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Chapter 1

Introduction

With the prevalent integration of microprocessors into@dtrevery electrical device,
appliance and technical process, software controllersaofiiiare systems play an
increasingly important role. The interaction of softwarghwphysical devices and
processes can exhibit complex, mixed continuous-distrehavior that de es the an-
alytical capabilities of classic feedback control theompich is directed mainly at
purely continuous-time and continuous-valued systemsjedisas those of computer
science, which deals with discrete-time and discreteedisystems. Systems with
mixed continuous-discrete behavior are caligbrid systemsThey have been studied
since the early 1990s and are the subject of a multitude obioggresearch activ-
ities. The proper functioning of hybrid systems is oftenhtygdesirable, as in the
case of safety critical applications, or because the nurabsystems in place and
high maintenance costs economically justify closer sayutMany of such systems,
e.g., embedded systems, must function correctly withomdwintervention, either
because such an intervention is not possible at the time exfatipn, or because er-
roneous intervention would be disastrous. The latter wasc#se in an accident on
July 1, 2002, when a Russian Tupolev TU154M passenger aggtamd itself on a
collision course with a Boeing B757-200 cargo plane, 35000 dbeve Lake Con-
stance between Switzerland and Germany. A built-in safgtyesn, theTraf ¢ Alert
and Collision Avoidance SystgffiCAS), correctly alerted the pilot to avoid the colli-
sion by pulling the plane up, while the human airspace cdletrim charge, impaired
by adverse working conditions, ordered it to push down. Tl followed the advice
of the human controller, which resulted in a collision thdtekl 71 passengers and
crew. An of cial investigation by the German Federal BureduAacraft Accidents
Investigation (BFU) included the following in its recommeations [SBB 04]:

ICAO [International Civil Aviation Organization] should cinge the in-
ternational requirements [...] so that pilots ying are raged to obey
and follow TCAS resolution advisories (RAs), regardless adtidr con-
trary ATC [Air Traf ¢ Control] instruction is given prior to,during, or
after the RAs are issued. Unless the situation is too dangeim comply,
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the pilot ying should comply with the RA until TCAS indicathe ir-
plane is clear of the conict. [...] ICAO should ensure a highvél of
acceptance and con dence of pilots staff in ACAS by improethgcation
and training.

These conclusions underline the importance of designiftyvace for critical appli-
cations with an utmost level of con dence, as well as the nigedducate about its
capabilities and limitations. It is the goal fdrmal veri cation, i.e., a mathematical
modeling of the system and formal proof of its propertiesensure the safety of a
system to such a high level of con dence, and critical paftthe TCAS have been
formally veri ed [LLLOQ]. Because of the inherent complexithe analysis is limited
to critical components of the system at the design level andilly requires a cer-
tain level of abstraction from physical details. Other emufor a malfunction of the
system, such as hardware failures, are better addressegsthods such as hazard
analysis, or statistical reliability analysis.

The necessity of high-con dence systems is expected tceas® over the next
years as new technologies spread software controllers&iédy critical consumer ap-
plications. E.g., in the automotive sector drive-by-wipee-safe systems and other
driver assisting technologies are destined to prolifendtiein the next decade [Al03].
In health care, critical applications include automatiarthee brillators, health mon-
itoring systems and automatic medication devices. A sicant portion of high-
con dence systems will be part of homeland security and-artiorism systems such
as soft walls, which are safety controllers designed togmeplanes from ying into
designated areas [Cat04].

While formal veri cation has become a standard tool in theigiesf discrete sys-
tems such as digital circuits, its application in hybridteyss in hindered by the in-
herent complexity of the discrete-continuous behavior. siviystems are naturally
divided into interacting components, also referred to adutes or subsystems, based
on their physical manifestation or function. The behaviothe system is then a sub-
set of the product of the behaviors of the components, witbreesponding increase
in complexity. Veri cation is limited in its application teelatively simple systems
because the computational cost increases exponentiaiytiié number of compo-
nents and variables involved. This phenomenon is refeoexstthestate explosion
problem While the state explosion also takes place in purely dis@gstems, hybrid
systems are in addition subjected to the complexities dfdrigimensional continuous
dynamics, which increase dramatically with the number affestariables.

To enable the veri cation of large hybrid systems, we follbwo fundamental
approaches that are successfully being applied in theedesdomain: abstraction and
compositional reasoning. In astractionof the system, information is discarded that
is irrelevant to the proof of the properties. Such a simmlimodel must be conserva-
tive with respect to those properties.cAmpositional analysisf the system examines
parts of the system in such a way that properties of the essems can be deduced.
A patrticularly effective form of compositional proof is asse/guarantee-reasoning, in



which the speci cation of a subsystem is used as an assumigstricting the behavior
of the other subsystems, thus leading to a circular or chdatype of proof.

