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Learning regular languages

e Edward F Moore, 1956
Gedanken-experiments on sequential machines

e E. Mark Gold,1972
System Identification via State Characterization

e Dana Angluin, 1987
Learning reqular sets from queries and counterexamples

e learning w- languages [MP95]
e learning parameterized languages [BJRO6]
e learning register automata [HSM11, HSJC12]
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L* Algorithm

e Active learning using two types of queries
Membership Queries

w62*4>m—>yes/no

Equivalence Queries

h

e Exactly learns the minimal DFA in polynomial time
e size of automaton (number of states)
e size of alphabet
e length of counterexample



L* Algorithm

e Initialize

(o @r <=»

<

Q>



Learning Symbolic Automata Symbolic Learning Conclusion
0000e00 (e]e) 000 o

L* Algorithm

e Initialize
o Ask MQs



Learning Symbolic Automata Symbolic Learning Conclusion
0000e00 [e]e] 000 o]

L* Algorithm

@ e Initialize

p o Ask MQs



Learning Symbolic Automata Symbolic Learning Conclusion
0000e00 [e]e] 000 o]

L* Algorithm

e Initialize
o Ask MQs




Learning Symbolic Automata Symbolic Learning Conclusion
0000e00 (e]e) 000 o

L* Algorithm

e Initialize
o Ask MQs

a,b



Learning Symbolic Automata Symbolic

0000800 (e]e] [e]e]e}

L* Algorithm

a,b

—>( +/-

Learning

e Initialize
o Ask MQs

Conclusion
o]



Learning Symbolic Automata Symbolic Learning Conclusion
0000e00 [e]e] 000 o]

L* Algorithm

e Initialize
o Ask MQs

a,b

— > 4+/-




Learning Symbolic Automata Symbolic Learning
0000e00 [e]e] 000

L* Algorithm

) o Initialize
ab ae o’ o Ask MQs

Conclusion
o]



Learning Symbolic Automata Symbolic Learning Conclusion
0000e00 [e]e] 000 o]

L* Algorithm

e Initialize
o Ask MQs

— e When automaton
is well defined

Ask EQ



Learning Symbolic Automata Symbolic Learning Conclusion
0000e00 [e]e] 000 o]

L* Algorithm

e Initialize
o Ask MQs

e When automaton
is well defined

Ask EQ
e Use the

counterexample to
fix the automaton

a,b

—( +/-




Learning Symbolic Automata Symbolic Learning Conclusion
0000e00 [e]e] 000 o]

L* Algorithm

— - e Initialize
. ) /_\/ o Ask MQs
— (e +/- Q‘/\ e When automaton
) is well defined
Ask EQ
e Use the

counterexample to
fix the automaton




Learning Symbolic Automata Symbolic Learning Conclusion
0000080 [e]e] 000 o]

Observation Table - T = (2,5, R, E, f)

e ¥ ={a,b}

[0}
|
+ +|=

ba | —

aa | +
ab | +
bb | — —
baa | — —

bab | — —

+ +




Learning Symbolic Automata Symbolic Learning Conclusion
00000e0 [e]e] 000 o]

Observation Table - T = (2,5, R, E, f)

e ¥ ={a,b}

[0}
|
+ +|=

e S C ¥* prefixes

ba | —

aa | +
ab | +
bb | — —
baa | — —

bab | — —

+ +




Learning Symbolic Automata Symbolic Learning Conclusion
00000e0 [e]e] 000 o]

Observation Table - T = (2,5, R, E, f)

e ¥ ={a,b}

[0}
|
+ +|=

e S C ¥* prefixes

ba | —

aa | +
ab | +
bb | — —
baa | — —
bab | — —

e =5-%\ S boundary

+ +




Learning Symbolic Automata Symbolic Learning Conclusion
00000e0 [e]e] 000 o]

Observation Table - T = (2,5, R, E, f)

- i j_ e ¥ ={a,b}

Z + F e S C ¥* prefixes

ba | — — e =5-%\ S boundary
aa | + + e [/ C ¥* suffixes

ab | + +

bb | — —

baa | — —

bab | — —




Learning
000000

Symbolic Automata

(e]e]

