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Abstract. We study property preserving transformations for reactive systems. The main idea is
the use of simulations parameterized by Galois connections (o, ), relating the lattices of properties
of two systems. We propose and study a notion of preservation of properties expressed by formulas
of a logic, by a function o mapping sets of states of a system S into sets of states of a system
S’. We give results on the preservation of properties expressed in sublanguages of the branching
time p-calculus when two systems S and S’ are related via («,~)-simulations. They can be used
to verify a property for a system by verifying the same property on a simpler system which is an
abstraction of it. We show also under which conditions abstraction of concurrent systems can be
computed from the abstraction of their components. This allows a compositional application of
the proposed verification method.

This is a revised version of the papers [2] and [16]; the results are fully developed in [28].

Keywords: abstract interpretation, simulation, property preservation, model-checking.

1. Introduction

The growing complexity of distributed and reactive systems requires rigorous de-
velopment methodologies and automatic verification techniques. A well-known lim-
itation of automatic verification techniques is their applicability only to relatively
small finite state programs because of the exponential blow-up of the size of the
models that have to be constructed for their application. Many techniques have
been developed in order to push further the limits of model-checking. One of them
consists in using property preserving abstractions: Given a program and a property
to be verified, find a (simpler) abstract program such that the satisfaction on the
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abstract program implies the satisfaction on the initial program, called concrete
program in this context. An important point is, given a concrete program, how to
construct an abstract program that is both, simple enough in order to be verified
by available tools, and that still contains enough relevant details for the satisfaction
of the considered properties.

The framework of abstract interpretation (see for example [7], [8]) addresses ex-
actly this problem. Programs are represented by functions F' on some lattice of
properties. Given some abstract lattice of properties and a pair of functions («,v),
forming a Galois connection [35] from the concrete to the abstract lattice, a func-
tion G on the abstract lattice is an abstraction of F if « o F oy C G holds. This
guarantees that greatest and least fixpoints of GG represent upper approximations
of corresponding fixpoints of F'. Until recently, this approach has only been applied
for the verification of invariance properties of sequential programs. However, in
[40], [41], the idea of abstract interpretation has been applied to programs repre-
sented by transition systems, where the lattice of properties is the powerset of states.
There, results showing preservation of fragments of CTL [9] from the abstract to
the concrete system have been given.

In the framework of process algebras, the problem of property preserving pre-
orders and equivalences has also been widely studied. In this framework, the no-
tions of abstractions are generally defined in terms of variants of simulation [31]
and bisimulation [32]; the problem of the construction of abstract programs has
only been addressed for notions of abstractions defined by equivalences.

In the linear semantics framework, the intuitive notion of abstraction is inclu-
sion (respectively equality) of observable computation sequences (see for example
in [25], [1], [30]). However, this notion of abstraction does not directly induce a way
of computing an abstract program for a given concrete program and observability
criterion.

Here, we take up again the approach followed in [40], [41]. We define a notion of
abstraction on transition systems as a simulation parameterized by Galois connec-
tions (a,v). We show that the notion of abstraction induced by (a,v}-simulation
coincides exactly with the notion of abstraction defined by simulation in the sense of
Milner [31], parameterized by the relation p corresponding to the Galois connection
(@, 7).

Then, we give preservation results for fragments of a future and past version of
the branching time p-calculus defined in [24] for the following notion of property
preservation : an arbitrary function « from the powerset of the states of a transition
system S; to the powerset of the states of a transition system S preserves a property
f if for any state of S7 which satisfies f, all the states of Ss in its image also satisfy
f. If the converse also holds, then we say that « strongly preserves f. A preservation
result of particular practical interest, says that if two systems are related via {«, v)-
simulation, then all formulas of the p-calculus using no negation and only universal



quantification over computation sequences (called OL,) are preserved by 5 from
the abstract to the concrete system (where ¥ is the dual of 7).

These preservation results generalize results given in [10] where this problem is
studied in the particular case where the property preserving function « defines a
structure homomorphism from the concrete to abstract system.

Our preservation results together with the fact that, given some concrete system
and some connection («, %), an abstract system can be computed, allow the use
of the following verification method. In order to verify a property — expressed
as a formula f of OL, — on a system S, provide a connection («,7) between the
powersets of concrete and abstract states, compute the associated abstract system
S4 and verify f on Sa. If f holds on Sy, it also holds on S.

Finally, we give a result concerning compositionality of simulation over parallel
composition, which is important for the application of this method in practice.
From a practical point of view, there are two reasons for building an abstract pro-
gram of a composed system by composition of abstractions of its components. It
is easier to define connections (a,7) separately for each component than for the
compound system; proceeding this way, allows also to avoid building a representa-
tion of the global transition system associated with the composed system. As well
for synchronous as for asynchronous parallel composition (allowing shared variables
between components), we give compositionality results, that means rules, allowing
to deduce (e, ~y}-simulation for a compound system from (e, v;)-simulations for its
components, where (o, %) is expressed in terms of (o, ;).

The paper is organized as follows. In Section 2, we give some notations and recall
the definition of Galois connections and some interesting properties of them. In
Section 3, the definition of («,y)-simulation is given. We show that this notion
coincides with the usual notion of simulation. In Section 4, we define a notion of
“abstract program” obtained from a given function a or its associated relation p.
Section b presents the notion of property preservation and general results allowing
to prove that a function preserves the validity of formulas of a given language.
Section 6 gives results concerning the preservation of fragments of the p-calculus
when transition systems are related via (a, y)-simulation. Section 7, gives results
concerning the compositionality of simulation with respect to parallel composition.
Finally, Annex A contains some technical proofs.

2. Preliminary definitions

In Section 3, we study the relationship between the notions of abstraction in the
frameworks of process algebras and of abstract interpretation. In this section, we
define the basic notions, necessary for this comparison. In process algebras pro-
grams are modeled as transition systems, that means as binary relations on the set
of states. In the framework of abstract interpretation, programs are represented by
predicate transformers, i. e., functions transforming sets of states into sets of states.



With any transition relation R can be associated different predicate transformers,
the forward and backward image functions, which we denote here by pre[R], respec-
tively post[R]. In the abstract interpretation framework, the notion of abstraction
is based on the existence of a Galois connection between the lattices of properties.
We recall here the definition of Galois connection and some well-known properties
concerning them, which are used in the proofs later on.

2.1. Transition systems and predicate transformers

Definition 1 (Transition systems)
A transition system is a pair S = (Q, R), where Q is a sel of states and R is a
transition relation on @ (R C Q X Q).

Notation 1 We adopt the following conventions and notations:

o We identify a unary predicate on Q with its characteristic set since the lattice
of unary predicates is isomorphic to 29. Thus, for a unary predicate P and a
state ¢ € Q, the notations P(q) = true, P(q) and ¢ € P are equivalent.

o We denote by Idg the identity function on 29.

e Given two relations R C Qx Q' and S C Q' x Q" and two functions  : Q—Q’
and g : Q'—Q", then denote the composition of the relations R and S by RS
and the composition of the functions f and g by g o f, respectively g(f(q)) if
go f is applied to some argument q € Q.

In the sequel, we consider always properties to be state properties, 1. e., interpreted
as a set of states (or a corresponding unary predicate). Therefore, in the sequel
“property lattice” is always the same as “powerset on the set of states”.

Definition 2 (The predicate transformers pre and post)
Given a relation p C Q1 x Q2, we define pre[p] : 292—2%91 and post[p] : 291 —292
by,

d
prelp) @ AX {1 € Q1 : 3gs € X. 01 p a2}
d
postl]] @ AX. {¢2 € Q2 : I € X. q1 p g2}
That means, for Q2'CQ2, pre[p](Q2’) represents the set of “predecessors” of the

states of @2’ via the relation p and for Q1'CQ1, post[p](Q1') represents the set of
“successors” of the states of @1’ via p. Notice that we have post[p] = pre[p~!].

The following propositions give some useful results concerning the predicate trans-
formers pre and post which can for example be found in [41].

Proposition 1 For any relation p from a set Q1 to a set Q2 (p C Q1 x Q2), we
have:



1. pre[pl(0) =0,
2. For any X1, X2 subsets of Qa, pre[pl(X1 U Xa) = pre[p](X1) U pre[p](X2),

Notation 2 (Dual of a function)
We denote by & the dual of a function o : 291 —292 that is

& Y ax.a(X).

Proposition 2 Let be p C Q1 X Q2 and 0 C Q2 X Q3. Then,

o prefpo] = pre[p] o pre[a], o pre[po] = pre[p] o prelo],
e post[pc] = post[o] o post[p], * post[po] = post[o] o post[p].

2.2. Galois connections

We give hereafter the definition of Galois connections and some useful well-known
results about them. More information can, e. g., be found in [35], [39].

Definition 3 (Connections)

Let Q1 and Qo be two sets of states. A connection from 29 to 29 is a pair of
monotonic functions (a,7), where a : 291 — 292 and v : 292 — 291 such that
Idg, Cyoa and aoy C Idg,.

Proposition 3 For any connection («,v) from 291 $9 292 we have,
o a(h) =10,
o « distributes over U and vy distributes over N,

e vxoyoa=a, and yoaoy =1,

(¥,@) is a connection from 292 to 291,

VRCQ1,Q'CQ: - a(Q) C Q' f QCH(Q).

