a sety just in case the set x is a subset of the set y | a formula of the form((every x) y) is true just in case x � y. Similarly, a formula of the form((some x) y) is true just in case some element of the set x is a memberof the set y, i.e., just in case x \ y is non-empty. For any binary rela-tion R, and class expression C, we let (R (some C)) and (R (every C))be class expressions. For example, let kissed be a binary relation and letman and woman be class expression constants. We have the class expres-sions (kissed (some woman)) and (kissed (every woman)) and we haveformulas such as ((every man) (kissed (some woman))), or alternatively,((some man) (kissed (every woman))). The meaning of expressions of theform (R (some C)) and (R (every C)) can be de�ned so that the aboveformulas have a natural meaning. The inference rules shown in �gure 2 aresound under this natural semantics.Let N (for Natural) be the set of inference rules given in �gure 2. It runs22



22 ((every ?x) ?x)23 ((every ?x) ?y)((every ?y) ?z)((every ?x) ?z)24 ((some ?x) ?y)((some ?y) ?x)25 ((some ?x) ?y)((some ?x) ?x)
26 ((some ?x) ?y)((every ?y) ?z)((some ?x) ?z)27 ((every ?x) ?y)((every (?R (some ?x))) (?R (some ?y)))28 ((every ?x) ?y)((every (?R (every ?y))) (?R (every ?x)))29 ((some ?x) ?y)((every (?R (every ?x))) (?R (some ?y)))Figure 2: A Natural Rule Setout that the rule set N is not local. However, the notion of locality can beused to construct a polynomial time decision procedure for the relation `N .First, to see that N is not local, note that by combining inference rules 25and 30 we get((some C) S) `N ((every (R (every S))) (R (some C))):However, the derivation the expression (some S) occurs as a proper subex-pression in a formula in the derivation and (some S) does not appear in thestatement of the inference problem so we have((some C)S) 6` N ((every (R (every S))) (R (some C))):In spite of the fact that N is not local, the locality recognition procedurecan be used to show that the relation `N is polynomial time decidable. LetN 0 be the rule set constructed from N by replacing formulas of the form((every C) S) and ((some C) S) by formulas of the form (is-every C S)and (is-some C S) respectively. For any formula � and set of formulas� we similarly de�ne �0 and �0. We now have that � ` N � if, and23



only if, �0 `N 0 �0. It now su�ces to show that `N 0 is polynomial timedecidable. But one can machine-verify the fact that N 0 is 4-bounded-local.The re�ned tractability lemma then implies that there exists an order n3decision procedure for the relation `N 0 .7 DiscussionSeveral technical questions remain unanswered. First, although the aboveprocedure shows that k-bounded locality is decidable for arbitrary rule sets,it is not known whether (unbounded) locality is decidable. Another openquestion regards inference relations rather than rule sets. An inference rela-tion will be called local if it is generated by some local rule set. It is possiblefor a rule set R to be non-local and yet the relation `R is generated by someother rule set R0 where R0 is local | so the relation `R can be local eventhough R is not. Given a rule set R can one determine if the relation `Ris local? We will say that a relation is k-bounded-local if it is generated bysome k-bounded-local rule set. Can one determine if `R is k-bounded-local?It seems likely that the de�nition of locality can be improved. Considerthe \natural" rule set N given above. This rule set is not local but a trivialsyntactic transformation yields an essentially equivalent, but bounded-local,rule set N 0. In general, replacing formulas of the form (P s t) by formulasof the form ((P s) t), i.e., Currying the predicate P , can transform a localrule set into one that is not local. The fact that locality is sensitive tosuch trivial syntactic changes suggests that a more robust notion of localityis possible. Ideally, a de�nition of locality should have the property thatlocality of an arbitrary rule set is decidable, locality of a rule set guaranteesthat the generated inference relation is polynomial time decidable, and theclass of local relations is closed under certain simple syntactic transformationssuch as Currying.An improved notion of locality might also lead to improvements in there�ned tractability lemma. Ideally, one should be able to mechanically recog-nize that the Boolean inference relation is linear time decidable rather thanquadratic as the tractability lemma would indicate. Similarly, the single rule24