Symbolic Learning Conclusion
000 o]

Observation Table - T = (2,5, R, E, f)

ba

I+ +|=

aa
ab
bb
baa

bab

+ +

Y ={a,b}

S C ¥* prefixes

R =S8-%¥\ S boundary
F C ¥* suffixes

f:SURX I — {+,—} classification
function



Learning
000000

Symbolic Automata

(e]e]

Symbolic Learning Conclusion
000 o]

Observation Table - T = (2,5, R, E, f)

ba

I+ +|=

aa
ab
bb
baa

bab

+ +

Y ={a,b}

S C ¥* prefixes

R =S8-%¥\ S boundary
F C ¥* suffixes

f:SURX I — {+,—} classification
function



Learning
000000

Symbolic Automata

(e]e]

Symbolic Learning Conclusion
000 o]

Observation Table - T = (2,5, R, E, f)

ba

I+ +|=

aa
ab
bb
baa

bab

+ +

Y ={a,b}

S C ¥* prefixes

R =S8-%¥\ S boundary
F C ¥* suffixes

f:SURX I — {+,—} classification
function



Learning Symbolic Automata Symbolic Learning Conclusion
00000e0 [e]e] 000 o]

Observation Table - T = (2,5, R, E, f)

- < i o ¥ ={a,b}

Z + F e S C ¥* prefixes

ba | — — e =5-%\ S boundary

aa |+ + e [/ C ¥* suffixes

ab |+ +

bb | — - o f:SUR X FE — {+,—} classification
baa | — — function

bab | — —

o fo: Il —={+,~}forallse SUR
fs(e) = f(s-e)



Learning Symbolic Automata Symbolic Learning Conclusion
00000e0 [e]e] 000 o]

Observation Table - T = (2,5, R, E, f)

- < i o ¥ ={a,b}

Z T e S C X" prefixes

ba | — — e =5-%\ S boundary

aa |+ e [/ C ¥* suffixes

ab |+ +

bb | — - o f:SUR X FE — {+,—} classification
baa | — — function

bab | — —

o fo: Il —={+,~}forallse SUR
fs(e) = f(s-e)



Learning Symbolic Automata Symbolic Learning Conclusion
00000e0 [e]e] 000 o]

Observation Table - T = (2,5, R, E, f)

- < i o ¥ ={a,b}

Z’ +F e S C ¥* prefixes

ba | — — e =5-%\ S boundary

aa |+ + e [/ C ¥* suffixes

ab |+ +

bb | — - o f:SUR X FE — {+,—} classification
baa | — — function

bab | — —

o fo: Il —={+,~}forallse SUR
fs(e) = f(s-e)



Learning Symbolic Automata Symbolic Learning Conclusion
00000e0 [e]e] 000 o]

Observation Table - T = (2,5, R, E, f)

T * ¥ ={ab}

Z’ + F e S C ¥* prefixes

ba | — — e =5-%\ S boundary

O e [/ C ¥* suffixes

ab |+ +

bb | — - o f:SUR X E — {4, —} classification
baa | — — function

bab | — —

o fo: Il —={+,~}forallse SUR
fs(e) = f(s-e)



€

a

Observation Table - T = (2,5, R, E, f)

DA



.

Observation Table - T = (2,5, R, E, f)

DA



Observation Table - T = (2,5, R, E, f)

— ©
a

DA



b

Observation Table - T = (2,5, R, E, f)

e
i

ot
a

DA



Observation Table - T = (2,5, R, E, f)

>
.:pa,b

it
it
-

DA



Observation Table - T = (2,5, R, E, f)

e
L

it
it
-

DA



Observation Table - T = (2,5, R, E, f)

€ a OQ“”’

e S U IR is prefix-closed _»<:

.:Da,b

«O>» «Fr «=>»

<

it
-




Observation Table - T = (2,5, R, E, f)

e
L

«O>» «Fr «=>»