Proposition 4 Let F: 291 — 291 and G : 292 — 292 be two functions and («,7)
a connection from 292 to 291, Then,

aoF oy CG ifand only if F CyoGoa

Proposition 5 For any connection («,v) from 291 19 292 we have,

o y=XY.U{X €29 : o(X)C Y},



e a=AX.N{Y €29 : X CyY)}

That means that o and 4 determine each other in a unique manner. These
characterizations allow to deduce the following two propositions showing the links
between the connections from 29! to 292 and the binary relations from Q; to Qs.

Proposition 6 (Connections generated by a binary relation on states)
If p C Q1 X Qa, then the pair (post[p), prelp]) is a connection from 291 to 292 and
(prelp], post[p]) is a connection from 292 to 291.

Proposition 7 (Relations induced by connections)
If (a,7) is a connection from 29t to 292, then there exists a unique relation
p C Q1 X Q2 such that o = post[p] and v = pre|p].

Proof: Let (a,7) be a connection from 291 to 292. Consider the relation p defined
by (g1,92) € p if and only if ¢5 € a(q1). Since a(@) = @ and « distributes over U
(Proposition 3), we have a = post[p].

Furthermore, by the Proposition 5, we have y = AY. [ J{X € 291 : o(X) C YV},
and as « distributes over U, we can write y = AY.{qg € @1 : a({q}) C Y}. Now,
since o = post[p], it is easy to deduce that v = pre[p]. [ |

Proposition 8 If («,7) is a connection from 291 to 292 and (a',7') is a connec-
tion from 292 to 291, then we have,

1. Id CYyoa and Idrma) C @0,

Im(y)

2. Y o509 =% ifand only if d’ oo’ = a'.

Proof: Consider the relation p C @1 x @2 such that o = post[p] and v = pre[p],
which exists by Proposition 7.
Now, it is easy to see that Idg, C pre[p] o post[p] for any p C Q1 x Q5 that is
total on Q1 and Idg, C post[p] o pre[p] for any p C Q1 x ()2 that is total on Q.
By Proposition 7, the equation ' 0 5 05 = 4" is equivalent to
pre[p'] o pre[p] o pre[p'] = pre[p'] for some appropriate relations p, p’. By Proposi-
tion 2, this is equivalent to pre[p’ pp'] = pre[p'], that is p' = p'pp’.
Symmetrically, p’ = p/pp’ is equivalent to post[p’] = post[p’pp'], that is to
post[p'] = post[p'] o post[p] o post[p'],i.e., ' = a' oo’ [ |

3. Simulations

In this section, we define a notion of simulation based on Galois connections («, ),
called (e, v)-simulation. Tts definition is inspired by the notion of abstract interpre-
tation in the sense of Cousot [7], [8]. There, a program is represented by a function
F mapping properties into properties. A function G, mapping abstract properties



into abstract properties, is an abstraction of F' if there exists a connection (%)
from the the concrete to abstract lattice of properties, such that « o FFoy C G.

In our framework, where a program is a transition system S; = (@1, R1), a possi-
ble choice for the function F' is taking one of the predicate transformers associated
with the transition relation R. We consider that the expressions “S, is an ab-
straction of S” and “S simulates S,” are equivalent. We show that the notion of
abstraction induced by the choice F' = pre[R;] coincides with the notion of ab-
straction induced by simulation in the sense of Milner [31] which is used in the
framework of process algebras.

3.1. Simulations induced by connections

First, we define simulation (and bisimulations) parameterized by a connection
(ar,7y) relating the property lattices of two transition systems S; = (Q1, R1) and
Sy = (Q2, R2), i. e., a connection from 29! to 292,

Definition 4 (C(, ) and ~(, )
Let S1 = (Q1,R1) and Sy = (Q2, R2) be two transition systems and (a,7y) be a
connection from 291 to 292, Define,

o 51 Clay) S2 if and only if oo pre[Ri] oy C pre[Rs],

o S1 ™y S2 tf and only if S1 E(y4) S2 and Sy C S1.

(v.a)
If S C(a,y) S2, we say that Sy (a, y)-simulates Sy or Sy is an (a,y)-abstraction of

S1. A useful dual condition for the definition of («, y)-simulation can be deduced
from Proposition 4.

3.2. Relating (a,~)-simulation and behavioural simulation

We recall first the definitions of behavioural simulation and bisimulation in the
sense of Milner which are based on a binary relation p between the sets of states
@1 and @-. In Propositions 9 and 10 we show that these two notions of simulation
coincide.

Definition 5 (Cp and ~p)
Let S1 = (Q1, R1) and Sz = (Qa, Ra) be two transition systems and p be a relation
from Q1 to Q2 (p C Q1 x Q2). Define,

o S1 C, Sy if and only ifR  pCp R,

[ ] Sl ) Sg Zf and only ZfSl Ep Sg and SQ Ep—l 51.



If S Ep So, we say that S; p-simulates S5 or S5 is a p-abstraction of Sy.

S1 simulates (respectively, bisimulates) the system Sy if there ezists a relation p
such that S; T, Sy (respectively S1 ~, S3). We show now that («,v)-simulation
and p-simulation coincide.

Proposition 9 (From Ty, ) to Cp)

Let S1 = (@1, R1) and Sy = (Q2, Ra) be two transition systems. For any relation
p C Q1 x Qa, there exists a connection (a,7) from 291 to 292 such that

S1 &, Sz if and only if S1 E(a 4y Sa.

Proof: We show that the intended connection is (post[p], pre[p]) (by Proposition 6,
this pair is indeed a connection). Suppose that S E(post[p],zgre[p]) Ss, 1. e.,

postlp] o prelRi] o 77elp] C pre[Ro]
Then, as post[p] is monotonic and Idg, C pre[p] o post[p], we obtain,

post[p] o pre[R1] o pre[p] o post[p] C pre[Rs] o post[p] which implies
post[plopre[Ry] C pre[Ry]opost[p] which is equivalent to R1™' p C p Ry~ ".

It can be shown in a similar way that the converse also holds. This proves,

S :<post[p]7;;;e[p]) Sy if and only if S; ~, S». |
Proposition 10 (From Cp to Ca,4))

Let S1 = (Q1, R1) and So = (Q2, R2) be two transition systems. For any connection
(a,y) from 291 to 292 there exists a relation p C Q1 x Q2 such that

S1 Cay) S2 if and only if S1 £, So.
Proof: Direct from Propositions 7 and 9. [ ]

This result clarifies the relationship between the approach of abstract interpre-
tation and that chosen in the framework of process algebra. In fact, the notion of
abstraction in the case where program models are transition systems is the same.
Therefore, we do not distinguish in the sequel between simulations parameterized
by relations and those parameterized by connections; in any context we use the
notion which allows to present the results in the simplest way.

4. Computing program abstractions

In the framework of process algebra and of program refinement, the notion of sim-
ulation is in general used in order to decide for two given programs if one of them
simulates the other. But our aim is, given a program P and a relation p relating
concrete and abstract states, to construct an abstract program P4 such that P
p-simulates P4. Obviously, there are many programs which are p-abstractions of



P. In particular the program Chaos defined by the universal transition relation on
the abstract set of states is a trivial p-abstraction of any P. We are interested in
an abstract program satisfying — for a given p — as many properties as possible,
i.e. which is as close as possible to the concrete program.

In our framework, where P is represented by a transition system S = (@, R)
the abstract program must also be representable by some transition relation of the
form Sa = (Qa, R4), where Q4 is the set of abstract states. In this case the
obvious minimal function post[p] o pre[R] o pre[p] — obtained from the definition of
simulation, does not necessarily correspond to a solution, that means a function of
the form pre[R 4] for some transition relation Ry.

It is easy to see that in general, there may exist several “minimal” p-abstractions
of S. In Section 4.1, we define first the criterium of faithfulness which is satisfied
by all transition systems on @4 which are bisimilar to any smaller (in the sense
of inclusion) p-abstractions of S. Using the results of Section 5, we will see that
faithful abstractions are the set of abstract programs which satisfy all properties
which are possibly satisfied by any p-abstraction of S and which are preserved from
SA to S.

We will see that the abstract program defined by S, = (Qa, R,) with R, =
p~t R pis a faithful abstraction if p is total and moreover p = p p~! p holds. In
the case that p is a total function, pre[p] = pre[p] holds, which trivially implies that
S, is the least abstraction. Then, p defines a structure homomorphism from S to
S,; this case has been widely studied in the literature (see for example in [25], [10]).

S, is induced in an obvious manner by a slightly stronger notion of simulation than
C, which we denote by <,. Under some conditions <, coincides with the notion of
forward and backward simulation for which we obtain stronger preservation results
than for C,.

In Section 4.2, we show how S, can be computed if transition relations as well as
abstraction relations p are represented by predicates over sets of program variables
and illustrate this on a small example.

4.1. Faithful abstractions

Definition 6 (Faithful abstractions)

Given S = (Q,R) and p C Q x Qa, we say that S4 = (Qa, Ra) is a faithful
abstraction of S via p if S T, Sa and ¥S' = (Qa,R) . SC, S’ and R'CR4
implies 3p' C Qa X Qa.Sa = 5.

