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Abstract. This paper proposes a framework for detecting terminatiopro-
grams handling infinite and complex data domains, such adqrastructures. In
this framework, the user has to specify a finite number offeelhded relations
on the data domain manipulated by these programs. Our tenllhilds an ini-
tial abstraction of the program, which is checked for exiseeof potential infinite
runs, by testing emptiness of its intersection with a pregefiBlichi automaton.
If the intersection is non-empty, a lasso-shaped courgengle is found. This
counterexample is checked for spuriousness by a domagifisgerocedure, and
in case it is found to be spurious, the abstraction is refiagdin by intersection
with the complement of the Biichi automaton representieddbso. We have in-
stantiated the framework for programs handling tree-lig&adstructures, which
allowed us to prove termination of programs such as the ef@stitree traversal,
the Deutsch-Schorr-Waite tree traversal, or the linkirayés algorithm.

Introduction

Proving termination is an important challenge for the éngstsoftware verification
tools, requiring specific analysis techniques [18, 6, 2hf Dasic principle underlying
these methods is proving that, in every infinite computatibthe program, a certain
measure, pertaining to a well-founded domain, decreafegéty often.

1.

2.

We propose here a new termination analysis, based on tloevinly principles:

We consider programs working on infinite data domdhs<;, ..., <n) equipped
with an arbitrary number of well-founded partial orders.
If = C D x D is any transformation induced by a program statementgnd <

i <nis any partial order o, i.e. we assume that the problem N =; 2 0is
decidable algorithmically.

. An abstraction of the program is built automatically ahdcked for the existence

of potential non-terminating execution paths. If such &madists, then an infinite
path of the fornoA® (calledlassq is exhibited.

. Due to the over-approximation involved in the constiutidf the abstraction, the

lasso found may bepuriousi.e. it may not correspond to a real execution of the
program. In this case we use domain-specific procedurestéxtdgpuriousness,
and, if the lasso is found to be spurious, the abstractiogfised by eliminating it.

The framework described here needs to be instantiated focplar classes of pro-

grams, by providing the following ingredients:
— well-founded relations<1,..., =<, on the working domairD. (In principle, their

choice is naturally determined by the working domain.)

— a decision procedure for the problemsn =| 2 0, 1 <i < n, where= is any

transition relation induced by a program statement.



— adecision procedure for the spuriousness problem: givassadA®, whereo and

A are finite sequences of program statements, does thers axistfinite execution

of the program along the pathA“?

The main reason for which we currently ask the user to protheerelations is
that our technique is geared towards data domains whichotdorenencoded by a fi-
nite number of descriptors, such as tree-structured danaimd more complex pointer
structures. Well-founded relations for classical such dios (e.g. terms over a ranked
alphabet) are provided in the literature. Moreover, we arteawvare of efficient tech-
niques for automatic discovery of well-founded relationssach domains, which is an
interesting topic for future research.

Providing suitable representations for the well-foundsdtions, as well as for the
program transitions enables the framework to compute #éialiabstraction of the pro-
gram. The initial abstraction is an automaton which has #mescontrol states as the
program, and each edge in the control flow graph of the progsamavered by one or
more transitions labeled with relational symbols.

The abstraction is next checked for the existence of paintion-terminating ex-
ecutions. This check uses the information provided by thikfeended relations, and
excludes all lassos for which there exists a strictly desirepwell-founded relation
=i, 1 <i<nthat holds between the entry and exit of the loop body. Tleig amounts
to checking non-emptiness of the intersection betweentibgaction and a predefined
Buchi automaton. If the intersection is empty, the orifjim@gram terminates, other-
wise a lasso-shaped counterexample of the fokfis exhibited.

Deciding spuriousness of lassos is also a domain-depepdeaniem. For integer
domains, techniques exist in cases where the transitiatiorlof the loop is a dif-
ference bound matrix (DBM) [5] or an affine transformatiorthwihe finite monoid
property [13]. For tree-structured data domains, we haegvetdecidability of spuri-
ousness, in cases where the loop does not modify the steuafttnees [14].

If a lasso is found to be spurious, the program model is refnedxcluding the
lasso from the abstraction automaton. In our frameworkdbaseBichi Automata, this
amounts to intersecting the abstraction automaton wittctimeplement of the Buchi
Automaton representing the lasso. Since a lasso is tgnaaiVeak Deterministic Buchi
Automaton (WDBA), complementation increases the size efahtomaton by at most
one state, and is done in constant time. This refinement selvam be extended to
exclude entire families of spurious lassos, also desciiyad/DBA.