<

it
-

O:D a,b
e S U IR is prefix-closed _»<:
a,b
e [/ is suffix-closed .D




e T closed

VreR,3s€S, fr=1[s

«O>» «Fr «=>»

<

Observation Table - T = (2,5, R, E, f)

O:D a,b
e S U IR is prefix-closed _»<:
a,b
e [/ is suffix-closed .D

DA




e T closed

V’I'ER, ElSES,fT:fS

«O>» «FHr «=>»

<

Observation Table - T = (2,5, R, E, f)

Q’,D a,b
e S U IR is prefix-closed H<:
a,b
e [/ is suffix-closed .D

DA




Learning Symbolic Automata Symbolic Learning Conclusion
00000e0 [e]e] 000 o]

Observation Table - T = (2,5, R, E, f)

a,b

€ a a
€ = .
@ + o+ e SU R is prefix-closed @ boob /
a,b
b - e [/ is suffix-closed ©
ba | — —
bab | + —
aa | + +
ab | + + e T closed
. Vre R,ds €S, fr = fs
bb
baa | — —




Learning Symbolic Automata Symbolic Learning Conclusion
00000e0 [e]e] 000 o]

Observation Table - T = (2,5, R, E, f)

a,b

€ a a
€ = .
@ + o+ e SU R is prefix-closed @ boob /

a,b
b - e [/ is suffix-closed ©
ba | — —
bab | + —
aa | + +
ab | + + e T closed
W | —  — VreR, Is€S, fr="fs
baa | — — e T consistent
Vs, s’ € S\Va €X, fs = for = foa = [sra




Learning Symbolic Automata Symbolic Learning Conclusion
00000e0 [e]e] 000 o]

Observation Table - T = (2,5, R, E, f)

a,b

€ a a
€ = .
@ + o+ e SU R is prefix-closed @ boob /

a,b
b - e [/ is suffix-closed ©
ba | — —
bab | + —
aa | + +
ab | + + e T closed
W | —  — VreR, Is€S, fr="fs
baa | — — e T consistent
Vs, s’ € S\Va €X, fs = for = foa = [sra




Learning Symbolic Automata Symbolic Learning Conclusion
00000e0 [e]e] 000 o]

Observation Table - T = (2,5, R, E, f)

a,b

€ a a
€ = .
@ + o+ e SU R is prefix-closed @ boob /

a,b
b - e [/ is suffix-closed ©
ba | — —
bab | + —
aa | + +
ab | + + e T closed
b | —  — VreR,3s€ S, fr = fs
baa | — — e T consistent
Vs, s’ € S\Va €X, fs = for = foa = [sra




Learning Symbolic Automata Symbolic Learning Conclusion
00000e0 [e]e] 000 o]

Observation Table - T = (2,5, R, E, f)

b a a,b

€ a

€ = .

b + 4+ e SU R is prefix-closed @ boob /
a,b

b - e [/ is suffix-closed ©

ba | — —

bab | + —

aa | + +

ab | + + e T closed

b | — — VreR, Is€S, fr="fs

baa | — — e T consistent

Vs, s’ € S\Va €X, fs = for = foa = fsra




Learning
000000

Symbolic Automata

(e]e]

Symbolic Learning Conclusion
000 o]

Observation Table - T = (2,5, R, E, f)

ba
bab

|+ 4|

aa
ab
bb

baa

+ +

e SU R is prefix-closed Hb b '
e [/ is suffix-closed ! ¢
b a

e T closed
V’I"ER, ds € S;fr:fs

e I' consistent
VS,S/ S S,Va S E, fs = fs’ = fs-a - fs’-a



L* Example (2 = {a,b})

«O» «Fr «=)>»

Q>



B S —
L* Example (s = {a,b})

observation table

hypothesis automaton
ﬁ

ab
_.‘_. ?
a
b

«O>» «FHr «=>»

<4

it
-

DA



B S —
L* Example (s = {a,b})

observation table

hypothesis automaton
ﬁ

_.‘_.a’ L
a +
b

«O>» «FHr «=>»

<4

it
-

DA



B S —
L* Example (s = {a,b})

observation table

hypothesis automaton
ﬁ

a,b

«O>» «FHr «=>»