of transitivity generates a relation that is decidable in linear time, ratherthan cubic. In both of these examples the more e�cient algorithm can beviewed as a tighter restriction on forward chaining inference. Automaticconstruction of a fast congruence closure algorithm is perhaps too much toexpect | fast congruence closure is not simply a matter of tightening therestriction on forward chaining inference. However, it may be reasonable toinvoke special case mechanisms for rule sets that include the equality rulesas a subset. Hopefully, the framework presented in this paper is only a �rststep toward a more powerful, and more general, theory of tractable inferencerelations.
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APPENDIX I: The Tractability LemmaThe tractability lemma states that for any �nite rule set R, the relation` R is polynomial time decidable. The statement of the tractability lemmacan be re�ned to give a useful upper bound on the order of the polynomialinvolved. This re�nement requires some additional terminology.De�nition: An inference rule r will be said to have order kif there exist expressions e1 : : : ek, such that each ei is either ametavariable or a proper subexpression of some formula in therule r, and such that every metavariable that appears in r alsoappears in some ei.For example, the rule15b ?s1 = ?t1?s2 = ?t2?f(?s1; ?s2) = ?f(?t1; ?t2);has order two because the two expressions ?f(?s1; ?s2) and ?f(?t1; ?t2)satisfy the requirements of the above conditions. Note that the rule doesnot have order one because the equation ?f(?s1; s2) = ?f(?t1; ?t2) is not aproper subexpression of a formula in the rule. Similarly, the rule7 :?�:?	:(?� _ ?	)has order one, while the rule3 ?�?	 _ ?� 26



has order two.Re�ned Tractability Lemma: For a �xed �nite rule set R, itis possible to determine whether � ` R � in order nk time wheren is the total size of � and � and all rules in R have order k orless.Proof: For the purposes of this proof, a rule setR will be called normal if, forevery rule r in R, every metavariable in r appears as a proper subexpressionof some formula in r. We �rst reduce the problem of determining whether� ` R � to the the problem of determining whether � ` R � in the casewhere R is normal. If � is empty, and no inference rule in R has an emptyset of antecedents, then � 6` R �. Thus we can assume without loss ofgenerality that either � is non-empty or some rule in R has no antecedents.Consider a rule r and a metavariable ?	 that appears in r but does notappear as a proper subexpression of any formula in r. The only place ?	 canappear in r is as an antecedent or conclusion. If ?	 is both an antecedentand a conclusion, then r can be removed from the rule set without a�ectingthe relation ` R. If ?	 is an antecedent but not a conclusion, then the abovecomments about � and R imply that the rule r can be replaced by the ruler0 in which the antecedent ?	 has been removed. If ?	 is the conclusion ofr, but is not an antecedent of r, then we replace r by the rule r0 derived fromr by replacing the conclusion ?	 with a new formula constant F . Let R0 bethe rule set derived from R by making all such removals and replacements.We now have that � ` R � just in case � ` R0 � or � ` R0 F . Furthermore,R0 is a normal rule set and all rules in R0 have order k or less.Now, without loss of generality, we can assume that R is a normal rule set.Let � be the set 
(R;� [ f�g). For a �xed rule set R, the set � has ordern elements. We have that � ` R � just in case there exists a derivation	1;	2 : : :	n of � from � under R such that each 	i is a label formula of�. Let r be an inference rule in R. For any metavariable substitution � welet �(r) be the rule derived from � by replacing each metavariable in r by itsimage under �. Since R is normal, we need only consider those instances �(r)where � maps every metavariable in r to a member of �. Let e1 : : : ej be a setof expressions that satisfy the conditions of the de�nition of r being order j.27



Each ei is either a metavariable or a proper subexpression of some formulain r. This implies that we need only consider those instances �(r) where �is a substitution such that �(e1) : : : �(ej) are all members of �. Since everymetavariable in r appears in some ei, the set of all such instances �(r) can becomputed by matching the expressions e1 : : : ej against elements of �. Fora �xed rule r (independent of the size n), the set of all possible matches ofe1 : : : ej to elements of � can be computed in order nj time. The restrictionthat each �(ei) be an element of � does not guarantee that the conclusionand antecedents of �(r) are label formulas of �. Let I(r) be the set of allsuch instances �(r) such that the conclusion and all the antecedents of �(r)are label formulas of �. The set I(r) can be computed in order nj time. LetI(R) be the union of the sets I(r) for rules r in R. The set I(R) can becomputed in order nk time. We now have that � ` R � just in case � canbe derived from � under the rules I(R) by purely propositional reasoning(we need not consider further substitution into the rules in I(R)). This isequivalent to determining if a given proposition symbol can be derived froma set of proposition symbols using a set of propositional Horn clauses. Theexistence of such a derivation can be determined in time proportional tothe total size of the set of propositional Horn clauses. Since I(R) can becomputed in order nk time, its total size is order nk.
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APPENDIX II: The Lifting LemmaThe lifting lemma can be stated as follows.Lifting Lemma: Let R be a �nite rule set and let T be a �nite template setsuch that T covers all extension events for R of rank j or less. It is possibleto compute a �nite template set R(T ) that covers all extension events of rankj + 1 or less.The template set R(T ) can be constructed from R and T as follows.De�nition: Let R be a set of inference rules and let T be a set of extensionevent templates such that any individual metavariable appears in at most onerule or template (the rules and templates have all been resolved apart). Wede�ne R(T ) to be the set of extension event templates that can be generatednon-deterministically by the following procedure.1. Let �1...�n�be a rule in R and let <�1;	1;�1;�1> : : :<�n;	n;�n;�n> be tem-plates in T such that there exists a metavariable substitution � suchthat �(�i) = �(	i) for 1 � i � n and �(�i) = �(�j) for 1 � i � j � n.2. Let � be the most general substitution satisfying the above conditions.3. Let � be the expression �(�i) for any �i.4. Let fs1 : : : skg be the set of all top level proper subexpressions of �(�),i.e., proper subexpressions of �(�) that are not proper subexpressionsof any (larger) proper subexpression of �(�).5. Let fu1 : : : umg and fw1 : : : wpg be disjoint sets whose union is fs1 : : : skgand such that there exists a substitution �0 such that �0(ui) = �0(�) for1 � i � m. 29