We have instantiated the framework to the verification ofgpams handling trees
and more complex data structures with a tree-like backbeme,doubly-linked lists,
trees with parent pointers, or trees with linked leaves. Ya@ide two families of well-
founded relations on trees, (i) a lexicographical ordedngpositions of program vari-
ables and (ii) a subset relation on nodes labeled with a gita element (from a
finite domain). Program statements as well as the well-fednélations are encoded
using tree automata [8], which provide an effective methwdchecking emptiness of
intersections between relations. A prototype tool has hegtemented on top of the
ARTMC [4] invariant generator for programs with dynamicked data structures. Ex-
perimental results include push-button termination psdof the Deutsch-Schorr-Waite
tree traversal, deleting nodes in red-black trees, as wdbrthe Linking Leaves pro-
cedures. Most of these programs could not be verified byiegispproaches.



1 x :=root;

2 while (x.left I= null) &&
(x.left.right = null)

3 x := x.left.right;

4 while (x = null)

5 X = X.up;

@

Fig. 1.

Related Work. Efficient techniques have been developed in the past foripgder-
mination of programs with integer variables [18, 6]. Thisneens probably the most
extensively explored class of programs, concerning testian.

Recently, techniques for programs with singly-linkeddibve been developed in
[2,12,16]. These techniques rely on tracking numeric imi@tion related to the sizes
of the list segments. An extension of this method to tacklegpams handling trees
has been given in our previous work [14]. Unlike the works imgly-linked lists from
[2,12], where refinement (of the counter model) is typicalbt needed, in [14] we
considered a basic form of counterexample-driven refinémen

Abstraction refinement for termination has been first caergid in [9], where the
refinement consists in discovering and adding new well-fmahrelations to the set
of relations used by the analysis. Since techniques for is@dery of well-founded
relations (based on e.g., spurious program loops) aresdlaibnly for integer domains,
it is not clear for the time being whether the algorithm preguab in [9] can be also
applied to programs handling pointer structures.

Several ideas in this paper can be also found elsewhere. INaiteusing Buchi
automata to encode the non-termination condition of thgam was introduced by
[21], and (2) proving termination for programs handlingetlike data structures was
also considered in [14]. On one hand, 8ize-changéermination approach from [21]
does not typically come with a refinement procedure. On therdband, the method
presented here is more general and its refinement schemaesefffioient then the one
presented in [14]. In particular, tiRed-Black Deletexample (presented in Section 4)
could not be shown to terminate using the refinement mettord fiL4].

Automated checking of termination of programs maniputatiees has been also
considered in [17], where the Deutsch-Schorr-Waite ti@estisal algorithm was proved
to terminate using a manually created progress monitorutrapproach, this example
could be verified using the common well-founded relationgrees.

2 The Termination Analysis Framework

We first explain the approach informally, with the aid of aamle. Let us consider the
program in Fig. 1 (a), working on a binary tree data strugturevhich each node has
two pointers to itdeft - andright -sons and one pointep to its parent. We assume
that leaves have nulift andright pointers, and theoot has a nullup pointer.

The first loop (lines 2,3) terminates because the variaidédound to reach a node
with x.left = null (or x.left.right = null ), since the tree is finite and no new
nodes are created. The second loop (lines 4,5) terminatesibe no matter where
points to in the beginning, by going up, it will reach tteet and then become null.



Let us suppose that the only well-founded ordering considies the following: for
any two treed; andty, we havel; >yt if and only if the position ok in t2 is a prefix
of the position ofx in t;. Then we build the abstraction of the program given in Fig. 1
(b), where=y holds if both<y and>y hold, andxi stands for#y.

The states in the abstract model correspond to line numibéne ioriginal program,
and every state is considered to be accepting, initialyedRimg non-termination of
the abstract model amounts to checking the existence offemiténrun thatdoes not
have a suffix of the fornf=}>)®, for otherwise, the well-foundedness »% would
prevent this execution from occurring in reality. Checkiman-termination is done by
checking emptiness of the intersection between the alistnaand the complement
of the Biichi automaton recognizing the langud@e=x)*(_, >x))® (cf. Fig. 2). For
technical reasons that will become clear in the sequel wel dle edges of the au-
tomaton with the identifier of the source states, which gpoad to program lines. In
our case, the intersection is not empty, counterexamplag &, >) ((2,=x)(3,>))®
and (1, ((2,=x)(3,>x))®, which both correspond to the infinite execution of the
first loop, i.e. lines 123)®.

This executionis found to be spurious by a specialized ghoeethat checks whether
a given program lasso can be fired infinitely often. For thigppse, the method given
in [14] could be used here. The refinement of the abstractaosists in eliminating the
infinite path 123)® from the model. This is done by intersecting the model with th
automaton that recognizes tiemplemenbf the languagg (1, >x), (1,xix) }({2,=x
)(3,1x))®, which corresponds to the program paf23)®. The result of this intersec-
tion is shown Fig. 1 (c). Notice that, in this case, the refiaatrdoes not increase the
size of the abstraction. Since now, only 4 and 5 are acceptatgs, another intersec-
tion with the automaton in Fig. 2 will establish that the refirabstraction does not have
further non-terminating executions, proving thus terrtioraof the original program.

