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Abstract. The synthesis problem asks to construct a reactive firdgte stys-
tem from anw-regular specification. Initial specifications are oftemaatizable,
which means that there is no system that implements thefsgagicin. A common
reason for unrealizability is that assumptions on the emvirent of the system
are incomplete. We study the problem of correcting an uiz&ale specification
¢ by computing an environment assumptignsuch that the new specification
1 — ¢ is realizable. Our aim is to construct an assumptjothat constrains
only the environment and is as weak as possible. We presemb-atep algo-
rithm for computing assumptions. The algorithm operatetheryame graph that
is used to answer the realizability question. First, we cat@@ safety assump-
tion that removes a minimal set of environment edges frongthgh. Second,
we compute a liveness assumption that puts fairness consliin some of the
remaining environment edges. We show that the problem afiira minimal set
of fair edges is computationally hard, and we use probaigilimes to compute
a locally minimal fairness assumption.

1 Introduction

Model checking has become a successful verification tecienig hardware and soft-
ware design. Although the method is automated, the sucéessarification process
highly depends on the quality of the specification. Writimgrect and complete speci-
fications is a tedious task: it usually requires severahitens until a satisfactory spec-
ification is obtained. Specifications are often too weak.(eélggy may be vacuously
satisfied [2, 14]); or too strong (e.g., they may allow too gnanvironment behaviors),
resulting in spurious counterexamples. In this work we anatiically strengthen the en-
vironment constraints within specifications whose assionptabout the environment
behavior are so weak as to make it impossible for a systentigfysthe specification.
Automatically deriving environment assumptions has beedied from several
points of view. For instance, in circuit design one is inste€ in automatically con-
structing environment models that can be used in test-bgederation [21,19]. In
compositional verification, environment assumptions Haen generated as the weak-
est input conditions under which a given software or haréwamponent satisfies a
given specification [4, 6]. We follow a different path by l&aythe design out of the pic-
ture and deriving environment assumptions from the speatific alone. Given a speci-
fication, we aim to compute a least restrictive environmieait &llows for an implemen-
tation of the specification. The assumptions that we compateassist the designer in
different ways. They can be used as baseline necessarytiomsdn component-based



model checking. They can be used in designing interfacesgandrating test cases
for components before the components themselves are ireptech They can provide
insights into the given specification. And above all, in thegess of automatically con-
structing an implementation for the given specificatiory(ithesis”), they can be used
to correct the specification in a way that makes implememtgibssible.

While specifications of closed systems can be implementtdebif aresatisfiable
specifications of open systems can be implemented if thesealieable—i.e., there is
a system that satisfies the specification without constrgitiie inputs. The key idea of
our approach is that given a specificatiponf ¢ is not realizable, it cannot be complete
and has to be weakened by introducing assumptions on theoament of the system.
We do this by computing an assumptignsuch that the new specificatiah — ¢ is
realizable. Our aim is to construct a conditigrithat does not constrain the system and
is as weak as possible. The notion thiamust constrain only the environment can be
captured by requiring that itself is realizable for the environment —i.e., there exist
an environment that satisfies without constraining the outputs of the system. The
notion thaty) be as weak as possible is more difficult to capture. We willstiat in
certain situations, there is no unique weakest environirealizable assumption, and
in other situations, it is NP-hard to compute such an assompt

Example. During a typical effort of formally specifying hardware dgss [5], some
specifications were initially not realizable. One spectf@athat was particularly diffi-
cult to analyze can be simplified to the following examplen§ider a system with two
input signalsr andc, and one output signgl The specification requires that (i) every
request is eventually granted starting from the next tirap,stritten in linear temporal
logic asd(r — (O0g); and (ii) whenevet or g are high, therg has to stay low in the
next time step, writtefl((c V g) — (O—g). This specification is not realizable because
the environment can force, by sendia@ll the time, thatg has to stay low forever
(Part (ii)). Thus requests cannot be answered, and Past\(ipiated.

One assumption that makes this specification realizablg is= [l—c. This as-
sumption is undesirable because it forbids the environtoesgndc. A system synthe-
sized with this assumption would ignore the signaAssumptiong), = [00—c and
13 = O(r — O—c) are more desirable but still not satisfactogy: forces the environ-
ment to lowerc infinitely often even when no requests are sent, ands not strong
enough to implement a system that in each step first producestput and then reads
the input. Assume that the system starts with ougput 0 in time step 0, then receives
the inputr = 1 andc = 0, now in time step 1, it can choose betweenga} 1, or (b)

g = 0. If it chooses to set grant to high by (a), then the environnean provide the
same inputs once more & 1 andc = 0) and can set all subsequentinputste 0 and

c = 1. Then the environment has satisfi¢g because during the two requests in time
step 0 and 1 the signalwas kept low, but the system cannot fulfill Part (i) of its Spec
fication without violating Part (ii) due tg = 1 in time step 1 and = 1 afterwards. On
the other hand, if the system decides to choose tg seb by (b), then the environment
can choose to set the inputsto= 0 andc = 1 and the system again fails to fulfill
Part (i) without violating (ii). The assumptian, = O(r — OO —c), which is a subset
of 13, is sufficient. However, there are infinitely many sufficieassumptions between
g andiy, such asy, = (-cAQws)Vips. The assumptioghs = O(r — OO(—cVg))



is also weaker thatts and still sufficient, because the environment only needsvtet

c eventually if a request has not been answered yet. Finetly,+ r — O0(—c V g)

and consider the assumptigp = ¢ W(EA (cVg) AOg), which is a sufficient assump-
tion (whereW is theweak-untiloperator of LTL). It is desirable because it states that
whenever a request is sent, the environment has to evenloaakr ¢ if it has not seen
the signak, but as soon as the system violates its specification (Pawl{irestrictions

on the environment are dropped. If we repldda ¢ with ¢’ = r — O(—-c V g), we

get again an assumption that is not sufficient for the spatiifin to be realizable. This
example shows that the notion of weakest and desirable adddaapture.