<4

it
-

DA



L* Example (s = {a,b})

observation table

hypothesis automaton

b
_.9 a Q “ ?
b

«O>» «FHr «=>»

<4

it
-

DA



L* Example (s = {a,b})

observation table

hypothesis automaton

b
_.9 a Q “ ?
b

«O>» «FHr «=>»

<4

it
-

DA



L* Example (s = {a,b})

observation table

hypothesis automaton

b
_.9 a Q “ ?
b

«O>» «FHr «=>»

<4

it
-

DA



L* Example (s = {a,b})

observation table

hypothesis automaton

b
_.9 a Q “ ?
b

«O>» «FHr «=>»

<4

it
-

DA



L* Example (s = {a,b})

observation table

hypothesis automaton
: *9—\1/01”
a

b

«O>» «FHr «=>»

<4

it
-

DA



Learning
000000e

Symbolic Automata Symbolic Learning
00 000

L* Example (z = {a,b})

o
observation table

hypothesis automaton

: B Ok
a
a 4 b
Ask Equivalence Query:
ab | +

counterexample: —ba

DA



L* Example (s = {a,b})

observation table

hypothesis automaton
: Hh\f/@:”
a
ba | —

b

counterexample: —ba

«0O0>» «Fr «=»r «

»

DA



L* Example (s = {a,b})

observation table

hypothesis automaton

counterexample: —ba

«0O0>» «Fr «=»r «

»

DA



L* Example (s = {a,b})

observation table

hypothesis automaton

o0

b

€
ba | —
bb
baa
bab

«O>» «FHr «=>»

<

it
-

DA



L* Example (s = {a,b})

observation table

hypothesis automaton
€ a
— b
b
ba | —
bb | +
baa | —
bab | +

«O>» «FHr «=>»

<

it
-

DA



1]
&

L* Example (s = {a,b})

observation table

hypothesis automaton

b

Table is not consistent!

«0O0>» «Fr «=»r «

»

o0

DA



i
&

L* Example (s = {a,b})

observation table

hypothesis automaton

b

Table is not consistent!

«0O0>» «Fr «=»r «

»

o0

DA



=
.

L* Example (s = {a,b})

observation table

hypothesis automaton

b

Table is not consistent!

«0O0>» «Fr «=»r «

»

o0

DA



L* Example (s = {a,b})

observation table

hypothesis automaton
€ a

«O>» «FHr «=>»

<4

it
-

DA



L* Example (s = {a,b})

observation table

hypothesis automaton
€ a

«O>» «FHr «=>»

<4

it
-

DA



L* Example (s = {a,b})

observation table

hypothesis automaton
€ a

«O>» «FHr «=>»

<4

it
-

DA



observation table

a

L* Example (s = {a,b})

hypothesis automaton

Ask Equivalence Query:

True

«O>» «Fr «

it
-

DA



Learning Symbolic Automata Symbolic Learning Conclusion
0000000 [e]e] 000 o]

Outline

Symbolic Automata
Symbolic automata
Symbolic languages



Learning Symbolic Automata Symbolic Learning Conclusion
0000000 [ 1] 000 o]

Deterministic Symbolic Automaton

% =[1,100] C N

(1, 50], [71, 100]
®

(51, 70]




Learning Symbolic Automata Symbolic Learning Conclusion
0000000 [ 1] 000 o]

Deterministic Symbolic Automaton

% =[1,100] C N

. [1] [1, 50], [71, 100]

P



Learning Symbolic Automata Symbolic Learning Conclusion
0000000 [ 1] 000 o]

Deterministic Symbolic Automaton

% =[1,100] C N

1, 50]

°

(51, 100]



Learning Symbolic Automata Symbolic Learning Conclusion
0000000 [ 1] 000 o]

Deterministic Symbolic Automaton

% =[1,100] C N




Learning Symbolic Automata Symbolic Learning Conclusion
0000000 [ 1] 000 o]

Deterministic Symbolic Automaton

% =[1,100] C N

(1, 50], [71, 100]
®

(51, 70]