2.1 Buichi Automata

This section introduces the necessary notions relatecetthéory of Blichi automata.
LetX = {a,b,...} be afinite alphabet. We denote by the set of finite words ovex,
and byZ® we denote the set of all infinite words ovErFor an infinite wordv € X%,
let inf(w) be the set of symbols occurring infinitely often enlf u,v € Z* are finite
words,uv* denotes the infinite wordvvv. ...

A Buichi automatoriBA) overZ is a tupleA = (S |, —,F), where:Sis a finite set of
states| C Sis a set ofinitial states — C Sx X x Sis atransition relation— we denote
(s,a,5) € — bys2 ¢, andF C Sis a set offinal states

A run of A over an infinite wordapajaz ... € Z% is an infinite sequence of states
$S1% ... such thatsy € |1 and for alli > 0 we haves &, S+1. ArunTtof Ais said to
be acceptingff inf (1) NF # 0. An infinite wordw is acceptediy a Biichi automaton
Aiff Ahas an accepting run am Thelanguageof A, denoted byZ(A), is the set of all
words accepted b#.

It is well-known that Biichi-recognizable languages aset under union, inter-
section and complement. For two Biichi automatndB, let A® B be the automaton
recognizing the language(A) N L(B). If ||A| denotes the number of states (sizepof
it can be shown thagtA® B|| < 3-||A[|- ||B||.



A Buchi automatorA = (S,1,—,F) is said to becompleteif for every s € Sand
ac = there exists € Ssuch thas > 5. Ais said to bedeterministiqDBA) if | is a sin-

gleton, and for eache Sanda € Z, there exists at most one state Ssuch thas > <.

Ais moreover said to beeakif, for each strongly connected componéng S, either
CCF orCNnF =0. Itis well-known that complete weak deterministic Bucht@mata
can be complemented by simply reverting accepting and coaging states. Then,
for any Weak Deterministic Blichi automaton (WDBA), we haket |A|| < ||A| + 1,
whereA is the automaton accepting the language, £(A)—i.e. thecomplemenof A.

2.2 Programs and Abstractions

In this section we introduce a model for programs handlirtg &@am a possibly infinite
domainD, and define program abstractions as Biichi automataJ beta finite set of
instructionsover a data domaifD, <1,...,=n), where=<;C D x D is a partial order,

for 1 <i <n. Aninstructioni € J is a pair(g,a) whereg C D is called theguardand

a: D — Dis called theaction An unspecified guard is assumed to be the entire domain.

A program ovef is a graptP = (J,L,lo, =), whereL is the set otontrol locations
lo € Lis theinitial location, and=- C L x J x L is theedge relatiordenoted ab=2 |,
We assume furthermore, that there is at most one instruictiogtween any two control
locations, i.e. it £& 1" andl &2/ theng: = g2 anda; = ap.

A program configuratiotis a pair(l,d) € L x D, wherel is a control location and
is a data value. Aexecutioris a (possibly infinite) sequence of program configurations
(lo,do), (I1,d1), (I2,do),... starting with the initial program locatiolp and some con-
figurationdg € D such that, for all > 0 there exists an edgpg li+1 in the program,
such thatl, € ganddi;1 = a(d;).

Let Do C D be a set of initial data values. Then a configuratigd) is said to be
reachableif there existsdp € Do, and the program has an execution frdis do) to
(I,d). Aninvariantof the program (with respect to the €4) is a function : L — 2°
such that, for eache L, if (I,d) is reachable, thed € 1(1).

Given a progran® = (J,L,lp,=) working over a domairD, <1,..., <) we define
the alphabeX pp) =L x {>,0<,=}". For atuplep € {>,>1,=}", we defingp| € D x D
as :d [(r1,...,rn)] d"if and only if, for all 1 <i < n: (i) d = d"iff rj is >, (ii) d #i d’
iff ri is <, and (i) d ~; d’ iff rj is =.

Definition 1. Let P= (J,L,lp,=) be a program, andD, <1,...,<n) be a domain.
A Buchi automaton A= (S1,—,F) overZpp, is said to be an abstraction of P if and
only if, for every infinite execution of Rlp,do)(l1,d1)(l»,d2) ..., there exists an infinite
word (lg, po){l1,p1){l2,p2) ... € L(A) such that d[p;] di;1,for alli > 0.

