Efficient Robust Monitoring for STL

Alexandre Donzé!, Thomas Ferrére?, Oded Maler?

1 University of California, Berkeley, EECS dept
2 Verimag, CNRS and Grenoble University

May 28, 2013



Overview

» Signal Temporal Logic (STL): temporal specifications for continuous
and hybrid systems
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Formal Definitions

Definition (STL Syntax)
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Formal Definitions

Definition (STL Syntax)

pi=true |z >c| | oAe]|eUrp

with I closed interval of Rt

Definition (STL Semantics)

The validity of a formula ¢ with respect to a trace w at time ¢ is

w, t F true
wtEx>c <<= z(t)>c
w, t E - w, t

<~
w,t E oAy <— w,tFyand w,tF
w,tEpUry <<= 3t et+Ist wt'EY
and V" € [t, '], w,t" E p

Additionally: Q7@ := T Ujp and O; @ := =01 .
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Monitoring

Truth value of a formula for a given trace defines a Boolean signal
Definition (Satisfaction Signal)

Tifw,tE @

x(e,w,.) =1t { | otherwise

Procedure: by bottom-up computation of x (v, z,.) for each subformula
Yep
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From Boolean to quantitative semantics

Boolean algebra Real algebra
{T,L},<,—) (RU{T,L},<,—)
pVp~Dp -
pAtrue ~ p -

pV(gAT) ~ (A V(PAT) -
pA=g ~ =(pVq) -
pV —p ~ true X
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Satisfaction Signal

X (true, w, t) = T
T if z;i(t) > ¢,
>
Xz 2 ¢ w, ) 1 otherwise
X(_"p7 w, t) = _X(907 w, t)
xX(e A, wt) = min{x(e, w,t),x(p, w, )}
X(‘P Uy, w, t) = sup mln{X(% w, t,)a inf X(@? w, t//)}
tett+I et ]
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Quantitative Semantics

p(true, w, t) = T

p(xl > ¢, w, t) = xl(t) - ¢

P(_‘(Pa w, t) = _p(SOa w, t)

ple Ay, w,t) = min{p(p,w,t),p(Y, w,t)}
pleUry,w,t) = sup min{p(¢,w,t'), inf p(p,w,t")}

b
tett1 et t]
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Property of Robustness Estimate

» Sign indicates satisfaction status

» Absolute value indicates tolerance

Theorem (Faneikos and Pappas 2009)

plp,w,t) > 0= w,tF e
w,t Ep and |w— v < plo,w,t) = W, tEp
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Property of Robustness Estimate

» Sign indicates satisfaction status

» Absolute value indicates tolerance

Theorem (Faneikos and Pappas 2009)

plp,w,t) > 0= w,tF e
w,t Ep and |w— v < plo,w,t) = W, tEp

Corollary

plp,w,t) <0= w,t¥ ¢

w, tE o and |w— v < —plo,w, t) = W, tEp
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Until Rewrite

The rewrite extends from Boolean to quantitative semantics

» unbounded until
()OU[(L,—i-oo)d) ~ |:’[O,a] (@Ul/))

Signal Temporal Logic



Until Rewrite

The rewrite extends from Boolean to quantitative semantics

» unbounded until
(pU[a,—i-oo)d) ~ |:’[O,a] (@Ul/))

» bounded until
U ~ Oup¥ A Ul o) ¥
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Preliminaries

> Signals: timed words (#;, y(%;))i<n,, with linear interpolation

» Procedure: inductive computation of robustness signals p(¢, z,.) on
the formula structure

» Sampling: continuity, piecewise-affine property are preserved

Robust Monitoring Algorithms



Boolean operators

Negation
> Input signal: (%;, y(t:))i<n,
» Output signal: (t;, —y(t:))i<n,
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Boolean operators

Negation
> Input signal: (%, y(t:))i<n,
» Output signal: (&, —y(t:))i<n,

Conjunction
> Input signals: (¢, y(t:))i<n,. (8, ¥'(t))i<n,

» Output signal: (74, 2(73))i<n,
Time sequence r contains ¢, t, and punctual intersections y N ¢/

Value z(r;) = min{y(r;), v'(r:)}
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Untimed Until

Induction Property: for all s < ¢

» Boolean Semantics w,sEpUvy <—
Wyis,1), 8 = @ U or (w[[s,t)7 sEOe and w,t E U1)
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Untimed Until

Induction Property: for all s < ¢

» Boolean Semantics w,sEpUvy <—
Wyis,1), 8 = @ U or (wr[s,t), sEOe and w,t E U1)

» Quantitative Semantics p(e U ¢, w,t) =
max {P(SO U 1/)’ wf[s,t)’ S)a mln{p(‘:, P, w[[s,t)7 8)7 p(QOU ¢7 w, t)}}
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Timed Eventually

Definition: p(Qpa,0 05w, 1) =  sup  p(p,w,t) = sup y
t'€[t+a,t+b] [t+a,t+b]
The maximum is reached at ¢ + a, ¢ 4 b, or at sample point in

{ti | t; € (t+a,t+b]}
Theorem (Lemire 2006)

The maximum of a sequence of over a shifting window can be computed
in linear time

Idea: we maintain an ordered set M such that
max{y(t;)|i € M} = max{y(t;) | t; € (t + a,t + b]}
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Timed Eventually: two steps in the algorithm

| J \_“a/ \
"

t+a t+b

Maximum candidates {y(t;)|i € M} = {u1, up, u3, us}
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Timed Eventually: two steps in the algorithm

N,

t+a t+b

Maximum candidates {y(¢;)|i € M} = {u1, ua, ug}
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Timed Eventually: two steps in the algorithm

.1.2\ :2 _ :3
_/ J\ \ I\

Maximum candidates {y(t;)|i € M} = {ug, ug}
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Worst-case Complexity

» For each subformula 9 € ¢, computation time linear in the input size

» Problem: size of robustness signal can increase exponentially with
formula height

» Computation time in O(|¢| - d"®¥) - |z|)
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Experimentation: Random Signals

Computation is linear in size of input trace

[¢] =50,Time, ~ 2.45 x 1077

T

Computation Time (s)
=
o

¢| = 25,Time, ~ 1.63 x 10" n,

0.5
|| =11, Time, ~ 2.34 x 10 %n

| i
0 2e4 4ed 6e4 8e4 10e4
Signal size n,
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Experimentation: Random Formulas

Exponential growth rate of robustness signal size with formula height

> average: d ~ 1.12

» worst-case: d ~ 1.7
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Conclusion

Summary

» Enhancement to “Boolean” monitoring with reasonable
computational overhead

» Piecewise affine signals: practical model for robustness computation

Perspectives

» Simulation-based approaches for verification, parameter synthesis

» Time-robustness as opposed to space-robustness
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