Contributions. The realizability problem (and synthesis problem) can likiced to
emptiness checking for tree automata, or equivalentlygharsy turn-based two-player
games on graphs [17]. More specifically, arregular specificatiorp is realizable iff
there exists a winning strategy in a certain parity gametcocted frome. If ¢ is not
realizable, then we construct an environment assumptisach that) — ¢ is realiz-
able, in two steps. First, we compute a safety assumptidrrén@oves a minimal set
of environment edges from the game graph. Second, we corapiveness assumption
that puts fairness conditions on some of the remaining enwiient edges of the game
graph: if these edges can be chosen by the environment étyioitten, then they need
to be chosen infinitely often. While the problem of finding animial set of fair edges
is shown to be NP-hard, a local minimum can be found in polyiabtime (in the size
of the game graph) for Buchi specifications, and in NIRoNP for parity specifica-
tions. The algorithm for checking the sufficiency of a setaif €dges is of independent
theoretical interest, as it involves a novel reduction dedwinistic parity games to
probabilistic parity games. We show that the resulting eoafion of safety and live-
ness assumptions is sufficient to make the specificatioizadde, and itself realizable
by the environment. We also illustrate the algorithm on svexamples, showing that
it computes natural assumptions.

Related work. There are some related works that consider games that anénrong,
methods of restricting the environment, and constructingtrgeneral winning strate-
gies in games. The work of [11] considers games that are nuiing, and considers
best-effortstrategies in such games. However, relaxing the winningaiive to make
the game winning is not considered. In [8], a notion of nonz&rm game is proposed,
where the strategies of the environment are restrictedrdit@pto a given objective,
but the paper does not study how to obtain an environmenttégeahat is sufficient to
transform the game to a winning one. A minimal assumption plager with an objec-
tive can be captured by the most general winning strategshéoobjective. The results
of [3] show that such most general winning strategies exist for safety games, and
also present an approach to compute a strategy, cafledhaissive strategyvhich sub-
sumes behavior of all memoryless winning strategies. Oprageh is different, as we
attempt to construct the minimal environment assumptiatritakes a game winning.

Outline. In Section 2, we introduce the necessary theoretical backgt for defining
and computing environment assumptions. Section 3 diss@sséronment assumptions
and why they are difficult to capture. In Sections 4 and 5, wamate, respectively,
safety and liveness assumptions, which are then combinBddtion 6. A full version
with detailed proofs can be found in [7].



2 Preliminaries

Words, languages, safety, and livenes&iven a finite alphabeX’ and an infinite word
w € X%, we usew; to denote théi + 1)*" letter ofw, andw’ to denote the finite prefix
of w of lengthi + 1. Given a wordw € X, we write oddw) for the subsequence of
w consisting of the odd positions4 > 0 : oddw); = wa;+1). Given a sefl, C X« of
infinite words, we define the set of finite prefixesphyf(L) = {v € ¥* | Jw € L,i >
0:v=w'}. Given a set, C X* of finite words, we define the set of infinite limits by
safe(L) = {w € X¥ | Vi > 0: w' € L}. Alanguagel. C ¥ is asafetylanguage
if L = safe(pref(L)). A languagel. C X“ is alivenesdanguage ifpref(L) = X*.
Everyw-regular languagé, C X can be presented as the intersection of the safety
languagel s = safe(pref(L)) and the liveness languade, = (X« \ Ls) U L [1].
Transducers. We model reactive systems as deterministic finite-statesthacers. We
fix a finite setP of atomic propositions, and a partition &f into a setO of output
and a sefl of input propositions. We use the alphabgts= 2, © = 29, andZ =
27, A Moore transducemwith input alphabef and output alphabe® is a tuple7 =
(Q,q1, A, k), whereQ is a finite set of stateg; € @ is the initial stateA: Q xZ — @

is the transition function, anet @ — O is a state labeling function. Mealy transducer
is like a Moore transducer, except thatQ) x Z — O is a transition labeling function.
A Moore transducer describes a reactive system that readisvower the alphabét
and writes words over the alphab®t The environment of the system, in turn, can
be described by a Mealy transducer with input alphabeind output alphabét. We
extend the transition functior to finite wordsw € Z* inductively by A(q, w) =
A(A(g, w!™=1) wy,,) for [w| > 0. Given a wordw € Z*, the run of 7 overw is
the infinite sequence € Q“ of states such thaty = ¢;, andm; 1 = A(m, w;)
for all ¢ > 0. The runm overw generates the infinite word@l (w) € X defined by
7 (w); = k(m;) Uw; forall ¢ > 0 in the case of Moore transducers; ahtw), =
k(m;, w;) Uw; forall ¢ > 0 in the case of Mealy transducers. Tlhaguageof 7 is the
setL(7) = {7 (w) | w € 7%} of all generated infinite words.

Specifications and realizability. A specificationof a reactive system is an-regular
languagel. C X“. We use Linear Temporal Logic (LTL) formulae over the atomic
propositionP, as well asv-automata with transition labels froid, to define specifi-
cations. Given an LTL formula (resp-automaton)p, we write L(¢) € X“ for the
set of infinite words that satisfy (resp. are accepteddayA transducer? satisfiesa
specificationL(y), written 7 = ¢, if L(7) C L(p). Given an LTL formula (resp.
w-automaton, therealizability problemasks if there exists a transdu@mith input
alphabetZ and output alphabé® such thatZ = ¢. The specificatiorl.(y) is Moore
realizableif such a Moore transducér exists, andMealy realizablef such a Mealy
transducefl” exists. Note that for an LTL formula, the specificatibfyp) is Mealy re-
alizable iff L(¢") is Moore realizable, where the LTL formulsl is obtained fromp

by replacing all occurrences of ¢ O by (Oo. The process of constructing a suitable
transducer7 is calledsynthesisThe synthesis problem can be solved by computing
winning strategies in graph games.