Consequently, iP has a non-terminating execution, then its abstractiamill be
non-empty. However, for reasons related to the complefitg@universal termination
problem, one cannot in general build an abstraction of anaraghat will be empty if
and only if the program terminates.

2.3 Building Abstractions Automatically
A first question is how to build abstractions of programs dffely. We propose a
method that performs under the assumption that programugigins, as well as the



relations of the working domain can be symbolically repnéseé by structures that are
closed under projection, intersection and complement,vaimidh, moreover, have a
decidable emptiness problem.

Given a progran® = (J,L,lp,=) working over the domaifD, <1, ..., <p), and an
invariantt : L — 2P, with respect to a set of initial data valu@g, theinitial abstraction
is the Blichi automatoA, = (L, {lo},—,L), where, forall,I’ € Landp € {>,>,=}",
we have :

| 5201 1 22 1 andpri(Rga N [0)) N 1(1) #0 @

whereR g, = {(d,d’) eD|deg, d' =a(d)} and, for arelatioiR C D x D, we denote
by pri(R) ={x|3JyeD. (xy) € R}.

Intuitively, a transition betweehandl’ is labeled with a tuple of relational symbols
pif and only if there exists a program instruction betwéandl’ and a pair of reachable
configurations(l,d), (I’,d") € L x D such thad[p]d’ and the program can move from
(1,d) to (I’,d’) by executing the instructiotg, a). The intuition is that every transition
relation induced by the program is “covered” by all partied@rings that have a non-
empty intersection with it. For reasons related to abstraaefinement, that will be
made clear in the following, the transition in the Buchi@uatonA} is also labeled
with the source program locatidnAs an example, Fig. 1 (b) gives the initial abstraction
for the programin Fig. 1 (a).

The program invariant(l) from (1) is needed in order to limit the coverage only
to the relations involving configurations reachable at linkn principle, we can com-
pute a very coarse initial abstraction by considering tfiat= D at each program line.
However, using stronger invariants enables us to compute me&cise program ab-
stractions. The following lemma proves that the initialtadstion respects Def. 1. For
space reasons, all proofs have been deferred to technpmat {22].

Lemma 1. Given a program P working over the domaiD, <1,...,=<n), Do C D an
initial set, andi : L — 2P an invariant with respect to the initial setgDthe Hichi
automaton A is an abstraction of P.

2.4 Checking Termination on Program Abstractions

In light of Def. 1, if a Bichi automatoA is an abstraction of a prograR) then each
accepting run oA reveals gotentiallyinfinite execution ofP. However, the set of ac-
cepting runs of a Buichi automaton is, in general not enubieréherefore an effective
termination analysis cannot attempt to check whether eaclof A corresponds to a
real computation oP. We propose an effective technique, based on the following:

Hypothesis1 The given domain i$D, <1,...,=<y) for a fixed n> 0, and the partial
orders=; are well-founded, forall &= 1,... n.

Consequently, any infinite worfo, po) (11, P1){l2,p2) ... € L(A) from which we
can extract a sequenépo);(pP1);(p2); ... € (=*>)®, for some 1<i < n, cannot cor-
respond to a real execution of the program, in the sense ofiidefi 1. Therefore, we
must consider only the words for which, for alkli < n, either:

1. there existX € N such that(py); is =, for allk > K, or
2. for infinitely manyk € N, (py); is <.



The condition above can be encoded by a Biichi automatorediedmfollows. Con-
sider that (pp) =L x {>,>q,=}"is fixed. Let§ = {(l,(r1,...,rn)) € Zpp) | ri is >}
andE; = {(I,(r1,...,m)) € Zpp) | ri is =}, for 1 <i < n. With this notation, leB;
be the Buchi automaton recognizing tteeregular languag&*(Sx*)® U Z*E®. This
automaton is depicted in Fig. 2. Since the above conditiddshior all 1< i < n, we
need to computB = ®;_; Bi.

If Ais an abstraction oP and L(A®B) = L(A)N
L(B) =0, we can infer thalP has no infinite runs. Otherwise,
it is possible to exhibit a lasso-shaped non-terminatidn wi
ness of the fornoA® € L(A® B), whereo,A € Z* are finite
words labeling finite paths iA® B. The following lemma
proves the existence of lasso-shaped counterexamples.

Lemma 2. Given a well-founded domaii, <1,...,<n), A
and B= @[L B; Buchi automata over the alphabEpp), if
L(A®B) # 0thenoA®? € L(A® B) for someo, A € Zipp)
where|al], A| < ||Al- (n+1)-2".

Despite the exponential bound on the size of the counterpbesmin practice it is
possible to use efficient algorithms for finding lassos icliautomata on-the-fly, such
as for instance the Nested Depth First Search algorithm [11]

Fig. 2.