Notation 3 (The system S,)
Given S = (Q,R) and p C Q x Qa, total on Q, we define S, = (Qa, R,) where
R, =p~' R p (or equivalently, pre[R,] = post[p] o pre[R] o pre[p]).

Proposition 11 Let S = (Q, R) be a transition system and p C Q x Q4.

o If p s total on Q, then SC, S,.
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o If furthermore p = p p~' p, then S, is a faithful abstraction of S via p.

o Ifpis a (total) function, then S, is the least p-abstraction of S.

Proof: The first and the third items follow directly from the fact that pre[p] C pre[p]
if p is total on @ (respectively pre[p] = pre[p] if p is a function). For the second
item, we show that for any transition system Sy = (Qa, Ra) such that S C, S4 and
RAoCR,, we have Sy ~,-1, S,, the proof of which is given in the Appendix A.1.

|

Notice that p = pp~!p if and only if any two states of @ having a common
successor by p, have the same successors by p. This means that p defines a function
from the partition on @ induced by pp~! into the partition of @4 induced by
p~1p. There exist examples of interesting abstraction relations p such that p is not
function. If p = pp~!p does not hold, then S, is not necessarily faithful, and in [12]
is given a way to compute faithful abstractions.

S, is induced by a slightly stronger notion of simulation than C, (respectively
C(a,y)) Which coincides with the notion of forward and backward simulation used,
e. g. in [21], [22] if p is total.

Definition 7 (<, and <4 ))
Let S = (Q,R) and Sy = (Qa, R4) be transition systems, and p C Q x Q4 total
on @ and (a,7) a total connection from 29 to 294. Then,

e S=,S4ifand only if p=' R p C Ry

o S =<(an) Sa if and only if o pre[R] o7 C pre[R 4]

Lemma 1 (Characterization of <,)
Let S = (Q,R) and Sa = (Qa, Ra) be transition systems, and p C Q x Qa total
on Q; denote S™1 = (Q, R™') and analogously for Sa. Then,

S <, Sa if and only if ST, Sa and S™' C, S;'.

4.2. Symbolic computation of program abstractions

Now, we consider the particular case where transition relations and abstraction
relations are represented by predicates over program variables. The sets of states
Q@ are the Cartesian product of the domains of a tuple of program variables. For
example, if X = (2,y), then we have, @ = Dom(X) = Dom(z) x Dom(y).

Then, binary relations on Dom(X) can be represented by binary predicates of
the form R(X, X') where X' = (z',y') is a “copy” of X, i.e., Dom(X) = Dom(X").
X encodes the source state and X' the target state of any transition in R. For
example., if Dom(z) = N and Dom(y) = Bool, then R = y A (2’ = z + 1)
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represents the transition relation relating any (n,true) € N' x Bool with (n+ 1,b)
where b’ may take any boolean value as y' is not constraint in the expression R.
This approach is used, e. g., in [27], [37]. In the same way a relation p from Dom(X)
to Dom(X4) is represented by a binary predicate of the form p(X, X4).

In this setting, operations on sets (respectively relations) are expressed by logical
connectives. For example, the fact that a relation R; is included in R is expressed
by Ri= R, and Ri A R, represents the intersection of Ry and Rs if they are defined
on the same set of variables.

We consider that a program is a family of transition relations represented by sets
of binary predicates on the same tuple of variables, S = {R;(X, X")};cr where i € T
are used as labels (names) for synchronization purposes in parallel composition in
Section 7.

Then, given an abstraction relation p(X,Y), where Y is a tuple of abstract vari-
ables, the abstraction S, of S is computed as

S, = {(AXIX' . p(X,Y) A p(X",Y') A Ri(X, X")ie

containing expressions in which, at least in the case where Dom(X) and Dom(Y")
are finite, all occurrences of variables X and X' can be eliminated.

Example : a reader/writer problem

We describe a simple readers/writers system by the following “program” RW; in
fact RW defines a family of labeled transition relations where for readability reasons
an explicit label ((b-read),(e-read),...) of each action is put between parentheses in
front of the expression defining the transition relation.
RW ={
(b-read)  (Wr > 0)A(Aw =0) AN (Wr'=Wr—-1)AWuw' =Wuw) A
(Ar' = Ar + 1) A (Av' = Aw),
(e-tead)  (Ar > 0) AN (Wr'=Wr+ 1) A(Wuw' = Ww) A
(Ar' = Ar — 1) A (Av' = Aw),
(b-write) (Ww > 0) A (Aw = 0)A
(Ar=0) A ANWuw' =Ww—1) A
(Aw = Aw —1— 1),
(e-write) (Aw > 0) A

(n-wait)

where Wr and Ww are positive integer variables representing respectively the num-
bers of waiting readers and waiting writers, Ar and Aw respectively the numbers
of active readers and active writers. The transition relation associated with RW
has an infinite number of states as Wr and Ww can always be increased by action
(n-wait).
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We want to prove mutual exclusion between readers and writers. Then, the only
relevant information is, whether the number of active readers and writers is positive
or not. Therefore, we define an abstraction relation p mapping the program vari-
ables on two boolean variables by and bs meaning respectively “there is no active
reader” and “there is no active writer”, by

p(Wr, Ww, Ar, Aw), (b1,b2)) := (b1 = (Ar = 0)) A (b = (Aw = 0)).

As pis a total function, RW, is a faithful abstraction of RW via p. For each one of
the five transition relations R; of RW we have to compute the abstract transition
relation

(R), =3X 3X' . p(X,Y) A p(X",Y') A R(X, X")

For the transition relation R; (labeled by (b-read)) one obtains the following ex-
pression:

(R1), =3(Ar, Aw, Wr, Ww) I(Ar', Aw', Wr', Wu') .
(b1 =Ar=0)A(ba=(Aw=0)) A (b} = (4Ar =0)) A (b = (Aw’ =0)) A
(Wr>0)A(Aw=0)A(Wr' = Wr—1)A
(Wuw' = Ww) A (Ar' = Ar + 1) A (Avw' = Aw)
—by A b, A B

By doing a similar computation for all R; we obtain the following family of abstract
transition relations:

RW,={ (bread) b A by ADY,
(e-read) by A (b = bg),
(b-write) by Abs A b A,
(e-write)  —bg A (b = by),

(n-wait) by =b)A(by=b3) }

The finite global transition relation represented by RW, is given graphically in
Figure 4.2.

5. General results on property preservation

Now we have defined a notion of abstraction and a way to compute abstract pro-
grams. An important point is to know for which properties we can deduce from
the satisfaction on the abstract system its satisfaction on the concrete system. In
order to answer this question, we consider first the general problem of property
preservation between two systems. If the property lattices of the two systems are
related via some monotonic function « : 291 —292 then the satisfaction of some
state property f is preserved from Sy to Sa via « if for any state of @)1 satisfying f
all states of @2 in its image by « satisfy property f. We have strong preservation
if the inverse holds also; this means intuitively that whenever a state of @}1 does
not satisfy f, then there exists a state in its image by « which does not satisfy f.
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b-read

e-read

Figure 1. Readers/Writers abstraction

We give useful characterizations of these definitions if there exists a function 4 such
that (@, ) is a connection, because in Section 6 we apply this notion of preservation
to systems related via («, y)-simulation. We give also a theorem allowing to deduce
strong preservation from preservation in both directions.

Let us first introduce some notations. We suppose that program properties are
expressed by formulas of a logical language F(P) where P = {P1, P2, ...} is a
set of propositional variables. For a given system S = (@, R) and an interpreta-
tion function T : P—29, the semantics of F(P) is given by means of a function
| |s,z : F(P)—29, associating with each formula its characteristic set, i. e., the set
of states satisfying it. This function is such that VP € P .|P|sr = Z(P).

To simplify notations, either one or both of the subscripts S and 7 in |f|s 7z will be
omitted whenever their values can be determined by the context.

Definition 8 (Preservation)

Let f € F(P) be a formula, S1 = (Q1,R1) and Sa = (Q2, Ra2) be two transition
systems, ICQ1, T : P—291 an interpretation function and o : 291 —292, We say
that « preserves (respectively strongly preserves) f for T on II if and only if for
any q € 11,

q € |fls, z implies (respectively if and only if) a({q}) C |fls, aoz-
If T = Q1, we omit to mention that the preservation is on II.

In this definition, the function « establishes a correspondence between properties
of S; and properties of S5. Preservation means that the function « is compatible
with the satisfaction relation. In the sequel, where the function « under consid-
eration is always monotonic, and even such that there exists a function 7, such
that («,7v) is a connection, we use the following characterizations of the notion of
preservation in order to establish preservation results.
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Lemma 2 (Characterization of preservation)
Let f € F(P) be a formula, S1 = (Q1,R1) and Sa = (Q2, Ra) be two transition

systems, T : P—29 be an interpretation function and o : 291 —292,

1. if a is monotonic then

a(|fls,z) C |fls,,aor implies o preserves f for T
and if o distributes over U , the converse also holds.