Graph games.We consider two classes of turn-based games on graphs, yydme!
player probabilistic games and two-player determinisdicgs. The probabilistic games



are not needed for synthesis, but we will use them for coaitrgienvironment assump-
tions. For a finite setl, a probability distribution o is a functions: A — [0, 1] such
that) " ., d(a) = 1. We denote the set of probability distributions dnby D(A).
Given a distributiony € D(A), we write Supp(d) = {z € A | §(x) > 0} for the
support ofs. A probabilistic game graplt = ((S, E), (S1, S2, Sp), d) consists of a
finite directed graphiS, E), a partition(Sy, S2, Sp) of the setS of states, and a prob-
abilistic transition functiod: Sp — D(S). The states irb; areplayer-1 states, where
playerl decides the successor state; the statés iareplayer2 states, where playér
decides the successor state; and the stat€g iareprobabilisticstates, where the suc-
cessor state is chosen according to the probabilisticitram$unction. We require that
forall s € Sp andt € S, we have(s,t) € E iff (s)(¢t) > 0, and we often write
0(s,t) for o(s)(t). For technical convenience we also require that every $taseat
least one outgoing edge. Given a 88tC F of edges, we writ&ource(E’) for the set

{s € S| 3teS:(st)e E'} of states that have an outgoing edgefih We write
E, = EN(S;1 xS)andE, = EN (S, x S) for the sets of player-1 and player-2 edges.
Deterministic game graphare the special case of the probabilistic game graphs with
Sp = 0, that is, the state space is partitioned into player-1 aaygpt2 states. In such
cases we omifp and¢ in the definition of the game graph.

Plays and strategiesAn infinite path, orplay, of the game grapldZ is an infinite
sequencer = sps1S2 . .. Of states such thdsy, s,+1) € E forall k£ > 0. We write IT
for the set of plays, and for a statec S, we writell, C IT for the set of plays that start
from s. A strategyfor playerl is a functiona: S* - S; — S that for all finite sequences
of states ending in a player-1 state (the sequence repsesenefix of a play), chooses
a successor state to extend the play. A strategy must gresenly available moves,
that is,a(r - s) € E(s) forall 7 € S* ands € S;. The strategies for player 2 are
defined analogously. Note that we have only pure (i.e., navgdrilistic) strategies, but
all our results hold even if strategies were probabilistie.denote byd and5 the sets
of strategies for playetr and player2, respectively. A strategy is memorylessf it
does not depend on the history of the play but only on the nustate. A memoryless
player-1 strategy can be represented as a funatigh — S, and a memoryless player-
2 strategy is a functiop: Sy — S. We denote byd™ andB? the sets of memoryless
strategies for player 1 and player 2, respectively.

Once a start state € .S and strategiea € A andj € B for the two players are
fixed, the outcome of the game is a random watk® for which the probabilities of
events are well-defined, where ament€ C II is a measurable set of plays. Given
strategiesy for player 1 ands for player 2, a playr = sgsis2 ... is feasibleif for
all & > 0, we havea(sgsy ...sg) = Skpq1 If s € S1, andB(sos1...8k) = Skt1
if s, € S. Given two strategiesx € A andj € B, and a state € S, we write
Outcome(s, a, 3) C I, for the set of feasible plays that start framNote that for
deterministic game graphs, the $hitcome(s, «, §) contains a single play. For a state
s € Sandan evenf C II, we writePr®? (&) for the probability that a play belongs to
& if the game starts from the statend the two players follow the strategiesnd3.

Objectives. An objectivefor a player is a se¢ C II of winning plays. We consider
w-regular sets of winning plays, which are measurable. Folag ® = sps1ss.. .,
let Inf(7) be the sef{s € S | s = s; for infinitely manyk > 0} of states that appear



infinitely often inw. We consider safety, Buichi, and parity objectives. Giveatd” C S
of states, thesafety objectiv8afe(F) = {s¢s1s2... € Il | Vk > 0: s, € F'} requires
that only states i’ be visited. TheBuchi objectiveBuchi(F) = {7 € II | Inf(7) N
F # 0} requires that some statefnbe visited infinitely often. Given a functign S —
{0,1,2,...,d — 1} that maps every state topaiority, the parity objectiveParity(p)
requires that of the states that are visited infinitely qftéwe least priority be even.
Formally, the set of winning plays Rarity(p) = {7 € IT | min{p(Inf(7))} is ever}.
Buchi objectives are special cases of parity objectivel o priorities.

Sure and almost-sure winning.Given an objectivep, a strategyr € A is sure win-
ning for player 1 from a state € S if for every strategys € B for player 2, we have
Outcome(s, «r, ) C &@. The strategyy is almost-sure winnindor player 1 froms for

@ if for every player-2 strategys, we havePrj’ﬁ(QS) = 1. The sure and almost-sure
winning strategies for player 2 are defined analogouslyesan objective, thesure
(resp. almost-sure) winning S&tL)) sure (P) (resp. (1)) aimost (P)) for player 1 is the
set of states from which player 1 has a sure (resp. almos})-8unning strategy. The
winning sets(2)) sure () and({(2)) wimost (@) for player 2 are defined analogously. It fol-
lows from the definitions that for all probabilistic game gina and all objectives,
we have(1) sure (D) C (1) amost (P). In general the subset inclusion relation is strict.
For deterministic games the notions of sure and almostssinreing coincide [15],
i.e., we have(1) sure(?) = (1) aimost(?), and in such cases we often omit the sub-
script. Given an objectivé, the cooperative winning se{1, 2)) ;.. (®P) is the set of
statess for which there exist a player-1 strategyand a player-2 strategy such that
Outcome(s, o, 3) C &.