6. Let �0 be the most general substitution satisfying the above conditionsfor the selected expressions u1 : : : um.7. Let �0 be �0(�).8. Let �0 be �0(�(�)).9. Let �0 be �0(�(S1�i�n(�i))).10. Let �0 be the least subexpression closed set containing all of the fol-lowing:(a) All closed (variable-free) proper subexpressions of formulas thatappear in the rule set R.(b) All proper subexpressions of �0(c) All sets of the form �0(�(�i)) for 1 � i � n(d) All proper subexpressions of �0.(e) The expressions �0(w1) : : : �0(wp).11. If �0 is not a member of �0 then output <�0;�0;�0;�0>.Lemma: If T is a set of extension event templates for R then R(T ) is alsoa set of extension event templates for R and if all templates in T have rankj or less then all templates in R(T ) have rank j + 1 or less.Proof: Let <�0;�0;�0;�0> be some tuple in R(T ). An extension eventtemplate is just an extension event (which may contain metavariables) sowe have to show that this tuple satis�es all of the conditions for being anextension event for R. Step 10 ensures that �0 is subexpression closed andsteps 10a and 10b ensure that �0 contains 
(R;�0). Step 10d, and thecondition in step 11 that �0 not be in �0, ensure that �0 is a one step extensionof �0. Steps 3, 4, 5, 6, and 10e ensure that every immediate subexpressionof �0 is either a member of �0 or is equal to �0. This guarantees that �0 is alabel formula of �0 [ �0.We must also show that the formula �0 is a member of C�0;j+1R (�0;�0). Let<�1;	1;�1;�1> : : :<�n;	n;�n;�n> be the templates in T selected at step30



1 of the procedure. Let �00 be the substitution that maps every expression e to�0(�(e)) where � and �0 are the substitutions constructed in steps 2 and 6 re-spectively. The construction of the substitution �0 ensures that �0 is derivablefrom �00(	1) : : : �00(	n) via a single inference rule. For each 	i we have that	i is a member of C�;jR (�i;�i). Now we show that �00(CR(�i;�i)) is a subsetof CR(�0;�0). Let � be any formula in CR(�i;�i) we must show that �00(�)is a member of CR(�0;�0). Let D be a derivation of � from �i such that ev-ery formula in D is a label formula of �i. �00(D) is a derivation of �00(�) from�00(�). Furthermore, since every proper subexpression of every formula in Dis a member of �i, every proper subexpression of every formula in �00(D) is amember of �0. Thus �00(�) is a member of CR(�0;�0), and rho00(CR(�i;�i))is a subset of CR(�0;�0). Since 	i is a member of C�i;jR (�i;�i), there ex-ists a depth j derivation of �00(	i) from �00(CR(�i;�i)). Since �00(CR(�i;�i)is a subset of CR(�0;�0), there exists a depth j derivation of �00(	i) fromCR(�0;�0). An argument similar to the one above shows that every formulain this derivation is a label formula of �0[f�0g and thus �00(	i) is a memberof C�0;jR (�0;�0). But �0 is derivable in one step from �00(	1) : : : �00(	n) andthus �0 must be a member of C�0;j+1R (�0;�0). 2Lemma: If T is a set of templates that covers all extension events with rankj or less, then R(T ) covers all extension events of rank j + 1.Proof: Let E 00 be an extension event <�00;�00;�00;�00> of rank j+1 (the useof double primes allows the names used in this proof to agree with the namesused in the above procedure). By de�nition, �00 is a member of C�;j+1R (�;�)but not a member of C�;jR (�;�). This implies that there exist formulas	001 : : :	00n in C�00;jR (�00;�00) and an inference rule r of the form�1...�n�in R that allows �00 to be derived from 	001 : : :	00n by applying a substitution �to the inference rule. We have that �(�i) = 	00i and �(�) = �00. Let E 001 : : : E 00n31