2.5 Counterexample-based Abstraction Refinement

If a Buchi automator\ is an abstraction of a prografn= (J, L, lo, =) (cf. Def. 1),Dg €
Dis asetof initial values, anah\® € L(A) is alasso, where = (lo, o) - .- (l|g)—1,P|o]—1)
andA = (lig,Pia)) - - - {ljg]+-A|-15 Pjof+r|-1)» the spuriousness problemsks whetheP
has an execution along the infinite path...li5—1)(ljg)- - ljoj4nj—1)® Starting with
some valuedy € Dg. Notice that each pair of control locations correspondsxo e
actly one program instruction, therefore the sequencestfuntions corresponding to
the infinite unfolding of the lasso is uniquely identified tnetsequences of locations
|07 . |‘0‘,l andl‘o‘ R ’I‘G‘H)“*l'

Algorithms for solving the spuriousness problem exist,et&fing on the structure
of the domainD and on the semantics of the program instructions. Detagjarténg
spuriousness problems for integer and tree-manipulaisgpls can be found in [14].

Given a lass@wA® € L(A), the refinement builds another abstract®rof P such
that oA® ¢ L(A'). Having established that the program palf...l1g-1)(Ig|- -
'\G\HMfl)w' corresponding t@A®, cannot be executed for any value from the initial
set, allows us to refine by excluding potentially more spusiavitnesses, than jush®.
LetC be the Blichi automaton recognizing the langulagle’, where:

Lo = {{l0,P0) - - (ljo}-1,Pjo]-1) | Pi € {>,p0,=}", 0<i < |0}
Lx = {{ljo}:P0) - - (ljg| a1, P —1) | Pi € {>,09,=}", 0 < < [A[}

ThenA’ = A®C, whereC is the complement o€, is the refinement oA that
excludes the lassoA®, and all other lassos corresponding to the program path
(lo---ligi-1) () - - N —2)®

On the down side, complementation of Biichi automata isgimegal, a costly op-
eration: the size of the complement is bounded B{'99", wheren is the size of



the automaton, and this is also a lower bound [20]. HowevVer, darticular struc-
ture of the automata considered here comes to rescue. ltecapdn thaLcL‘A*’ can

be recognized by a WDBA, hence complementation is done irstaah time, and
A < 3- (o] + A+ 1) - | Al

Lemma 3. Let A be a Bichi automaton that is an abstraction of a program P, and
oA\® € L(A) be a spurious counterexample. Then tliel automaton recognizing the
languageL(A) \ Ls - L}’ is an abstraction of P.

This refinement technique, based on the closurexoégular languages, can be
generalized to exclude an entire family of counterexamplescribed as aw-regular
language, all at once. In the following we provide such a egfiant heuristics. The
interested reader is pointed to [22] for another refinemeantiktic.

Infeasible Elementary Loop RefinementWe suppose that there exists an upper bound
B > 0 on the number of time%s can be iterated, starting with any data value frghg ).
The existence of such a bound can be discovered by e.g. a $igrekecution of the

loop. In case such a bound exists, the Iangt@gg) . L)E\‘ . z?%m is easily shown to be

recognizable by a WDBAC, and the Biichi automatoA® C is an abstraction oP,
which excludes the spurious tracg®, as shown by the following Lemma:

Lemma 4. Given a program P= (J,L,lgp,=), 1: L — 2P and invariant of P, A an
abstraction of P, and € Z’{RD) a lasso starting and ending withe L. If there exists

B > 0 such thai\B is infeasible, for any & 1(¢), then the Bichi automaton recognizing
the languageL (A) \ ZiPD) LS. Z?E’,D) is an abstraction of P.

This heuristic was used to prove termination of fRed-black deletalgorithm,
reported in Section 4. Interestingly, this algorithm coualat be proved to terminate
using standard refinement (cf. Lemma 3).

3 Proving Termination of Programs with Trees

In this section we instantiate our termination verificaticmmework for programs ma-
nipulating tree-like data structures. We consider sedalkmon-recursive C-like pro-
grams working over tree-shaped data structures with a fagteof pointer variables
PVar. Each node in atree containgdaa value field, ranging over a finite sBataand
three selector fields, denoté&dt | right , andup. Forx,y € PVar andd € Data, we
consider the programs over the set of instructitpgomposed of the following :

— guards: x==null, x==Y, x.data==d, and boolean combinations of the above,

— actions: x=null,x=Y,x=Y.{left|right|up}, x.data=d, Xx.{left|right} =

new andx.{left|right} = null.

This set of instructions covers a large class of practied-manipulating proce-
dures. For instance, Fig. 3 shows a depth-first tree traverseedure, commonly used
in real-life programs. In particular, heR¥ar = {x} andData= {markedunmarked.