2. if there exists v such that (o, 7) is a Galois connection, then

(A) « preserves f for T if and only if

[fls,,z € 7(If]ss,001)
(B) « strongly preserves f for I if and only if
|f|51:T = 7(|f|527Q°I)

Proof: The first direction of (1) is immediate: from ¢ € |f|s, z, We obtain by
monotonicity of «, a({¢}) C a(|fl|s,,z) C |fls,,aoz. If @ distributes over U, then
a(|fls, =) = a(qu|f|51,1{Q}) = qu|f|5171 a({q}) which establishes the result.

The proof of (2A) is direct from (1) and the last item of Proposition 3. (2B) can
be deduced from the fact that («({¢}) C |fls,,a0z) = ¢ € |fls,,z is equivalent to

U{Q(Q)g|f|52 aoz}{Q} g |f|51,r and
Ut ror) (8} = 71, 202) by Proposition 5. .

The following theorem gives conditions under which preservation by a from S; to
Sy and preservation by o from S2 to S; implies strong preservation by « from S
to So. Notice that this theorem uses only the monotonicity of o and «'; the fact
that there exists functions v, 4’ such that («,y) and (a’,4') are connections does
not allow to weaken the conditions required here. Therefore, we use exactly this
theorem in order to obtain the strong preservation results in the following section.

Theorem 1 (Preservation and strong preservation)

Let S1 = (Q1,R1) and S = (Q2, Ry) be two transition systems. For any set
I C Qq and for any monotonic functions o : 291 — 292 and o : 292 — 291 such
that &' oo’ = o' and Idyy C o' o, if o preserves f for T : P—Im(a') and &'
preserves f for a« oZ then « strongly preserves f for T on 1.

Proof: In order to show strong preservation by « suppose that, for ¢ € II,

O{({q}) - |f|52,ozo 7. We haVe,

o' oa({g}) C a'(|fl|s,,a0z) (monotonicity of o),
q € C‘fl(lf|52,ozo:.r) (IdH C QIOO‘);
q € |fls, 0’000z (&' preserves f for o o7 and Lemma 2).

Since Z : P—Im(a’), there exists an interpretation function 7" : P—292 such that
I=0a'07" Thusa’oaoZ =a’ocaoa’ol’ = o' oI’ =T which implies ¢ € |f]s, 1.
|
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6. Preservation of the p-calculus

Now we can tackle the problem of preservation between systems related by (a,v)-
simulation as defined in Section 3. The universe of properties that we consider is
the set of properties expressible in the propositional branching-time p-calculus [24]
augmented by past time modalities, which we denote L.

This logic subsumes in expressiveness the commonly used specification logics,
such as the branching-time temporal logics CTL [9] and CTL* [14] and also the
linear-time temporal logics as PTL [36] and ETL [42].

We define fragments of the p-calculus called L,,, OL,, OLY, OGLy, and OLE (where
p stands for logics containing past time operators). We show for two systems S; and
Sy that, if S o) Ss, then a preserves OL, from S; to So and 4 preserves OL,
from S5 to Sy. If moreover S; =) Ss holds, then stronger preservation results
for the fragments augmented by the corresponding past time modality hold also.
We obtain strong preservation of these fragments in case of simulation equivalence,
1. e., existence of simulations in both directions.

In the case where the two systems are («,)-bisimilar, the two functions men-

tioned above preserve Lgf) and, under some conditions, they strongly preserve it.

In the first subsection, we recall the definition of the p-calculus and its fragments
and in the second subsection we give the preservation results. In the third subsec-
tion, we reformulate the verification method sketched in the introduction and apply
it to the small example introduced in Section 4.2.

6.1. The propositional p-calculus and its fragments

We recall the syntax and the semantics of the future and past propositional p-calculus
Li,. Let P be a set of atomic propositions and X" a set of variables. The set of the
formulas of LF is defined by the following grammar:

Fu=T|PEP|X X |Of [PFFVI|~f|uXS

where f is syntactically monotonic on X, i. e., any occurrence of X in f is
under an even number of negations.

As usually, the notion of free occurrences of variables in a formula is defined as in
the first-order predicate calculus by considering the operator u as a quantifier. A
formula is closed if there are no variables occurring free in it. L, is the fragment
in which the past operator <% is not allowed.

The semantics of the formulas is defined for a given transition system S = (Q, R)
and an interpretation function for the atomic propositions Z : P—29. A formula f
with n free variables is interpreted as a function |f|s z : (29)"—29. In particular,
a closed formula is interpreted as a set of states. The interpretation function is
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inductively defined as follows, for a wvaluation V = (V1,...,V,) € (29)" of the vari-
ables occurring free in it.

|T|S,I = Qa

|Pls,z = I(P),

| X;]s,2(V) =V,

|fiV folsz(V) = |filsz(V)U|felsz(V),

|=f]s,2(V) = Q—|fls=(V),

|Of]s,(V) = pre[R](|f]sz(V)),

|<>pf|s,z(v) = pOSt[R](|f|sz(V)),

|NX~f|s,I(V) = ﬂ{ngQ : |f|s,I[Q//X](V) cQ'}.

We extend Lf by adding as usually the formulas L, fAg, f=g, vX.f(X),0f and
0P f which are respectively abbreviations for =T, =(=fV-g), 7 f Vg, “uX.=f(=X),
=0 f and ~CPf.

A formula of this extended language is in positive normal form if and only if all
the negations occurring in it are applied to atomic propositions. It can be shown
that any formula of L? has an equivalent formula in positive normal form.

We define fragments of LI, called OL,, OLY, &Ly and OLE . Their sets of formulas
are given respectively by the two following grammars where the past time modalities
0P and < are not allowed in the future fragments OL,, respectively OL,.

gu=T|[L|P[-P|X|Og|Cfg|gVglghg|uXg|vXy
hu=T|L|P|=P|X|Oh|<Ph|hVh|hAh|puX.h|vX.h

Notice that properties expressed by formulas of DLE}D) involve only universal quan-
tification over computation sequences (due to the use of the O (or OP) operator)
whereas those expressed by formulas of <>L5f ) involve only existential quantification
over computation sequences.

We consider the positive fragments EILEf’)Jr and OLE}DH obtained from the above
languages by forbidding the use of the negation even on atomic propositions. We
consider also the fragments LLp)Jr corresponding to the subset of L&p) formulas in
positive normal form without negations. We can translate any formula of L&p) which
is in positive normal form into an equivalent formula in LE}DH by replacing negated
atomic propositions, i. e., formulas in the form =P, by new atomic propositions.
Thus, since any formula of Lgf') has an equivalent formula in positive normal form,
we can express in L&pﬂ any property expressible in L&p), modulo this encoding of

the formulas = P. Obviously, the same translation can be done from *sz) to >kLEJp)+

for x € {O,<}.

In OL, we can express branching-time properties as for instance the safety prop-
erties with respect to the simulation preorder [3]. The class of these properties
corresponds to the fragment of OL, without the least fixpoint operator u.
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Furthermore, it can be shown that any w-regular linear-time property, i. e., ex-
pressible by a nondeterministic Biichi automaton [6], can be expressed in OL, [4].
For example, the safely property [26], [29], [34] “always P” can be expressed by
the formula vX.(P A OX). Moreover, the guarantee property (according to [34])
“eventually P in any infinite computation sequence” can be expressed by the for-
mula g X.(P V OX). Properties in the other classes in the hierarchy given in [34]
are obtained by using alternations of the y and the v operators. The properties of
VCTL* can be expressed in OL,, if we restrict ourselves to models whose transition
relation is total as VCTL* allows to express general eventuality. notice that if the
transition relation of the considered models is not necessary total, “eventually P”
is expressed by the formula uX.(P Vv Otrue A OX), which is neither in OL, nor in
OLy.

The formulas of CL, are negations of formulas of OL, and conversely.

Past time modalities can be used for two different aims: they allow to express
properties which cannot be expressed using only future modalities, e. g.,

X .(init vV OP X)) holds exactly in the set of states reachable from a state satisfying
tnit. Moreover, they may be used in order to define alternative computation algo-
rithms for invariants and eventually properties which in some cases converge much
faster. For example, the formula init=vX.(P A OX) is equivalent to
“P=vX.(ninit AOPX).

6.2. Preservation results

First, we define the notion of consistency which expresses that a chosen function
relating two property lattices, o : 291—292 preserves the meaning of the atomic
propositions defined by an interpretation function Z on 291. « is consistent with
T if for all atomic propositions the images of Z(P) and Z(P) by « are disjoint,
i. e., the images by « of the interpretation of P and of =P are non contradictory.
Lemma 3 says that — in the case that (@,7) is a connection — consistency of
« with 7 expresses the fact that 7 o « strongly preserves the interpretation of all
atomic propositions.

Definition 9 (Consistency)
Let Q1 and Qo be two sets of states and T : P—2°91 an interpretation and a function
o 291529 Then, o is consistent with T if

VP €P. aZ(P)) Na(Z(P)) =0

Lemma 3 (Characterization of consistency)
Under the same assumptions as in Definition 9, if there exists y such that («,7v) is
a connection, then o is consistent with T if and only if

VP eP.y(a(Z(P))) =I(P)



18

Proof: A proof by contradiction can be obtained using Proposition 7. [ ]

Now, we give a theorem about the preservation in the case that for two given
systems S and Sy are related by S1 E(, 4) S2. The theorem says that « preserves

formulas of OL, from Sy to Sa, 7 preserves formulas of DLEf) from S, to S and if
even S1 ~(, ) Sz holds, then as well o as 5 preserve the whole L,. Furthermore,
if one replaces £, 4) by <(a,y), One obtains analogous preservation results for the
fragments augmented by the corresponding past modalities.