Theorem 1 (Deterministic games [10])For all deterministic game graphs and parity
objectivesd, the following assertions hold: (if1)) sure (?) = S\ (2) sure (IT \ P);
(i) memoryless sure winning strategies exist for both etayfrom their sure winning
sets; and (iii) given a state € S, if s € (1)) sure (?) can be decided in NP coNP.

Theorem 2 (Probabilistic games [9]).Given a probabilistic game grapli: =
((S, E), (S1,52,5p),d) and a parity objectived with d priorities, we can construct
a deterministic game grapli = (S, E), (/S\l, 3;)) with § € S, and a parity objective
@ with d + 1 priorities such that (i) S| = O(|S| - d) and|E| = O(|E| - d); and (ii) the
Set((1)) aimost (®) in G is equal to the se{1)) yure (@) N S in G. Moreover, memoryless
almost-sure winning strategies exist for both players fithwir almost-sure winning
sets inG.

Realizability games.The realizability problem has the following game-thearéatir-
mulation.

Theorem 3 (Reactive synthesis [17])Given an LTL formula otw-automatonp, we
can construct a deterministic game gragh a states; of G, and a parity objectived
such thatL(y) is Moore (resp. Mealy) realizable iff; € (1)) sure (D).

The deterministic game grapgh with parity objective® referred to in Theorem 3 is
called theMealy (resp.Moore) synthesis gamir . Starting from an LTL formulap,
we construct the synthesis games by first building a nonahétéstic Biichi automaton



that acceptd. () [20]. Then, following the algorithm of [16], we translatédfautoma-
ton to a deterministic parity automaton that accep{g). By splitting every state of
the parity automaton w.r.t. inpuisand outputg), we obtain the Mealy (resp. Moore)
synthesis game. Both steps involve exponential blow-ugisaite unavoidable: for LTL
formulaey, the realizability problem is 2EXPTIME-complete [18].

Synthesis games, by relating paths in the game graph to éeéfisptionL (), have
the following special form. AMoore synthesis gamg is a tuple(G, sy, A, @), where
G = ((S, E), (S1,52)) is a deterministic bipartite game graph, in which playend a
player-2 states strictly alternate (i.€.,C (57 x S2)U(S2 x S1)), the initial states; € Sy
is a player-1 state, the labeling functianS — O UZ maps player-1 and player-2 states
to letters inZ and O, respectively (i.e.A(s) € Z for all s € Sy, andA(s) € O for all
s € S3), and® is a parity objective. Furthermore, synthesis games arrméatistic
w.r.t. input and output labels, that is, for all eddess’), (s, s”) € E, if A(s’) = A\(s"),
thens’ = s”. Without loss of generality, we assume that synthesis gamesomplete
w.r.t. input and output labels, that is, for all states S; (resp.S2) andl € O (resp.Z),
there exists an edgs, s') € E such that\(s") = [. We define a functiow: IT — X¢
that maps each play to an infinite word such that= \(m2;41) U A(mai42) for all
1 > 0. Note that we ignore the label of the initial state.

Given the Moore synthesis gargefor a specification formula or automatgn(as
referred to by Theorem 3), every Moore transdufer= (Q, qr1, 4, ) that satisfies
L(p) represents a winning strategyfor player 1 as follows: for all state sequences
T € (S1-S2)* - S1, letw be the finite word such that; = A(7;1) forall 0 < i < |7;
then, if there is an edggr;|,s') € E with A\(s') = x(A(qr,0ddw))), leta(r) =
s’, and else letx(7) be arbitrary. Conversely, every memoryless winning strate
of player 1 represents a Moore transdu@er= (Q, g1, 4, k) that satisfies.(y) as
follows: let @ = S1, ¢ = s1, k(q) = AMa(q)), andA(g,l) = s" if A(s') = 1 and
(a(q), ') € E. The construction of Mealy synthesis ganfer the Mealy realizability
problem is similar.

3 Assumptions

We illustrate the difficulties in defining desirable conalits on environment assump-
tions through several examples. W.l.o.g. we model opentiveasystems as Moore
transducers, and correspondingly, their environmentseeyransducers (with inputs
and outputs swapped). Given a specification formula or aatony that describes the
desired behavior of a systefi(a Moore transducer), we search for an assumption on
the environment of which is sufficient to ensure th&texists and satisfies(y). For-
mally, a languagelX C X« is asufficient assumptiofor a specification, C X« if
(X« \ K) U L is Moore realizable. In other words, if the specification iigeg by an
LTL formula ¢, and the environment assumption by another LTL formulahen

is sufficient fory iff L(y¥ — ¢) is realizable. In this case, we can view the formula
1 — ¢ as defining a corrected specification.

Example 1.Consider the specification = b U a, whereU is theuntil operator of LTL.
No systemS with inputa and outpub can implementy, becauseS does not control
a, and is satisfied only ifa eventually is true. We have to weaken the specification



to make it realizable. A candidate for the assumptjois (a, because it forces the
environment to assert the sigrag¢ventually. Further candidates daése, which makes
the specification trivially realizabléb, and{—b, which lead to corrected specifications
such asp’ = Ob — ¢ = (O-b) V ¢. The system can implemeant independent of
simply by keeping low all the time.

Example 1 shows that there may be several different suffieigsumptions for a given
specification, C X'*, but not all of them are satisfactory. For instance, theragsion
false does not provide the desired information, and the assumihiat b cannot be
satisfied by any environment that controls oalyEnvironment assumptions that are
unsatisfiable or falsifiable by the system correspond to sected specificatioph — ¢
that can be satisfied vacuously [2, 14] by the system. In dodexclude such assump-
tions, we require that an environment assumpfiorc X« for L fulfill the following
condition.