In order to use our framework for analyzing termination cbgnams with trees,
we need to provide (1) well-founded partial orderings onttee domain, (2) symbolic
encodings for the partial orderings as well as for the pnogsamantics and (3) a deci-
sion procedure for the spuriousness problem. The last p@istackled in our previous
work [14], for lassos without destructive updates (i.etringtionsx.left|right :=
new|null). Recently, we have developed a spuriousness detectidmodhétat works
also these destructive updates [15].



3.1 Trees and Tree Automata

For a partial mapping : A— B we denotef(x) = o x:=root:
L the fact thatf is undefined at some poite 1 while (x!=null)

A. The domain off is denoteddom(f) = {x € 2 if (x.left!l=null) and

Al f(x)# L} (x.left.datal=mark)
Given a finite set otolors C, we define thdi- 3 x:=x.left;

nary alphabet - = cu{0O}, where tharity func- 4 else if (x.right!=null) and

tion is #(c) = 2 and #0) = 0. denotes the set of (x.right.data!=mark)

tree positiong0,1}*. Let e € I denote the empty 5 x:=x.right;

sequence, ang.q denote the concatenation of se- else

quence, g e IN. p <preqdenotes the fact thatis ¢ x.data:=marked:;

a prefix ofg and p <|ex q is used to denote the facty X:=X.UP;

thatpis less tham in the lexicographical order. We _
denote byp ~pre q the fact that eithep <pre g, or  Fig. 3. Depth-first tree traversal
P >pre 0. A tree tover C is a partial mapping : I — >~ such thadomn(t) is a finite
prefix-closed subset ¢, and for eaclp € don(t):
— if#(t(p)) =0, thent(p.0) =t(p.1) = L,
— otherwise, if #t(p)) = 2, thenp.0, p.1 € dont).
When writingt(p) = L, we mean thattis undefined at positiop. We denote by (()
the set of all trees over the alphabet
A pair of trees(t1,t2) € 7 (1) x T ((2) can be encoded by a tree over the alphabet
(GLu{O, L}) x (Gxu{0, L}), where #(1, 1)) =0, #{a, L)) =#((L,a)) =#a) if
o # 1, and #(a,02)) = max(#(a1),#(az)). The projection functions are defined as
usuali.e., foralp € dom(t) we haveprs(t)(p) = c1 if t(p) = (c1,C2) andprz(t)(p) =C2
if t(p) = (c1,C2). Finally, letT(C1 x G2) = {t | pra(t) € T(C1) andpra(t) € T((2)}-
A tree automatoif8] over an alphabeX - is a tupleA = (Q,F,A) whereQ is a set
of statesf C Q is a set of final states, arxlis a set of transition rules of the form:
() O — qor (i) c(q1,02) — g, c€ C.
A runof Aoveratred : M — X is a mappingt: domt) — Q such that for each
positionp € dom(t), whereq = 11(p), we have:
— if#(t(p)) =0 (i.e., ift(p) = 0O), thend — g € A,
— otherwise, if #t(p)) = 2 andg; = mi(p.i) fori € {0,1}, thent(p)(go,q1) — q € A.
A run Ttis said to beacceptingf and only if i(e) € F. Thelanguageof A, denoted as
L(A), is the set of all trees over whighhas an accepting run. A set of trees. 7 (C)
(atreerelatiolR C 7((1 x (»)) is said to beational if there exists a tree automatén
such thatL (A) =T (respectivelyL(A) = R).
For two relation®R € 7(C x ') andR’ C 7 (¢’ x ") we define the composition
RoR' ={(pri(t'),pr2(t")) |t e R, t" e R', pra(t') = pr1(t”)}. Itis well-known that
rational tree languages are closed under union, intessectbmplement and projection.

3.2 Abstracting Programs with Trees into Blichi Automata

A memory configuration is a binary tree with nodes labeled leynents of the set
C = Datax 2°Va'u {00} i.e., a node is either nullX) or it contains a data value and
a set of pointer variables pointing to itd;V) € D x 2°Va"). Each pointer variable can



X = x.right

[x.left'=NULL and
x.left.datal=mark]

[x.left==NULL or
x.left.data==mark]

[x.right!'=NULL and
x.right.data!=mark]

x.data=mark

[x.right==NULL or
x.right.data==mark]

Fig. 4. The Depth-first tree traversal procedure and its initiatralosion

point to at most one tree node (if it is null, it does not appeahe tree). For a tree
t € 7(C) and a positiorp € dom(t) such that(p) = (d,V), we denote}(p) = d and
vt (p) = V. First we show that all program actions considered here eagnicoded as
rational tree relatiorls

Lemma 5. For any program instructions= (g, a) € Jt, the tree relation R= {(t,t') |t €
g, t' =a(t)} is rational.