Theorem 2 (Preservation of EILEf)J OLE}’) and Lgp))
Let S1 = (Q1, Ry) and Sy = (Qa, Rs) be two transition systems and T; : P—291,
Ty : P—292 two interpretation functions.

1. If S1 Ciapy Sa (respectively S1 <(q ) S2), then

(A) a preserves the formulas of OLY (respectively OLEY) for Ty, and if o is
consistent with I, then o preserves the formulas of OL, (respectively OLﬁ)
forTy.

(B) 5 preserves the formulas of OLY (respectively OLLY) for To, and if 7 is
consistent with To then 5 preserves OL, (respectively DLﬁ) for Z-.

2. If S1 ~(ay) Sa (respectively S1 <(a,) S2 and S» jﬁ&’) S1) then o preserves
the formulas of L} (respectively LZ“L) for Ty and if o 1s consistent with T, then
« preserves the formulas of L, (respectively Lﬁ) forTy.

Proof: The proof that « preserves L} if S1 ~(, ) Sa consists, due to Lemma 2,
in showing that for any formula f € L{ and for any valuation V', we have
a(|f|sl,11(v)) - |f|sz,a011 (a(V))

The proof is done by induction on the structure of f, and for all operators (in-
cluding fixpoint operators), except <& and O we need only the monotonicity of « in
order to establish this fact. For & we need the fact that S; Ty 4) S2 and for O
we need the fact that S5 E(’J,Z) S1. This proof is given in Appendix A.2.

The proof of preservation of L* under the condition that S; <(4 ) S2 is obtained
by Lemma 1 saying that forward and backward simulation implies 51 T, ) S2
and S17" C(ay) S27" (where S; = (Qi,R; ")) and the observation that post[R] =
pre[R™1].

Finally, if « is consistent with 71, it is straightforward to deduce that
a([=Pls, ) C |=Ps, a0, -

Notice that we have also preservation of LE* by 7 by exchanging the roles of «
and ¥ and of S; and S» and then using symmetrical arguments. Now, the proofs
of (1A) and (1B) are obvious from the fact that for the preservation of OLELP)"' by
a we need only the condition that S1 T4 ) S2 (vespectively S1 <(a4) S2), and

for the preservation of IIILEf))+ by ¥ the condition that S E(::) Sy (respectively
ay



19

Sh j(::) S3), which is equivalent to S Cya ) S2 (respectively S1 <(a4) S2).
oy
|

It is known that in order to have strong preservation of L, one needs the existence of
a bisimulation between the transition systems S; and Sy (Theorem 4 gives the exact
conditions). By using Theorem 1, one obtains from Theorem 2 strong preservation
of fragments of L, under the weaker condition that is the existence of a mutual
sitmulation between S1 and S5 and the additional conditions required in Theorem 1:

Theorem 3 (Strong preservation of DLELP) and OLELP))

Let S1 = (Q1, Ry) and Sy = (Q2, R2) be two transition systems. If S1 Ca ) So
and Sy Tior 41y S1 (respectively S1 <(a4) S2 and Sy <(ar 41y S1) for a,a’ such
that o' oo’ = o', then

1. If Ido C o' o« for some ICQ1, then
a strongly preserves OL (respectively OLZ*‘) on Il for any interpretationZ : P—II.
Furthermore, if v is consistent with I, then « strongly preserves OL, (respec-
tively OLL ) for Z on II.

2, If Idn C 5" o5 for some IICQ2, then
v strongly preserves QL (respectively EILZ*’) on Il for any interpretation? : P—II.
Furthermore, if ¥ is consistent with I, then ¥ strongly preserves OL, (respec-
tively OLL ) for T on II.

Proof: (1) is a direct application of Theorem 1 using Theorem 2. (2) is obtained
in the same way by using Proposition 8 which guarantees 3’ o505 =7, ]

Theorem 4 (Strong preservation of L&p))
Let S1 = (Q1, Ry) and Sy = (Q2, R2) be two transition systems. If S1 ~(4 ) So
(respectively S1 <(a) S2 and S j(?&) S1) and Yoo =7 then

1. « strongly preserves L, (respectively L? ) on Im(y) for any interpretation
I, :P—Im(¥) and

2. 5 strongly preserves L, (respectively L% ) on Im(a) for any interpretation
I, :P—Im(a).

Proof: As the preceding theorem, the proof of strong preservation by « is ob-
tained directly from Theorems 1 and 2 by replacing o’ by ¥ and using the fact
that Idlm(% C ¥ o @ (Proposition 8) and the fact that « is consistent with any

T, : P—Im(«) by using the same arguments as in the proof of Theorem 1. The
proof for ¥ is symmetrical. [ |
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6.3. Application

Theorem 2 provides the basis for our verification method by using abstraction.
Given a program S = (Q, R), a set P of atomic propositions occurring in formula
f € OLf and an interpretation function 7 : P—29, one can proceed as follows in
order to verify that S satisfies f, i. e., |flsz = Q:

(1) Give an abstraction relation p C @ x Q4 which is total on @ and the corre-
sponding abstraction function a = post[p].

(2) Compute the abstract system S, and verify whether the characteristic set of
f on S,, obtained using the interpretation function «a o Z, is contained in the
image a(Q) of concrete states, that means we have to verify that

7(|f|sp,aoz) = Q

Notice that a sufficient condition for this is that |f|sp7m,1 = @a expressing that
f holds on S,. If the answer in (2) is positive and no atomic proposition occurs
negated in f, then using Theorem 2.(1B), we obtain

(3) S satisfies f with the interpretation function yoa oZ,i. e, |f|_~ =Q.

S,Y000T

If furthermore, Z(P) = (¥ o @« o T)(P) for any P € P that occurs in f, then
S satisfies f under interpretation 7, i. e., |flsz = Q.

This means (by Lemma 3) that in order to apply the verification method one
needs the consistency of a with Z for all atomic propositions occurring non
negated in f. For propositions P € P occurring only negated in f, computing
|fls, a0z amounts to evaluate f on S with interpretation ¥(a(Z(P))) of —=P; as

Y(a(Z(P))) C I(P)is always true and as all operators in f represent monotonic
functions (in f negation can only be applied to atomic propositions), we deduce
that this amounts to evaluate a stronger property than f; therefore, the method
can be applied even if the consistency requirement id not fulfilled for atomic
propositions occurring only negated in f.

If the answer in (2) is negative, i. e., ¥(|f|s, a0oz) = @ C @, we can try to find
a counter-example, showing that one of the states in Q' does not satisfy f, or we
have to try with a more precise set of abstract states and corresponding connection.

Obviously, instead of the abstract system S,, we can use any system S4 such
that S C(a ) Sa (respectively S <, 4y Sa if f contains past time modalities).

A similar method is applied in [10]. The notion of homomorphism considered there
corresponds to {(a,v)-simulation induced by relations p which are total functions
from @ to @4 such that & and 5 are respectively consistent with the interpretation
functions of the atomic propositions Z and «oZ. In that case, it is shown that the
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logic VO'T L* is preserved from S5 to S1 under the condition that only infinite com-
putation sequences are considered. This result is generalized by Theorem 2 since
—under this condition — DLE}D) is more expressive than YCTL*. Furthermore,
the notion of exact homomorphism considered there corresponds to bisimulations
induced by relations p which are total functions from @ to @4 such that « and ¥
are respectively consistent with the interpretation functions 7 and awoZ. If S and
S5 are related by an exact homomorphism, the logic CTL* is strongly preserved.
This result is generalized by Theorem 2 (notice that this theorem can be applied
because, if p is a total function, we have p = pp~1p).

It should also be noticed that it is not important to choose a framework in which
eventuality properties are preserved, as, even if they are preserved, they do in gen-
eral not hold on abstract systems such as S, or the abstract systems proposed in

[10].

At this point, we can also discuss the choice of our notion of abstraction (S, is a
p-abstraction of S if and only if S C, Sa, 1. e., post[p] o pre[R] o pre[p] C pre[R4)).
Using this definition we obtain preservation of the formulas of OL, from the ab-
stract system S, to the concrete system S. As almost all properties we are inter-
ested in are in OL,, this is a good notion of abstraction. But, as already mentioned,
we can also define other notions of simulation, where the function representing a
transition system is chosen to be pre[R], post[R] or pos¢[R]. Taking the first choice,

we obtain preservation of the formulas of CL, from S4 to S. Notice that, if in def-
inition 4 we replace the functions pre by pre, then Ss is a (a,v)-abstraction of
the system S; under study if and only if Sy (¥, @)-simulates S;. That means that
properties expressible in OL, can be verified by approximating a system by sim-
ulation from above, and properties expressible in &L, by approximating it from
below; and similar as in [12], one may use such a pair of approximations in order
to evaluate any property of L.