(1) Realizability by the environmenthere exists an implementation of the environ-
ment that satisfie&”. Formally, we require that the languafjebe Mealy realizable
with input alphabe® and output alphabét.

Note that Condition 1 implies that the specificatibimas to be nonempty for a suitable
assumptionk to exist. If a formulap is not satisfiable, then there exists only the triv-
ial solutiony = false. We assume from now on that specifications are nonempty (i.e.
satisfiable). Apart from Condition 1, we aim to restrict tin@ieonment “as little as pos-
sible.” For this purpose, we need to order different assionpt An obvious candidate
for this order is language inclusion.

(2) Minimality: There exists no other sufficient assumption that is redkizbp the
environment and strictly weaker thdf. Formally, there is no language’ € X«
such thatX’ ¢ K’ and K’ is both a sufficient assumption fdrand realizable by
the environment.

The following example shows we cannot ask farragueminimal assumption.

Example 2.Consider the specificatiop = (bUa;) V (—bUay), wherea; anda,

are inputs and is an output. Again is not realizable. Consider the assumptions
11 = Qay andyy = Qay. Both are sufficient because, assumihg the system can
keep the signab constantly high, and assuming, it can keepo constantly low. Both
the assumptions are also realizable by the environmenteMenif we assume the
disjunctiony) = 1)1 V 1o, then the system does not know which of the two sigaals
anda, the environmentis going to assert eventually. Since a wrigjnimal assumption
has to subsume all other sufficient assumptions«anginot sufficient, it follows that
there exists no unique minimal assumption that is sufficient

Let us consider another example to illustrate further diffies that arise when com-
paring environment assumptions w.r.t. language inclusion

Example 3.Consider the specification = O(a — Ob) AO(b — (O—b) with inputa

and outpub. The specification is not realizable because whengigset to true in two
consecutive steps, the system cannot produce a valwesiach thaty is satisfied. One



natural assumption i = O(a — (O—a). Another assumption is’ = ¥V (—aA(Ob),

which is weaker than w.r.t. language inclusion and still sufficient and realizaly
the environment. Looking at the resulting corrected sysspercificationy’ — ¢ =

(W VO(—anOb)) — ¢ =1 — (O(-a — O—b) A p), we see that)’ restricts the
system instead of the environment.

Intuitively, using language inclusion as ordering cridgriresults in minimal environ-
ment assumptions that allow only a single implementatiaritfe system. We aim for
an assumption that does not restrict the system if pos€isle. may argue that should
refer only to input signals. Let us consider the specificatibExample 3 once more.
Another sufficient assumption i8” = (a — (O—a)W(b A Ob), which is weaker
thant. This assumption requires that the environment guarantees()—a as long
as the system does not make a mistake (by settitggtrue in two consecutive steps),
which clearly meets the intuition of an environment assuomptThe challenge is to
find an assumption that (a) is sufficient, (b) does not redtne system, and (c) gives
the environment maximal freedom.

Note that the assumptionsandt’” are safety assumptions, while the assumptions
in Example 2 are liveness assumptions. In general, evemgular language can be
decomposed into a safety and a liveness component. We gsgefaration to provide
a way to compute environment assumptions in two steps. Im teps, we restrict the
environment strategies of synthesis games to find suffieievitonment assumptions.
More precisely, we put restrictions on the player-2 edgdsclvrepresent decisions
made by the environment. If the given specification is sati$i, then these restrictions
lead to assumptions that are realizable by the environment.

4 Safety Assumptions

We first compute assumptions that restrict the safety beha¥ihe environment.

Nonrestrictive safety assumptions on games§iven a deterministic game grapgh=
((S,E), (S1,52)), asafety assumptiois a setEs C FE, of player-2 edges requiring
that player 2 chooses only edgestin Fs. A natural order on safety assumptions is
the number of edges in a safety assumption. We wFife< Es’ if |[Es| < |Es’| holds.
For a given player-1 objective, a safety assumption refers to the safety component of
the objective, namelyps = Safe((1,2)) sure (P)). Let AssumeSafe(Eg, P) = {r =
s08182 ... | either (i) there exists > 0 such that(s;, s;+1) € Eg, or (i) 7 € &g} be
the set of all plays in which either one of the edge#inis chosen, or that satisfy the
safety component @b. The safety assumptidfis is safe-sufficienfior a states € .S and
player-1 objectivep if player 1 has a winning strategy frosrfor the modified objective
AssumeSafe(Eg, @). A synthesis gamég = (G, sy, A, @) with a safety assumptioBs
specifies the environment assumpti@FEs) defined as the set of words < X* such
that there exists a play € 11, with w = w(n7) and(m;, m;41) & Eg forall i > 0.

Theorem 4. LetG, = (G, s1, A\, @) be the Moore synthesis game for an LTL formula
(or w-automaton)p, and letE's be a safety assumption. Mg is safe-sufficient for the
states; and objectived, then K (Es) is a sufficient assumption for the specification

safe(pref(L(g))).



Fig. 1. Game with two equally small safe- Fig.2. Synthesis game fod(a — (Ob) A
sufficient safety assumptions fei: Es =  O(b — O—b).
{(s3,51)} andEs" = {(s5,s7)}.

The following example shows that there exist safety gamésowt a unique minimal
safety assumption that is safe-sufficient.

Example 4.Consider the game shown in Figure 1. Circles denote statptagér 1;
boxes denote states of player 2. The objective for playertb stay inside the set
{s1,...,56} of states marked by double lines. Player 1 has no winningegfyarom
s1. There are two equally small safety assumptions that are-s#ficient fors:
Es = {(s3,51)} andEs’ = {(s5,s7)}. In both cases, player 1 has a winning strategy
from s;. If we consider a specification where the corresponding®gis game has this
structure, then neither of these assumptions are satisfa€igure 2 shows such a syn-
thesis game, for the specificatioifa — (Ob) A d(b — (O—b) with inputa and output

b (cf. Example 3). Using the safety assumptibpg, the corrected specification would
allow only the implementation that keepsonstantly low. The other safety assumption
Es’ leads to a corrected specification that additionally erg@slire(—a — (O)—b).