be the extension events <�00;	001;�00;�00> : : :<�00;	00n;�00;�00> respectively.Each extension event E 00i has rank j or less and thus each E 00i is covered by sometemplate in T . Let E1 : : :En be templates<�1;	1;�1;�1> : : :<�n;	n;�n;�n>that cover extension events E 001 : : :E 00n via substitutions �1 : : : �n respectively.We have assumed that no metavariable appears in more than one of r, E1 : : :En. Therefore we can de�ne a substitution � such that for any metavariablex, if x appears in r then � (x) equals �(x); if x appears in E i then � (x) equals�i(x); otherwise � (x) equals x. We now have� (�i) = �(�i) = 	00i� (	i) = �i(	i) = 	00i� (�i) = �i(�i) = �00:Thus we have that � (�i) = � (	i) for 1 � i � n and � (�i) = � (�j) for1 � i � j � n. So the substitution � satis�es all of the conditions given instep 1 of the procedure. Let � be the most general substitution satisfyingthese conditions, as constructed at step 2 of the procedure.The substitution � is at least as general as � . This implies that thesubstitution � can be written as � followed by another substitution � 0, i.e.,for any expression e we have that � (e) equals � 0(�(e)). Let � be �(�i) asde�ned in step 3 of the procedure. Since � 0(�(�i)) equals � (�i) which equals�00, we have that � 0(�) equals �00. The expression � 0(�(�)) equals � (�) whichequals �00. Thus � 0(�(�)) is a label formula of �00 [ f�00g. This impliesthat, for each immediate subexpression s of �(�), we have that � 0(s) eitherequals �00 or is a member of �00. Let u1 : : : uk be the set of all immediatesubexpression u of �(�) such that � 0(u) equals �00. Let w1 : : :wp be theset of immediate subexpressions w of �(�) such that � 0(w) is a member of�00. Note that for each ui we have that � 0(ui) equals �00 which equals � 0(�).Thus � 0 is a substitution that satis�es the requirement of step 5. Let �0 bethe substitution de�ned in step 6 of the procedure, i.e., the most generalsubstitution such that �0(ui) = �0(�) for 1 � i � m.The substitution �0 is at least as general as � 0. As before, this impliesthat � 0 can be written as �0 followed by another substitution � 00, i.e., for anyexpression e, � 0(e) equals � 00(�0(e)). We now have that for any expression e,� (e) equals � 00(�0(�(u)). Let �0, �0, �0, and �0 be de�ned as in steps 7, 8, 9,32



and 10 of the procedure, and let E 0 be the tuple <�0;�0;�0;�0>. We will nowshow that E 0 is an extension event template that covers the original extensionevent <�00;�00;�00;�00> via the substitution � 00. We have that � 00(�0) equals� 00(�0(�)) which equals �00. Similarly, � 00(�0) equals �00. Furthermore, a caseanalysis on steps 10a through 10d can be used to show that � 00(�0) is a subsetof �00. This implies that �0 is not a member of �0, otherwise we would havethat � 00(�0) is a member of � 00(�0) and so �00 would be a member of �00 whichviolates the original condition that �00 be a one-step extension of �00. Since�0 is not a member of �0 the tuple E 0 is output by the procedure and thus isa member of R(T ). By the above lemma, E 0 is an extension event template.Finally, we must show that � 00(�0) is a subset of CR(�00;�00). The set � 00(�0)equals S1�i�n � 00(�0(�(�i))) which equals S1�i�n � (�i). But by assumption,� (�i), which equals �i(�i), is a subset of CR(�00;�00). 2References[1] Peter J. Downey, Ravi Sethi, and Robert E. Tarjan. Variations on thecommon subexpression problem. JACM, 27(4):758{771, October 1980.[2] Robert Givan, David McAllester, and Sameer Shalaby. Natural languagebased inference procedures applied to schubert's steamroller. In AAAI-91,pages 915{920. Morgan Kaufmann Publishers, July 1991.[3] Dexter C. Kozen. Complexity of �nitely presented algebras. In Proceed-ings of the Ninth Annual ACM Symposium on the Theory of Computu-tation, pages 164{177, 1977.[4] D. McAllester, R. Givan, and T. Fatima. Taxonomic syntax for �rstorder inference. In Proceedings of the First International Conference onPrinciples of Knowledge Representation and Reasoning, pages 289{300,1989. To Appear in JACM.[5] David A. McAllester. Ontic: A Knowledge Representation System forMathematics. MIT Press, 1989.[6] Radford Neal. The computational complexity of taxononic inference.University of Toronto, December 1989.33
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