However, the reachability properties, which are the interesting properties in the
fragment &Ly, do in general not hold on abstract systems, defined in a similar
way as S, by grouping sets of states into a single abstract state, and allowing
only those abstract transitions corresponding to a transition of every corresponding
concrete state. In order to obtain abstract systems allowing to verify reachability
properties, we must replace the transition relation R by some transitive closure of
it, such as RYR.; where R, is the subset of transition representing “stuttering” or
“non observable” steps, * denotes the transitive closure and R-; is the the set of
“observable” or “non-stuttering” steps.

The choice to represent the transition relations R by the function post[R], results
in a notion of abstraction preserving only past modalities; however, as we have
seen this is not very interesting, as by replacing C, by =<, (which is not really a
constraint in practice) one obtains preservation of both future and past modalities.
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Reader/writer example continued

We apply the above verification method to readers-writers for which an abstraction
has been calculated in Section 4.2.

Mutual exclusion between the readers and the writers can be expressed by the
following formula

f=(Ar=0NAw=0) = vX.(Ar =0V Aw = 0) A OX).

This formula states that starting from a state with no active readers and writers
implies that for any subsequent state, mutual exclusion holds.

Notice, that instead of propositional variables and an explicit interpretation func-
tion translating them into predicates on concrete program variables, we use these
predicates on program variables directly in the formulas, which simplifies a bit the
presentation in such a small example.

We have to show that p preserves the four basic predicates occurring in the formula,

namely (Ar = 0), =(Ar = 0), (Aw = 0) and ~(Aw = 0), i.e.,

prelpl(post[p](P)) = P

for each one of these predicates. This can be easily verified, e. g. for (Ar = 0), we

have post[p](Ar = 0) = by and pre[p](b1) = (Ar = 0).

In order to verify f on S,, we have to translate the atomic predicates by post[p],
resulting in the formula

fA : (b1 A bz) = Z/X((b1 \% b2) A DX)

By using classical symbolic model checking for CT'L (see e. g. in [38]), we obtain
|fals, = true. By Theorem 2, we have that mutual exclusion holds on the concrete
program. The recent developments of BDDs [5] and tools manipulating them, allows
to do this evaluation efficiently if the abstract domain is finite.

7. Compositionality of simulation with respect to parallel composition

In the previous sections we gave a method reducing the verification of a property
of some program represented as a transition system S = (@, R) to the verification
of the same property on some abstraction S, = (Q,,R,).

When dealing with complex programs obtained as the parallel composition of
simpler programs, the application of this method requires the computation of the
corresponding global transition relation from which an abstraction can be computed.
The question then arises whether it is possible to compute abstractions of complex
programs as the parallel composition of abstractions of their components in order
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to avoid building the transition relation associated with the complex program. This
is guaranteed if the compositionality property

(51 Epl Sll) and (Sz EM Szl)
(S1152) Es(1p1,02) (S171S2)

holds, where | is a parallel composition operator and f( |, p1,p2) an abstraction
relation depending on |, p1 and ps.

In this section we present compositionality results for p-simulation for three dif-
ferent parallel composition operators and by taking f( |, p1, p2) = p1 N pa.

There exist already many compositionality results for simulation relations with
respect to parallel composition. Most of them concern synchronous composition or
the particular case where the domains of the composed processes are disjoint.

Notice that an important difference with these results is that our simulations are
parameterized by arbitrary relations and the relation used to obtain the abstraction
of the composed system is computed from the abstraction relations applied to its
components.

Another problem studied in this section is the relationship between the abstrac-
tion of the complex program and the abstraction resulting from the parallel com-
position of the abstractions of the components.

These results allow to compare the two approaches concerning the quality of the
obtained abstractions.

7.1. Definition of parallel composition

As in Section 4.2 we consider transition systems S described by families of of tran-
sition relations represented by sets of binary predicates on a set of variables X,
ie., S = {Ri(X,X")}icr where the elements of I are considered as labels used for
synchronization purposes in parallel composition. We use this representation of
labeled transition systems as it allows us to define parallel composition of programs
sharing variables.

We consider three types of parallel composition, synchronous (®), asynchronous
(I and mixed ([] ). Mixed parallel composition is the most general one and the
others can be considered as particular cases of it.

Definition 10 (Parallel composition)

Let S; = {Ri;(X;, X)) | j € L}, i € {1,2} and ACIL x Iy be a synchroniza-
tion set (indicating which relations must synchronize). Furthermore, take Ay =
{i]35.(4,5) € A} and Ay = {j|3i.(3,j) € A} (A; are the projections of A on I
respectively I ). We define the operators ||, ®@a, [A] as follows:

e mized composition [A] :
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S1[A]S2 = {RiiN Ry | (i,5) € A} U
{Rli A stableXQ_Xl | Z ¢ Al} U {RQJ' A Stabl@_xl__x2 | j ¢ Ag}

where for any set of variables X = {x1,..,2,}, stablex is the predicate
() =z1)N A (2], =2p).

e synchronous composition @4 :

S1®aS2 = {RiiARy; | (1,7) € A}

e asynchronous composition | :
S1 ||| Ss = {Rlz A 5tableX2_X1 | 1€ Il} U {sz /\Stabl@xl_x2 | jE IQ}

Comments :

The mixed composition operator forces synchronization of pairs of transition
relations belonging to A. Rj [A] Rz can perform either moves resulting from
the synchronous execution of transitions in some Ry; and Rs; such that (i, j) €
A, or moves performed by one component while the other remains idle. The
latter corresponds to moves of either some Ry; for i ¢ Ay or of some Ra; for
J & As. This operator allows to express the operators of Csp [19] or LoTos
[20] by simulating message communication by communication through common
variables.

Synchronous composition is a special case of mixed composition, where only the
execution of synchronous transitions is possible. In the case where A = I} x I,
this operator is the same as A, and this is the program composition operator
used in Tra [27]. Tt can also be used to describe the parallel composition
operators of Scas [33], of S/R models [23] and the one used in [15].

Asynchronous composition is the special case of the mixed composition where
A = 0. That means that all moves are moves of either some Rq; where : € I}
or of some Ry; where j € I. This operator is exactly the “union operator” of
UnrTy [11].

Lemma 4 Let be S; = {R;;(X;, X]) | j € Ii},i € {1,2} and ACI x I a synchro-
nization set as before. Then,

o Si|lSa=Si[0]S-
o If A such that Ay = Ay = 0, then S; ®4 So = S1 [4] S5
o IfA=11 x I, then Ry ®4 Ry = R1 A R»

051 [A] S2 = {R1i @i jy) Rojtijyea | {RiiAstablex, x, tiga, |l
{RQJ’ A Stablexl_x2}ng2

o S1 = |lier {R1i} where || ;cr is the obvious n-ary extension of ||
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The mixed composition operator is the most general one as it allows to express
the others. We prefer however to consider the three operators because they give
each one rise to specific results.

The last item comes from the fact that all the Ry; are defined on the same set of
variables.

7.2. Compositionality results

Now, we give for all operators of Definition 10, conditions on the abstraction rela-
tions p;, under which the rule

(81 Cp, S1') and (S3 By, S2)

Com
( P) S11S2 Epnps S1'|Se

holds. Furthermore, we are interested in applying this rule in the particular case
where S! = S;,, (defined as in Section 4.1). In that case an interesting question
is whether the abstractions R;, | Rs,, and (R1|| R2)p,np, are comparable in or-
der to know which way of computing abstractions gives better approximations:
direct computation from the compound system or computation by composition of
abstractions of the components. Intuitively one would think that

(Ri| R2)pynp, = IR, | Ra,

holds always. However, the second items of the following theorems show that this
is only true without restrictions for synchronous parallel composition. Notice also
that, if this implication holds, then also the rule, obtained by replacing in (Comp)
the simulation preorder C by forward and backward simulation <. In fact, in order
to obtain this modified rule, slightly weaker conditions than those required for the
second item of the following theorems are necessary, but as even the stronger ones
are almost always satisfied in practice, we propose the interested reader to look at
[28] for more details.

The third items of the following theorems show that in order to obtain the inverse
implication

Ri, | Rs,, = (Ril|R2)pnp,

for synchronous composition relatively strong conditions are necessary; whereas for
asynchronous composition the conditions are relatively easy to fulfil.

Assumption 1 Throughout the rest of the section we consider a set of variables X
of the form X1 U X9 where X1 and X5 are not necessarily disjoint, two transition
systems S; = {Ri;(Xi, X]) | j € Li},i € {1,2} and Xa = X14 U Xoa a set of
abstract variables.

We denote also X. = X1 N Xo, the set of common variables, X;; = X; — X, the
local variables of S; and analogously X.p = X14 N Xo4, the set of common abstract
variables and X4 = X;4 — X4 the local abstract variables of S;.
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We consider also two relations relating the concrete and the abstract domains,
pi(Xi, Xia), which are total on X; and such that py A py is total on X. In or-
der to simplify the expression of the results and because it does not restrict gen-
erality, we suppose in the sequel that the relations p; can be put into the form
pi = pit(Xi, Xita) A pic(Xi, Xea), i. e., the abstract local and common variables do
not depend on each other. This implies that the totality of p1 A p2 is equivalent to
the totality of p11, pu and pic A pac.