Therefore, besides safe-sufficiency, we look for a safetyraption that does not re-
strict player 1. This condition can be formalized as follo@s/en a deterministic game
graphG = ((S, E), (S1, S2)), a safety assumptiof's is restrictivefor a states € S
and a player-1 objectivé if there exist strategies € .A andg € B for the two players
such that the pla@utcome(s, a, 3) contains an edge frofig and is in®@g. Intuitively,

a nonrestrictive safety assumption allows all edges thaitoddead to an immediate vi-
olation of the safety component of the objective for player 1

Theorem 5. Given a deterministic game gragh= ((S, E), (S1,52)), an objectived
for player 1, and a state € .S, if s € (1, 2)) sure (@), then there exists a uniqgue minimal
safety assumptioB's that is nonrestrictive and safe-sufficient foand®. Moreover, if

s € (1,2)) sure (P) and Eg is the minimal safety assumption foand®, then player 2
has a winning strategy fromfor the objective to avoid all edges ifis.

Applying Theorem 5 to environment assumptions, we obtai@orém 6.
Theorem 6. LetG = (G, s1, A, @) be the Moore synthesis game for a satisfiable LTL
formula (orw-automaton)y. Then there exists a unique minimal safety assumgtion

that is nonrestrictive and safe-sufficient for the stateand objectiveb. Moreover, the
corresponding assumptiadii (Es) is realizable by the environment.

10



Computing nonrestrictive safety assumptionsGiven a deterministic game graggh
and player-1 objective®, we compute the unique minimal nonrestrictive and safe-
sufficient safety assumptiof’s as follows. First, we compute the sgt, 2)) sy, (P)

of states. Note that for this set the players cooperate. Wecempute((1, 2)) sy (P)

in polynomial time for all objectives we consider. In pautiar, if ¢ is a parity ob-
jective, then{(1, 2)) ..,.(®) can be computed by reduction to Biichi automata [13].
Then the safety assumptidiys is the set of all player-2 edgés,t) € FE, such that

s € (1, 2) sure () andt & (1, 2) sure (®).

Theorem 7. For every deterministic game graghand player-1 objective, the edge
setEg = {(s,t) € Ea | s € (1,2)sure(P) @andt & ((1,2)) sure(P)} is the unique
minimal safety assumption that is nonrestrictive and safificient for all states €

{1, 2)) sure (). The setFs can be computed in polynomial time for parity objectides

For the game show in Figure 1, we obtain the safety assumplign =
{(s3,51), (85, 7)}. For the corresponding synthesis game in Figure 2, thé& sele-
fines the environmentassumptiog, = (—aV—-b) W((—aV-b)AaA(O—b)AbAOD).
This safety assumption meets our intuition of a minimal Bswnent assumption, be-
cause it states that the environment has to ensure that eith® is low as long as the
system makes no obvious fault by either violatiigp — (Ob) or J(b — (O—b).

5 Liveness Assumptions

In a second step, we now put liveness assumptions on theoanvant.

Strongly fair assumptions on games.Given a deterministic game grapi =
((S, E), (S1,52)) and a player-1 objectiv@, a strongly fair assumptioris a setf;, C
E, of player-2 edges requiring that player 2 plays such thasthtes € Source(Fy)
is visited infinitely often, then for all statese S such thai(s,t) € Ey,, the edg€s, t)
is chosen infinitely often. LeAssumeFair(E},, @) be the set of plays such that either
(i) there is a state € Source(Fy,) that appears infinitely often im and there is an edge
(s,t) € EL that appears only finitely often im, or (ii) = belongs to the objectivé.
Formally, AssumeFair(Ey,®) = {m = sos152... | either (i)3(s,t) € Er, such that
s, = s for infinitely manyk’s and there are only finitely manys such thats; = s and
sj+1 = t, or (i) 7 € ¢}. The strongly fair assumptioh;, C E is live-sufficientor a
states € S and player-1 objective if player 1 has a winning strategy fromfor the
modified objectiveAssumeFair(E},, ®). A states € S is live for player 1if player 1
has a winning strategy fromfor the objectiveSafe({(1, 2)) sure (P)).

Theorem 8. Given a deterministic game gragh= ((S, E), (S1, S2)) and a safety or
Biichi objectived, for every states € S that is live for player 1, there exists a strongly
fair assumptionF’;, that is live-sufficient fos and ®.

A synthesis gam¢€ = (G, sy, A\, @) with a strongly fair assumptio”’;, specifies the
environment assumptioR (E£},) defined as the set of words € X such that there
exists a playr € I, with w = w(w) and for all edgess, t) € Ey, either there exists
i > 0 such that for allj > ¢ we haver; # s, or there exist infinitely many’s such

11



thatr, = s andm,,1 = t. Note that this definition and the structure of synthesisemm
ensure thaf (F}) is realizable by the environment. These definitions togethith
Theorem 3 and 8 lead to the following theorem.

Theorem 9. LetG = (G, s1, A\, @) be a Moore synthesis game for an LTL formula (or
w-automaton)p, and letE';, be a strongly fair assumption. K, is live-sufficient for
the states; and objectived, thenK (E}) is a sufficient assumption for the specification
L(p). Moreover, the assumptioli (E},) is realizable by the environment. Conversely,
if @ is a safety or Bichi objective, ifs; is live for player 1, and if there exists some
sufficient assumptioR” # () for the specificatiori.(¢), then there exists a strongly fair
assumption that is live-sufficient.