In order to abstract programs with trees as Bichi autondtdDef. 1), we must
introduce the well-founded partial orders on the workingndi. LetDt = (7((),
{jx7 j;}xePVar; {jd; j&}deData>, where:

— t1 =xt2, for somex € PVar iff there exists positiong; € dom(ty), p2 € dom(ty)
such tha € vy, (p1), X € Vg, (P2) andpr <jex 2.

— t1 <} tp, for somex € PVariff (i) dom(t1) C donty), and (ii) there exists positions
p1 € dom(ty), p2 € dom(tz) such thak € vy, (P1), X € Vi, (P2) andpy >jex P2.

— t1 <q to, for somed € Dataliff for any positionp € don(t;) such tha®, (p) =d
we havep € don(tz) andd, (p) =d.

— tp <{ to, for somed € Dataiff (i) dom(t;) C dom(t2), and (ii) for any position
p € dom(tz) such thady, (p) = d we havep € dontt;) andd, (p) =d.

It can easily be shown that all relations of the for, <}, <q and <], are well-
founded. Therefore the Hypothesis 1 is true for the workiogndinDt = (7 (C),{=x

, =% txepvar; { Zd: < }depata), @nd hence the whole termination analysis framework pre-
sented in the section 2 can be employed.

Lemma 6. The relations=x, =}, x € PVar and=y,=<},, d € Data are rational.

The Biichi automaton representing the initial abstraaifdhe depth-first tree traver-
sal procedure is depicted in Fig. 4. To simplify the figure,wse only the orders},
and=[ .. Thanks to these orders, there is no potential infinite rithérabstraction.

Extensions In order to cover larger classes of programs, we extendeétramework
in two ways. On one hand, we handle data structures more @ehan trees, using the
invariant generation method from [4]. Here we encode graglisees with extra edges.

1 The semantics of the program instructions considered &ngjiv technical report [22].



The basic idea is that each structure has an underlyingdatied abackbong which
stays unchanged during the whole computation. The set od exiges is specified by
pointer descriptorswhich are references to regular expressions to the setegtatins

in the tree (left, right, left-up, right-up). We check termation using the existing rela-
tions =<y, <}, x € PVarand=y,={, d € Dataon the backbone, as well as two new ones
<isand=[. Intuitively, t; <;.st> if the set of positions ofi whosei-th descriptor is set
to sis a subset of the set of positionstgfwith the same property.

A second extension is allowing tree left- and right-rotasi@s program statements.
Since rotations cannot be described by rational tree oglgtiwve cannot check whether
=x, =% =d and={; hold, simply by intersection. However we know that rotasicio not
change the number of nodes in the tree, therefore we cantladyal a-posteriori with
=d,=g, d € Data, andp<y, b, X € PVar, since the relative positions of the variables
after the rotations are not known.

4 Implementation and Experimental Results

We have implemented a prototype tool that uses this frametwodetect termination

of programs with trees and trees with extra edges. The topbwit as an extension of
the ARTMC [4] verifier for safety properties (null-pointegigtferences, memory leaks,
etc.). We applied our tool to several programs that manipula

— doubly-linked lists: DLL-insert (DLL- ||Examp|e | Time |Nrefs||

deletg which inserts (deletes) a node ir =

(from) a doubly-linked list, ancDLL- gtth”;g; iz 8

reversewhich i_s the list reversal. DLL-reverse 55 0
— trees Depth-first searchand Deutsch- .

Schorr-Waitewhich are tree traversals D.eth—flrst search lrs | O

Red-black delete(inser) which rebal- [|LinKingleavesin tregs 14s | O

ances a red-black tree after the deletigfp€utsch-Schorr-Waitdm 243 0

(insertion) of a node. Linking Nodes 5m47s 0
— tree with extra edges Linking leaves |[Red-blackdelete  |4m 54 2

(Linking node} which insert all leaves |[Red-blackinsert 29s | O

(nodes) of a tree in a singly-linked list. Table 1.Experimental results

The results obtained on a Intel Core 2 PC with 2.4 GHz CPU an& R&M memory

are given in the table 1. The fietdnerepresents the time necessary to generate invari-
ants and build the initial abstraction. The fidNig ;s represents number of refinements.
The only case in which refinement was needed iRbd-black deletexample, which
was verified using thinfeasible Elementary Loogfinement heuristic (Section 2.5).

5 Conclusions

We proposed a new generic termination-analysis frameviotkis framework, infinite
runs of a program are abstracted by Biichi automata. Thisaalion is then inter-
sected with a predefined automaton representing potsniidihite runs. In case of
non-empty intersection, a counterexample is exhibitedindantiated the framework
for programs manipulating tree-like data structures andewgerimented with a pro-
totype implementation, on top of the ARTMC invariant generarest cases include a
number of classical algorithms that manipulate tree-lik@dtructures.