Learning Symbolic Automata Symbolic Learning Conclusion
0000000 [ 1] 000 o]

Deterministic Symbolic Automaton

% =[1,100] C N




Learning Symbolic Automata Symbolic Learning Conclusion
0000000 [ 1] 000 o]

Deterministic Symbolic Automaton

% =[1,100] C N

aopl = [1,50]
ap2 = [51, 100]

ail —
() asnrass an =

as2




Learning Symbolic Automata Symbolic Learning Conclusion
0000000 [ 1] 000 o]

Deterministic Symbolic Automaton

% =[1,100] C N

aopl = [1,50]
ap2 = [51, 100]

ail —
() asnrass an =

E = {001,002,...}

as2




Learning Symbolic Automata Symbolic Learning

Conclusion
0000000 [ Ie} 000

[e]

Deterministic Symbolic Automaton

% =[1,100] C N

aopl = [1,50]
ap2 = [51, 100]

ail —

E = {001,002,...}

3y = {ao1, a0z}
aso 3 = {011, aiz, 013}




Learning Symbolic Automata Symbolic Learning Conclusion
0000000 [ 1] 000

Deterministic Symbolic Automaton
5 = [1,100] C N
aopl = [1, 50]
ap2 = [51, 100]

ail —

E = {001,002,...}

3y = {ao1, a0z}
aso 3 = {011, aiz, 013}

as; H‘Jazz

az2 acx,
q4



Learning Symbolic Automata Symbolic Learning
0000000 [ 1] 000

Conclusion
[e]

Deterministic Symbolic Automaton

% =[1,100] C N

aopl = [1,50]
ap2 = [51, 100]

ail —

E = {001,002,...}

3y = {ao1, a0z}
aso 3 = {011, aiz, 013}

as; H‘Jazz

az2 acx,
q4

PYg 1B =Xy, VgeQ



Learning Symbolic Automata Symbolic Learning
0000000 [ 1] 000

Conclusion
[e]

Deterministic Symbolic Automaton

% =[1,100] C N

aopl = [1,50]
ap2 = [51, 100]

ail —

E = {001,002,...}

3y = {ao1, a0z}
aso 3 = {011, aiz, 013}

as; H‘Jazz

az2 acx,
q4

PYg 1B =Xy, VgeQ
1/’611(10) = a2



Learning Symbolic Automata Symbolic Learning
0000000 [ 1] 000

Conclusion
[e]

Deterministic Symbolic Automaton

% =[1,100] C N

aopl = [1,50]
ap2 = [51, 100]

ail —

E = {001,002,...}

3y = {ao1, a0z}
aso 3 = {011, aiz, 013}

as; H‘Jazz

az2 acx,
q4

PYg 1B =Xy, VgeQ
1/’611(10) = a2



Learning Symbolic Automata Symbolic Learning Conclusion
0000000 (1) 000 o

Deterministic Symbolic Automaton

% =[1,100] C N
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ail —
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d(q,a) =4 iff §(qg,a) =¢,a€a
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e () is a finite set of states,

® qp is the initial state,

F is the set of accepting states,

3 is a finite alphabet, decomposable into ¥ = |4 4€Q DI

= {1, : ¢ € Q} is a family of total surjective functions

Pg 1 X — X,

0:@Q XX — @ is a partial transition function decomposable into
a family of total functions 4, : {¢} x 3; — @,

w = aiaz...a, accepted

(S*(q(], aias ... LLT,,) = 6*(5((]0,@9(1(&1)), as ... LLn) S F
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Deterministic Symbolic Automaton

A = (Z’ 27 w’ Q? 5’ qO’ F)? Where

e Y is the input alphabet,
e () is a finite set of states,

® qp is the initial state,

F is the set of accepting states,

3 is a finite alphabet, decomposable into ¥ = |4 4€Q DI

= {1, : ¢ € Q} is a family of total surjective functions

Pg 1 X — X,

0:@Q XX — @ is a partial transition function decomposable into
a family of total functions 4, : {¢} x 3; — @,