Computing strongly fair assumptions. We now focus on solution of deterministic
player games with objectivéssumeFair(E,, ®), whered is a parity objective. Given

a deterministic game grapH, an objectived, and a strongly fair assumptiafi;, on
edges, we first observe that the objecthumeFair(E},, @) can be expressed as an
implication: a strong fairness condition impli@sHence giver® as a Buchi or a parity
objective, the solution of games with objectikesumeFair(E},, #) can be reduced to
deterministic Rabin games. However, since determinisdtsiiRgames are NP-complete
we would obtain NP solution (i.e., an NP upper bound), eveitife case whem is a
Buchi objective. We now present an efficient reduction thaibilistic games and show
that we can solve deterministic games with objectifesumeFair(EL,®) in NP N
coNP for parity objective$, and if® is a Buichi objective, then the solution is achieved
in polynomial time.

Reduction. Given a deterministic game grajgh = ((S, E), (S1, S2)), a parity func-
tion p, and a setE;, C FE5 of player-2 edges we construct a probabilistic game
G = ((S,E), (51,5, Sp),8) with parity functionp as follows.

=

State spaceS = S U {5 | s € Source(E) andE(s) \ Ey, # 0}.

State space partitiorﬁ =S, §,3 = Source(EyL), andS‘E = §\ (fgvl U SA';).

Edges and transition/Ve explain edges for the three different kind of states.

(a) Forastate € S; we haveE(s) = E(s).

(b) For a states € S, if s € S5, thenE(s) = E(s); elses = ¢ ands’ €
Source(EyL) and we havei(s) = {(s,t) | (s',t) € E}.

(c) For a states € Sp, if E(s) C Eyr, thenE(s) = E(s) else E(s) =
(E(s) N Er) U{(s,9)}. In both case the transition function is uniform over
its successors.

4. Objective For all statess € S, we have thap(s) = p(s), and for a stat§in 5\ S,
let s be the copy of, thenp(s) = p(s).

wnn

Intuitively, the edges and transition function can be désd as follows: all states
in Source(EL) are converted to probabilistic states, and fremll edges inE(s) that
are contained i/, and the edge t@, which is a copy ofs, are chosen uniformly at
random. Fron¥ player 2 has the choice of the edgedifs).

We refer to the above reduction as the edge assumption iedwartd denote it by
AssRed, i.e.,(G,p) = AssRed(G, Er, p). The following theorem states the connection

12
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Fig. 3. Constructed environment assumption for Fig. 4. System constructed with assumption
O(r — 0g) AD(c — Og). shown in Figure 3.

about winning inG for the objectiveAssumeFair( Ey,, Parity(p)) and winning almost-
surely inG for Parity(p). The key argument for the proof is as follows. A memoryless
almost-sure winning strategy in G can be fixed inG, and it can be shown that the
strategy inG is sure winning for the Rabin objective that can be derivedifthe ob-
jective AssumeFair(Ep, Parity(p)). Conversely, a memoryless sure winning strategy
in G for the Rabin objective derived fromssumeFair(Er, Parity(p)) can be fixed in

G, and it can be shown that the strategy is almost-winningarty(p) in G. A key
property useful in the proof is as follows: for a probabitiigtributiony over a finite set

A that assigns positive probability to each element jiif the probability distribution.

is sampled infinitely many times, then every elementliappears infinitely often with
probability 1.

Theorem 10. Let G be a deterministic game graph, and etbe a parity objective
defined by a priority functiop. Let £, be a set of player-2 edges, and [€t,p) =
AssRed(G, Er, p). Then{(1)) aimost (Parity(p)) NS = (1)) sure (AssumeFair(EL, ®)).

Theorem 10 presents a linear-time reductionfssumeFair( Er, Parity(p)) to proba-
bilistic games with parity objectives. Using the reductaimheorem 2 and the results
for deterministic parity games (Theorem 1) we obtain thiofeing corollary.

Corollary 1. Given a deterministic game grag¥ an objectived, a setk, of player-2
edges, and a stateof G, whethers € (1)) sure (AssumeFair(EL, ?)) can be decided
in quadratic time if® is a Bichi objective, and in NP coNP if® is a parity objective.

Complexity of computing a minimal strongly fair assumption. We consider the
problem of finding a minimal set of edges on which a strong dasumption is suf-
ficient. Due to space limitation, we present here only thethm, the proof can be
foundin [7].

Theorem 11. Given a deterministic game graph, a Blchi objective®, a number
k € N, and a states of G, the problem of deciding if there is a strongly fair assuropti
E;, with at most: edges (i.e.[E| < k) which is live-sufficient fos and®, is NP-hard.

Computing locally minimal strongly fair assumptions. Since finding a minimal
set of edges is NP-hard, we focus on computintp@ally minimal set of edges.
Given a deterministic game grapgh, a states, and a player-1 objective, a set
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Er, C E, of player-2 edges is bcally-minimal strongly fair assumptiofor s and

@ if s € ((1))sure(AssumeFair(EL,®)) and for all proper subset,’ C Ep, we
haves ¢ {(1))sure(AssumeFair(EL', ®@)). A locally-minimal strongly fair assump-
tion E.* can be computed by a polynomial number of calls to a procethat
checks, given a sdt;, of player-2 edges, whethere (1)) .. (AssumeFair(EL, D)).
The computation proceeds as follows. Initially all plageedges are inE.*. As
long ass € (1)) sure (AssumeFair(EL*, @)), we search for an edgesuch thats €
(1)) sure (AssumeFair(EL™ \ {e}, ?)). If such ane exists, then we remowefrom E*
and proceed; otherwise we stop and retéii‘. In the worst case, we have at most
W procedure calls, whene is the number of player-2 edges.