Theorem 5 (compositionality with respect to ®)
Under the hypotheses of Assumption 1, one has

1. If pic : Xc—X.a are functions for i = {1,2}, then

S; C,, Sz/" 1=1,2
S1 ®a So Em/\pz Si a Sé

2. (R1®a Ra)pynp, = R, @a Ra,,
3. If pic : Xea—X, are functions for i = {1,2}, then
Ri, ®a Ra,, = (R1®a R2)p,np,

Proof: The proof is rather technical — except that of (2) which uses only mono-
tonicity arguments — and is deferred to Appendix A.3. [ ]

Theorem 6 (compositionality with respect to || )
Under the hypotheses of Assumption 1 and if furthermore piy = pi (X1, Xita), we
get

1. if pic = pe(Xe, Xca), then

SZ' Epz S;; 1= 1:2
S1llS2 Epinps SIS,

2. If pu : Xy—Xya are functions for i = {1,2}, then
(Rill R2)pinps = R, | R2,,

3. If pic = pe(Xe, Xca) and pir are onto (VX4 IXi1.pi(Xit, Xira), then
R, I R2,, = (Ri|l R2)pinps

Proof: The complete proof is given in Appendix A.3. [ ]

Theorem 7 (compositionality with respect to [] )
Under the same hypotheses as in Theorem 6, we get



27

1. If pic - Xc—X 4 are functions for i = {1,2}, then

S C, S, i=1,2
S1[A] Sa Epinp S1 1AL S,

2. If pir : Xa—Xia are functions for i = {1,2}, then
(Ra [A] Ra)pinp, = Ra,, [A] R2,,

3. If pic : Xea—X, are functions for i = {1,2} and p; are onio, then
Ry, [A] Rs,, = (Ri[A] R2)pinp.

Proof: The fact that Ry []| R2 can be expressed by using only ® and || as given in
Lemma 4, and that the conditions of both of the preceding theorems are satisfied
in each of the corresponding points is enough to prove the theorem. [ |

8. Conclusion

The paper studies property preserving transformations for reactive systems. A key
idea is the use of (@, 7)-simulation which is the same as the standard simulation
(parameterized by a relation p) often used to define implementations. Further-
more, {a, y)-simulations induce abstract interpretations and this allows to apply an
existing powerful theory for program analysis.

The results presented can be adapted so as to be applied to preorders and equiv-
alences that are defined in terms of simulations or bisimulations with silent actions.
For instance, one can define a (a,v)-observational equivalence by considering as
models, labeled transition systems with silent actions and using the well-known
fact that observational equivalence is strong bisimulation equivalence on a modified
transition relation.

An important issue is the application of the results to the verification of non-
trivial systems. For this, a key problem is the choice of appropriate abstraction
relations depending on the properties to be verified. In general, this task requires
a deep knowledge of the concrete program to be verified and cannot be automated.
However, the predicates occurring in the formula and the requirements for the
preservation of these predicates help finding the minimal necessary abstract do-
main. Also the results of Section 7 are helpful for the user of the method as
appropriate abstractions for components are easier to find than abstraction for the
compound system.

In the case that both, the concrete and the abstract domains are finite, once an
abstraction relation is given, the rest of the method can be mechanized: compu-
tation of the abstraction, verification of the formula and checking preservation of
the predicates. We have implemented a symbolic verification tool supporting this
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method for finite state programs encoded as BpbDs [17], [28]: Programs are par-
allel compositions of components which are predicates (just as the program used
in the example in Section 4.2) on boolean variables. An abstract program may be
obtained by composing and abstracting the components in any order using abstrac-
tion relations p; given by predicates on abstract and concrete variables. Internally
all predicates are represented by BDDs. A symbolic model checker allows the veri-
fication of properties. Using this tool, we have verified a protocol described in [13].
For this protocol, the use of the compositionality results of Section 7 was essential
in order to be able to compute an appropriate abstract system.

In [18], we applied the same verification method to an infinite state system, a
distributed cache memory [13] which is known to be difficult to verify. For this ex-
ample, the abstract program could not be obtained fully automatically. It has been
computed from the concrete program by replacing every concrete basic operation
(operation on integers, memories and buffers) by a corresponding abstract opera-
tion on very reduced abstract domains. This example shows that our results can be
applied for the computation of abstractions of infinite state systems. However, the
computation of finite abstractions of infinite state systems deserve further study.

Appendix A
A.1. Proof of Proposition 11

We want to show that if S = (@, R) is a transition system and and p C @ x Q4
total on @ such that p = pp~'p, then S, is a faithful abstraction of S via p. More
precisely, we want to show that for any Sy = (Qa, Ra) such that S C, Sy and
RACR,, Sa and S, are p~!p-bisimilar.

e [First, let us show that S, C,-1, S, that is,
post[p=tp] o pre[R,) o pre[p™" p] C pre[Ra].  (¥)

By definition, we have pre[R,] = post[p] o pre[R] o pre[p]. Thus, by substitution
we obtain

post[p~ plopre[R,]o pre[p™! p] = post[p~' plopost[p] o pre[R]o pre[p]o pre[p~ p].
By Proposition 2 and by the fact that pre[p] = post[p~!], we obtain
postp™' p] o pre[R,] o pre[p™" p] = post[pp™'p] o pre[R] o post[p='] o pre[p™'] o
prep].

Now, since p = pp~! p (by hypothesis) and (post[p~1!], pre[p~*]) is a connection
(by Proposition 6), we have, post[pp~!p] = post[p] and

post[p~1] o pre[p~!] C Id, thus,

post[p~tp] o pre[Ry] o pre[p™!p] C post[p] o pre[R] o prelp)].

Finally, since by hypothesis we have,

S C, Sa, le., post[p] o pre[R] o pre[p] C pre[Ra], we obtain,

post[p~' p] o pre[R,] o pre[p™ " p] C pre[Ra] which is (*).
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e Now, since (p~'p)~! = (p~'p), we show that S4 C,-1, S,, that is to say,
post[p~'p] o pre[Ra] o pre[p™! p] C pre[R,).
By hypothesis, we have R4 C R,, such it is sufficient to show that

post[p~'p) o pre[Ry] o pre[p™'p] C pre[R,] (%)

As in the first part of the proof we obtain,

post[p~ p] o pre[R,] o pre[p™ " p] C post[p] o pre[R] o pre[p],
which is equivalent to (**). [ ]

A.2. Proof of Theorem 2

In order to complete the proof of Theorem 2 it remains to show that if S1 = (Q1, R1)
and S1 = (Q2, Ry) are transition systems and Z : P—29! is an interpretation
function, such that Sy >~ ,) S2 then a preserves the formulas of L;‘; for Z. By
Lemma 2, it is sufficient to prove that for any formula f in L:‘ and for any valuation
V', we have

a([fls,,2(V)) € |fls,,a0z(@(V)) or equivalently | f|s, (V) € y(|fls,,a0z((V)))-

To simplify the notations, we omit the valuation V' whenever it is not relevant in a
proof.

b O‘(|J—|Sl,z) - |J—|sg,aoz and 0‘(|T|51,I) - |T|s2,aoz as O‘((b) =0 and Q(Q2) C Q.
e a|Pls, z) = |Pls,,aoz by definition of the interpretation function.
o a(|Xjls, 2(V)) = a(V]) = |Xjls,,a0z((V))

o |Of|s, = = pre[R2](|fls,,z) by definition of the semantics. The dual of the
condition for Sy EG P Sq is pre[R1] C 7o pre[Rz] o . By substitution, we get,

Ofls,.z © 7o pre[Ro] o o|fls, 2)-

By induction hypothesis — a(|fls, z) C |fls,,a0or — We obtain,

|Df|sl,z g Yo ]%[R2](|f|52,oeoz)a

which is equivalent to
|Df|5171 g 7(|Df|52,oeoz)~

o o[Of]s,z) = aopre[Ra)(|fls, »)

by definition of the semantics and monotonicity of a. As Idg, C v o a, we get

a(|Ofls,z) C aopre[Ri]oyoa(|fls, )
As S1 Cia,y) S2,1. e, aopre[Ri] oy C pre[Ry], we get

CY(|<>f|sl,z) - pT’@[RQ] o a(|f|sl,r)~
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By induction hypothesis — a(|fls, z) C |fls,,a0r — follows
a(|<>f|sl,r) - pre[R2](|f|sz,aoz) = |<>f|52,aor~
a([f2V fils, z) = allfels, 2 Ulfils, z)

by definition of the interpretation function. As « distributes over U, we have

Ot(|f2 \% f1|5171) = a(|f2|5171) U O{(|f1|5171).
By induction hypothesis, we obtain

O‘(|f2 \ fllsl,z) g |f2|s2,aoz ) |f1|52,a01 = |f2 \ f1|52,oz01~

An analogous proof can be obtained for conjunction.

|/4‘X-f|52,a01(05(v)) = ﬂ{P2gQ2 : |f|52,a01[P2/X](05(V)) c Pg},
where V is a valuation on @ of the free variables of f. As («,¥) is a connection
(voy C Idg,) and v is monotonic,

| flsz,00z[ P2/ X](a(V)) € P2 ()

implies

V(S sz a0zle(y(P2))/ X)(a(V))) € 7(P2).
Using the induction hypothesis for f with valuation y(Ps) for X gives

[flsy 2 ly(P2)/ X](V) € (|55 a0z]a(7(P2))/ X](a(V)))
which implies finally by transitivity,
[flsyzly(P2)/ X](V)) € 7(P2) (%)

Thus, every P satisfying (*) satisfies also (**). This implies

(P2 : ()} © NP2 2 (9)}, 1 e

(P2« [fls, z[y(P2)/XT(V) € 7(P2)} C
(HP2 = [flssaor[Po/ X](a(V)) C Po} = [uX fls; aor(a(V))-

By distributivity of v over intersection, we obtain
(Vr(Po) = [Flsy 2 [V(P2)/X])(V) € 4(P2)} € Y(InX-fls, a0r(@(V)) ).