Future work includes instantiation of the method for otHasses of the programs.
Using the proposed method, we would like also to tackle thmiteation analysis for
concurrent programs. Moreover, we would like to invesggatethods for automated
discovery of well-founded orderings on the complex data @iosias trees and graphs.
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the Czech Science Foundation (projects 102/07/0322, 28581), and the Czech Min-
istry of Education by the project MSM 0021630528.

References

1. J. Berdine, A. Chawdhary, B. Cook, D. Distefano, and P.&. Variance Analyses from
Invariance Analyses. IRroc. of POPL'07 ACM Press, 2007.
2. A. Bouajjani, M. Bozga, P. Habermehl, R. losif, P. Morogdn Vojnar. Programs with Lists
are Counter Automata. IRroc. of CAV'06 volume 4144 oL NCS Springer, 2006.
3. A. Bouajjani, P. Habermehl, A. Rogalewicz, and T. Vojn&bstract Regular Tree Model
Checking.ENTCS 149:37-48, 2006. A preliminary version was presentedfatity’'05.
4. A. Bouajjani, P. Habermehl, A. Rogalewicz, T. Vojnar. #&bst Regular Tree Model Check-
ing of Complex Dynamic Data Structures. Pnoc. of SAS’'06LNCS4134. Springer, 2006.
5. M. Bozga, R. losif, and Y. Lakhnech. Flat Parametric Ceufutomata. InProc. of
ICALP’06, volume 4052 of NCS Springer, 2006.
6. A. R. Bradley, Z. Manna, and H. B. Sipma. Termination ofyidomial Programs. Iroc.
of VMCAI'2005 volume 3385 oL NCS Springer, 2005.
7. M. Colbn and H. Sipma. Synthesis of Linear Ranking Fumgi InProc of TACAS'01
volume 2031 oLLNCS Springer, 2001.
8. H. Comon, M. Dauchet, R. Gilleron, F. Jacquemard, D. Lugse Tison, M. Tommasi. Tree
Automata Techniques and Applications, 2005. URWww.grappa.univ-lille3.fr/tata .
9. B. Cook, A. Podelski, and A. Rybalchenko. Abstraction Rafient for Termination. In
Proc. of SAS’0pvolume 3672 oL NCS 2005.
10. Byron Cook, Andreas Podelski, and Andrey Rybalchenlerminator: Beyond Safety. In
Proc. of CAV 2006volume 4144 oL NCS Springer, 2006.
11. C. Courcoubetis, M. Y. Vardi, P. Wolper, and M. Yannakaktemory Efficient Algorithms
for the Verification of Temporal Properties. Rroc. of CAV’'9Q LNCS531. Springer, 1991.
12. D. Distefano, Josh Berdine, Byron Cook, and P.W. O’HeAutomatic Termination Proofs
for Programs with Shape-shifting Heaps.Rroc. of CAV’'06 LNCS4144. Springer, 2006.
13. A. Finkel and J. Leroux. How to Compose Presburger-acatbns: Applications to Broad-
cast Protocols. IRroc. of FSTTCS'02volume 2556 oL NCS Springer, 2002.
14. P.Habermehl, R. losif, A. Rogalewicz, and T. Vojnar. viig Termination of Tree Manipu-
lating Programs. IiProc. of ATVA'07 volume 4762 of.NCS Springer, 2007.
15. R. losif and A. Rogalewicz. On the Spuriousness ProblenTfee Manipulating Lassos.
Technical Report TR-2008-12, Verimag, 2008.
16. S.K. Lahiri and S. Qadeer. Verifying Properties of Wedlinded Linked Lists. IfProc. of
POPL'06 ACM Press, 2006.
17. A. Loginov, T.W. Reps, and M. Sagiv. Automated Verifioatbdf the Deutsch-Schorr-Waite
Tree-Traversal Algorithm. IiProc. of SAS’06volume 4134 o£ NCS Springer, 2006.
18. A. Podelski and A. Rybalchenko. Transition InvariatitsProc. of LICS'04 IEEE, 2004.
19. A. Rybalchenko. The ARMC tool. URIbitp://www.mpi-inf.mpg.de/ rybal/armc/
20. M. Y. Vardi. The Biichi Complementation Saga. Rroc. of STACS'07volume 4393 of
LNCS Springer, 2007.
21. C.S. Lee, N.D. Jones, and A.M. Ben-Amram. The Size-Cad@rqciple for Program Ter-
mination. InProc of POPL'01 ACM Press, 2001.
22. R. losif and A. Rogalewicz. Automata-based Terminafooofs. Technical Report TR-
2008-17, Verimag, 2008.