Theorem 12. Given a deterministic game graph, a states of GG, and a parity ob-
jective @, the computed selt,* is a locally-minimal strongly fair assumption fer
and®. If ¢ is a Bichi objective, then we can compute a locally-minimal gitpriiair
assumptior’,* for s and® in polynomial time.

6 Combining Safety and Liveness Assumptions

Now we put everything together. Let be an LTL formula (orv-automaton) and let
G = (G,s, A\, @) be the corresponding Moore synthesis game. We first compute a
nonrestrictive safety assumptidiis as described in Section 4 (Theorem 7)lfis
satisfiable, then it follows from Theorem 6 th&t exists and that the corresponding
environment assumptioli (E) is realizable by the environment. Then, we modify the
player-1 objective with the computed safety assumptionextend the set of winning
plays for player 1 with all plays in which player 2 follows oofthe edges iFFs. Since
Eg is safe-sufficient fos; and@®, it follows thats; is live for player 1 in the modified
game. On the modified game, we compute a locally-minimahgfisofair assumption
EL* as described in Section 5 (Theorem 12). Finally, using Témsr8 and 9, we
conclude the following.

Theorem 13. Given an LTL formula (ow-automaton)p, let K = K(Es)NK(ELY),
whereEs and E;,* are computed as described in Theorems 7 and 1R ¥ (), then
K is a sufficient assumption for the specificatibfy) which is realizable by the envi-
ronment. Conversely, if the Moore synthesis game-foas a safety or Bchi objective,
and if there exists a sufficient assumptien# () for the specificatior(y), then the
computed assumptidii is nonempty.

Recall the example from the introduction with the signgls, andg, and the specifi-
cationO(r — O0g) A d((c Vg) — O—g). Our algorithm computes the environment
assumptionzZ shown in Figure 3 (double lines indicate Buchi states)c8iit is not
straightforward to describe the language using an LTL fdaywe give its relation to
the assumptions proposed in the introduction. The compaﬂ;edmptiorﬁ includes
11 = O=c andyy = OO—c, is a strict subset ofg = EW(E A (c V g) A Og) with

& =1 — O0(—c V g), and is incomparable to all other sufficient assumptiongenEv
though the computed assumption is not the weakest w.rgukage inclusion, it still
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serves its purpose: Figure 4 shows a system synthesizedffi@oorrected specifica-
tion of [12] using the environment assumpt'ran

Acknowledgements.The authors thank Rupak Majumdar for stimulating and falitf
discussions. This research was supported in part by the M&ksgCCR-0132780,
CNS-0720884, and CCR-0225610, by the Swiss National Sei€ocndation (Indo-
Swiss Research Program and NCCR MICS), and by the EuropeMBEST project.

References

1.

2.

10.

11.

12.

13.

14.

15.
16.

17.

18.

19.
20.

21

B. Alpern and F. B. Schneider. Recognizing safety anchégs. Distributed Computing
2:117-126, 1987.

|. Beer, S. Ben-David, U. Eisner, and Y. Rodeh. Efficiertedgon of vacuity in ACTL
formulas. INCAV'97, pages 279-290. Springer, 1997.

. J. Bernet, D. Janin, and |. Walukiewicz. Permissive sgiais: from parity games to safety

games.Theoretical Informatics and Applicationpages 261-275, 2002.

. D. Beyer, T. A. Henzinger, and V. Singh. Algorithms fordrface synthesis. I€AV'07,

pages 4-19. Springer, 2007.

. R. Bloem, S. Galler, B. Jobstmann, N. Piterman, A. Pnaeli, M. Weiglhofer. Automatic

hardware synthesis from specifications: A case studRARE’'07, pages 1188—-1193. ACM,
2007.

. M. G. Bobaru, C. Pasareanu, and D. Giannakopoulou. Autmh&ssume-guarantee reason-

ing by abstraction refinement. ®AV’08 Springer, 2008. Accepted for publication.

. K. Chatterjee, T.A. Henzinger, and B. Jobstmann. Enwiremt assumptions for synthesis.

CoRR abs/0805.4167, 2008.

. K. Chatterjee, T.A. Henzinger, and M. Jurdzihski. Gamihk secure equilibriaTheoretical

Computer Scienc&65:67-82, 2006.

. K. Chatterjee, M. Jurdzifski, and T.A. Henzinger. Sienptochastic parity games. In

CSL'03 pages 100-113. Springer, 2003.

E.A. Emerson and C. Jutla. Tree automata, mu-calculdsdaterminacy. IlFFOCS’9]
pages 368-377. IEEE, 1991.

M. Faella. Games you cannot win. \Ivorkshop on Games and Automata for Synthesis and
Validation Lausanne, Switzerland, 2007.

B. Jobstmann and R. Bloem. Optimizations for LTL synitheln FMCAD’06, pages 117—
124. |IEEE, 2006.

V. King, O. Kupferman, and M. Y. Vardi. On the complexitymarity word automata. In
FoSSaCS’'0gpages 276-286. Springer, 2001.

O. Kupferman and M. Y. Vardi. Vacuity detection in temglomodel checking. In
CHARME'99 pages 82-96. Springer, 1999.

D.A. Martin. Borel determinacyAnnals of Mathematicpages 363-371, 1975.

N. Piterman. From nondeterministic Biichi and Stregttbmata to deterministic parity au-
tomata. InLICS’06, pages 255-264. IEEE, 2006.

A. Pnueliand R. Rosner. On the synthesis of a reactiveileothPOPL'89, pages 179-190.
ACM, 1989.

R. RosnerModular Synthesis of Reactive SystefAlD thesis, Weizmann Institute of Sci-
ence, 1992.

Specman elite - testbench automation. http://wwwsitgrcom/products/specman.html.

M. Vardi and P. Wolper. Reasoning about infinite compaitat Information and Computa-
tion, pages 1-37, 1994.

Vera - testbench automation. http://www.synopsys/pomducts/vera/vera.html.

15