It remains to show that {y(P2) : |fls, z[v(P2)/X](V) C 4(P»)} contains the
least fixpoint |uX.f|s, -(V). From the fact that,

{7(P2) : |f|sl,z[7(P2)/X](V) - 7(P2)} C {Pngl : |f|517-_r[P1/X](V) C Pl}
we deduce that

v (P2) : [fls, [v(P2)/X](V) C v(P2)} 2
(WPLCQ1 = [fls, z[P1/XI(V) C P} = [uX.fls, (V)

which completes the proof.

An analogous proof can be obtained for the greatest fixpoint. [ ]
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A.3. Proofs of Theorems 5 and 6

We suppose all the notations and hypotheses introduced in Assumption 1 of Sec-
tion 7.2 for the formulation of the two theorems. Furthermore, we use the following
notation for the composition of relations:

If R1(X,X') and Ra(X', X"") are predicates representing relations, we represent
by Ri * Ry the composition of the relations, 1. e., Ry * Ry represents the predicate
X' Riy(X, X') A Ro( X', X,

A.3.1. Proof of Theorem 5

1. In order to show the stability of C with respect to synchronous composition ®
we use Definition 5. More precisely, we show that,

() (Vier, B1)™ % p1 = prx Ry and (Vjep, Roj) ™ % p2 = pox R
implies
(**) (VjreaBai A Roj)™ ) # (p1 Ap2) = (p1 A p2)* (R ARy~

where (*) can be expressed as:

V(X1 XDOV( X114, Xea) -

(X1, Xe) - pa((Xu, Xe), (Xuia, Xea)) ATi - Ryg((Xu, Xe), (X7, X7)) =
H(X{JA:XQA) pl((X{I)X) (X{IA)X ))/\R ((Xl-’A:XCA):(XilAaXéA)))
A

V(XL XY (Xea, Xara) .

(3(Xe, Xo1) . pa((Xe, Xor), (Xea, Xora)) ATj - Roj((Xe, Xar), (XT, X5))) =
AXTas Xoa) - p2((X0, X5), (X0a, X5pa)) A R((Xea, Xora), (XD, X514)) )

and (* ) can be expressed as:

V(X1 X0, Xo)V( X114, Xea, Xoa) -

(3( X1, Xc; Xat) - pr( X1, Xeo), (X114, Xea)) A pa((Xe, Xat), (Xea, Xa1a)) A
(i) eA. Ru((XU,XC),(X{,,Xg)) A Roj((Xe, Xar), (X7, X5)))

=

H(X{lAjXéijélA) pr((XY, ) (X145 X0a)) A p2((X2, Xop), (X045 X5p4)) A
Ry (X4, Xea), (X{1a, X7 )) Ry((Xea, Xoia), (Xia, X914)) )-

It is quite easy to see that if we choose the same X! and X.4 in part 1
and 2 of (*), and if we can choose the same X, then totality of p1 A ps
on Dom(X) is sufficient to be able to choose the same X!, such that both
p1((X7p, X0), (X4, X0 4)) and po((X7, X5y), (X7, Xo14))-

The fact that that p;. are (the same) functions assures that if there exists a
X!, that can be chosen then it is unique, which induces by (*) that
RyU((X11a, Xoa), (X114, X2 4)) and RY((Xea, Xo1a), (X! 4, X5 4)). This implies
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(**). Notice that the required conditions on p; are also necessary if no more
information on the transition relations R; and R} is available.

We have to show that (R1 @4 R2)piap, = Rip @4 Rop,.

(R1 @4 R2)pynps = Viijyea (pr A p2) ™ * (Rii A Roj) % (p1 A pa).

As pr Npa = pi, Rii A Raj = Ry; and Ri; A Ry; = Rsj, we have
Viijyea (pr A p2)™h* (Rug A Roj) % (p1 A p2) =

V(i,j)eA P1_1 * Rijxp1 A p2_1 * I2aj * po which is equivalent to R, ®4 Rap,.

We have to show the inverse implication of (2). We show that
V(i,j) € A Ruipy A Rajpy = (Rii A Roj)pinps

Riipy A Rajp, (X114, Xea, Xaa), (X{14, X1g, Xb14)) =

(X, Xe) (XY, XD -

pr((X1r, Xo), (Xura, Xea) AR (X, Xeo), (X4, XO)ApL (X, X0), (X114, Xia))
A

H(XC,XQIH(XQ,XQI) .

p2((Xe, Xor), (Xea, Xo1a))ARaj ((Xe, Xar), (X7, X5 Apa(XL, X5,), (X4, X54))

The expression for (Ri; A Raj)p np, differs from this one by the fact all the
existential quantifications have to be put outside of the main conjunction (un-
derlined), i. e., in both subexpressions the same X, and X/ must be chosen (this
is a different proof of implication (2)). In order to get the implication (3), we
must be sure that choosing in both existential quantifications the same X, and
the same X’ we do not obtain less transitions than without this constraint. This
is obviously guaranteed by the condition that p;. are functions from X.4 into
X.. Notice that the required condition is also necessary if no more information
on the transition relations R; and R} is available. |

A.3.2. Proof of Theorem 6

1.

In order to show the stability of C with respect to ||, we use again Definition 5;
so we show that

-1 - -1 -
() (Vien Ba)™ 1 = pox B and (Vier, By 5 po = pos RS
implies

) ((Vier, i) 1 Ver, B2i)) ™" (o1 Ap2) = (p1 A pa) + (R || RY) ™

As composition of relations distributes over disjunction, it is sufficient to show
that

Vi € I . (R Astablex,,) % (p1 A p2) = (p1 Ap2) * (R”! A stablex,,, ) and
analogously for Rs. We show the implication for some Rj;.
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(R7;' Astable x, )¥(p1 Apa) = (p1Apa2)*(R™! Astabley,,,) can be expressed as

V(X1 X5 X5) V(X4 Xea, Xoa) -

(H(Xll;Xc;XQI) p1(( X1, X2), (X114, Xea)) A pa((Xe, Xop), (Xea, Xoia)) A
Rli((XlluXC)a( ]_]aXl)) A X2I _Xél

=

(X145 Xoar Xopa) - pr (X1, X0, (XTpas Xoa)) A p2((XE X5), (Xfa, Xo1a)) A
Ri((X11a, Xea), (X114, X00)) A Xowa = X, ).

This expression differs from the first conjunct of (*) (see its expression in the
previous proof item (1)) by adding all the underlined parts. Thus, it is suf-
ficient to show that p1((X11, X.), (X114, Xea)) and p1 (X1, X0), (X114, X04))
and pa((Xe, Xor), (Xea, Xo1a)) implies po (X7, Xo1), (X4, X214))

This is guaranteed by the the fact that ps; does not depend on X, and the fact
that ps. coincides with pq..

We show that
Vie I . (p1 /\p2)_1*(R1i/\St(1bl€X2l)*(plf\p2) = (pl_l*Rli*pl)/\Stablex2M
and analogously for R2. We have,

Ei =

(p1Ap2) ™ *(RyiAstablex,, )x(pr Ap2)((Xuia, Xea, Xota), (Xqp4, Xiar X514)) =
I Xur, Xey Xo) I(XY, X0, Xgp) - pr (X, Xe), (Xua, Xea)) A
p2((Xe, Xo), (Xca, Xoia)) A

Ra((Xu, Xe), (X1, X0)) A Pl((X{I:X/) (XT1a, X0a)) A

p2 (X2, Xop), (Xias Xiya)) A Xap = Xy

whereas

Fy =

(p17" % Ry % py A stablex,, ) ((X1ia, Xea, Xowa), (X{4, X4, X014)) =
(X1, Xe) X, XD) - pr(Xur, Xe), (Xia, Xea)) A Ri((Xa, Xe), (X, X)) A
Pl((X{I:X) (XilA:XéA)) N Xoara :XélA

where the underlining indicates the differences between the two expressions. In
order to obtain Fy1=F5 it is sufficient to show that £y = (Xaua = X}4).
This is guaranteed by the condition that ps; is a function, i. e., that for any Xo
there exists a unique Xo14 such that par(Xar, Xaia).

In order to obtain (3), i. e., Fa=F}, it is sufficient to show that
EQ = E'XQ] . PQI(XQI, XQ]A) /\pQC(Xc, XCA) /\pgc(Xé, XéA) which is guaranteed
by the fact that po; is onto and that py. coincides with p;.. [ |
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