L(A) = {w € ¥*[6" (q0,w) € I}
w = aiaz...a, accepted

6*((](],&1@2 - LLn) = 6*(5((]0,@9,1((11))7042 - an) cF
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Symbolic Algorithm
Evidences Counterexample
minimal

- length
- lexicographically

TR YR DY

w(a) =min{a € T |Y(a) = a}
m(aor) =1
u(ap2) =51

n(a) € [a]

Conclusion
o]
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Symbolic Algorithm

Evidences Counterexample

minimal
- length
- lexicographically

® Discover new states

® Refine partitions

TR YR DY

w(a) =min{a € T |Y(a) = a}
m(aor) =1
u(ap2) =51

n(a) € [a]

Conclusion
o]
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Symbolic Algorithm

Evidences Counterexample

minimal
- length
- lexicographically

® Discover new states

® Refine partitions

TR YR DY . .

w(a) = min{a € £|¢(a) = a} e Split a symbolic letter
wao) = 1 e Move letters from one
w(aoz) = 51 symbolic letter to another

w(a) C [a]
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Symbolic Algorithm

Evidences Counterexample

minimal
- length
- lexicographically

® Discover new states

® Refine partitions

TR YR DY . .
w(a) = min{a € £|¢(a) = a} e Split a symbolic letter
wao) = 1 e Move letters from one
symbolic letter to another
m(aoz) =51
All evidences of the same symbolic
u(a) C [a) letter behave the same

evidence compatibility
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Symbolic algorithm

Repeat

e Create symbolic letters for all states and set evidences
Ask MQs to complete the observation table
Find observation table that is closed, consistent and
evidence compatible

Ask EQ
Use the counterexample to update the table

e Discover new state (vertical expansion)
e Refine symbolic letters (horizontal expansion)
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observation table Y = {¢s}ses hypothesis automaton
€ 1 e . [1,23] 66, 100]
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Example (z =1, 100)

observation table Y = {¢s}ses hypothesis automaton
€ 1 e . [1,23] 66, 100]
lao] = [1,23]
€ - + las] = [24,100]
alo + - Yag 51, 100]
24 fan) = [1, 69 24,100
as - - [as] = [66,100] [24, 100] °
; 1, 50]
T 1 ras
aoal - + laq] = [1,50]
1 66 las] = [51, 100] Ask Equivalence Query:
aopas + - T
rue
24 1
a20a4 | — -
24 51
azas | + —

M ={e1,24,11,166,241,2451,111,1661,2411,24511}

|M| =11, [MQ[ =17, [EQ| =5, [S]| =3, |[R| =4
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Example (z =1, 100)

observation table Y = {¢s}ses hypothesis automaton
c 1 be R [1,23] 66, 100]
lao] = [1,23]
€ - + las] = [24,100]
alo + - Yag 51, 100]
24 fan) = [1, 69 24,100
as - = [as] = 66, 100] (24, 100] °
; 1, 50]
T 1 vaa
aoal - + laq] = [1,50]
1 66 las] = [51, 100] Ask Equivalence Query:
aopas + - T
rue
24 1
a2a4 | —
24 51
azas | + —

M ={¢1,24,11,166,241,2451,111,1661,2411,24511}
M| =790, |IMQ| =789, |EQ| =2, |S| =4, |R| = 396

|M| =11, [MQ[ =17, [EQ| =5, [S]| =3, |[R| =4
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Conclusion - Future work
Conclusion:

e learning languages over large or infinite alphabets

e finite number of convex intervals

e without using variables

e polynomial time in the number of states and maximum
number of intervals

Future Work:

e PAC-learning (Probably Approximately Correct Learning)

e the counterexample is not smallest
e learn without equivalence queries

e what if we do not have intervals?
e other types of alphabets
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e finite number of convex intervals

e without using variables

e polynomial time in the number of states and maximum
number of intervals

Future Work:

e PAC-learning (Probably Approximately Correct Learning)

e the counterexample is not smallest
e learn without equivalence queries

e what if we do not have intervals?
e other types of alphabets
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