To formally show that a model is indeed an abstraction of leerotve construct
a simulation relationbetween the states of the models. A stsitaulatesanother if
the same, or more, behavior is possible. Intuitively, teisanservative in the sense
that if something cannot happen in the abstraction, it woll Inappen in the original
either. The same approach can be used to compare a systems apddi cation, so
we equivalently refer to the re ned model as the system, anthé abstract model
as the speci cation. Whether a compositional analysis isagbwalid depends on
how simulation is de ned, and not all types of simulation asmputable for hybrid
systems. It is the central goal of this thesis to show contiposility for a type of
simulation that is computable, and in its pursuit we accashpd advances in the
following areas:

The classic concept of simulation relations requires tis¢éesy and the speci ca-
tion to range over the same set of actions. We propose anséxteto arbitrary
actions, and show that it is an upper bound on any such egtetisat preserves
compositionality. This extension simpli es models and giixy and is relevant
to both discrete and hybrid systems.

We propose a novel circular assume/guarantee rule for atronolrelations ap-
plicable to discrete as well as hybrid systems. An assuraedgiee rule is a type
of compositional proof that permits tighter speci catidnscombining the mod-
ules of the system with assumptions about the behavior oféheironment, and
thus yields an overall smaller set of problems. If theseragsions depend on
the speci cations in a circular manner, the rule is only sbifradditional con-
ditions are ful lled that break this circularity. We est&h assume/guarantee
conditions for simulation relations and show that they arfeceent and neces-
sary for the existence of a simulation relation.

We show that simulation for hybrid systems is compositiohtile subsystems
share no variables. We illustrate how for such cases siiunlaglations can be
computed algorithmically and applied to minimize models.

For hybrid systems with shared variables we present a fismahat is compo-
sitional for two important classes of hybrid systems: hgtsystems with unre-
stricted inputs and hybrid systems de ned by linear pretdisaconvex invariants
and piecewise constant derivatives, so-cditeear hybrid automat{LHA). Be-
cause any hybrid system can be approximated arbitrarilyechy a LHA, this
makes any hybrid system accessible to compositional reagdy using such
an overapproximation.

We implement algorithms for checking simulation and asdgmerantee rea-
soning in PHAVer, a veri cation tool for linear hybrid autata that is publicly
available [Fre05].
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1.1 Context

Simulation relations, introduced by Milner [Mil71], areadily applied in a composi-
tional analysis/ [GL91], an approach that only recently feensan increased interest
in the area of hybrid systems [HQRT02, TP02, TPLO02]. Both ffetesn and its spec-
i cation are given in the form of a hybrid automaton, i.e.,tate-transition system in
which the dynamics of the continuous variables depend owrlwhode, odocation,
the system is in. Hybrid automata can be interpreted senalytias in nite labeled
transition systems (LTSs) with a structure imposed by tipaisgion between continu-
ously changing variables and discrete changes in theirrdigsa This interpretation is
called atimed transition systemSimulation for hybrid systems can be de ned based
on these TTS-semantics, as proposed by Henzinger in [Heafifl] preserve safety
properties. Continuous variables in the system and the spéon are related by
an equivalence relation that is imposed on the simulatitatiom as an upper bound.
So far not further explored in literature, this approacmsuout to be cumbersome in
practise, and the structural separation between locatindsvariables is lost. Lynch
et al. use in their framework of Hybrid Input/Output Autoraa de nition of simula-
tion based on trajectories [LSV03]. While this approach Ieiently compositional,
it does not easily admit a nitary representation and themefs not immediately open
to practical applications.

A framework for compositional reasoning based on simufatiglations for dis-
crete systems was proposed by Grumberg and Long [GL91]. \Afat #uis framework,
and extend it with our notion of simulation over arbitrarplabets. A special form of
compositional reasoning is assume/guarantee-reasohi@gréasoning). It combines
the system and its speci cation during the analysis in twatidct forms, circular and
non-circular. In a chain argument over the entire systefeynmed to ason-circular
assume-guarantee reasonjrgach subsystem is conform with the speci cation under
the assumptions that are already established as true, anargees in turn a behavior
that is used as an assumption for the analysis of the nexystalns. The core afircu-
lar assume-guaranteis to allow a circular dependency between the assumptioms an
the guarantees. If such a circularity exists, additiongeam) is required to guarantee
soundness of the conclusion.

A/G-reasoning was pioneered by Jones [Jon81], and MisraCévaahdy [MC81].
While the soundness of non-circular A/G-reasoning direfdliows from composi-
tionality, the circular version requires further scrutiofythe system. Henzinger et
al. showed in [HQRTO02] that A/G-reasoning is sound for reivepdiscrete systems.
Extensions of A/G-reasoning to hybrid systems proposederature have not been
based on simulation, but also depend on receptivenessAB®s [ HQR98, HMPO1].

So far there exists no tool support for either checking satioth or assume/gua-
rantee-reasoning of hybrid systems. The tool most relateBHAVer is HyTech
[HHWT97], a tool for checking reachability of linear hybriditamata. While pow-
erful in its functionality, its in nite precision arithmét is limited to a small number
of digits, and therefore quickly leads to over ow problenhsit severely limit its ap-
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plicability. CheckMate |[CKO03], a prominent veri cation todbr non-linear hybrid
automata based on Matlab/Simulink supports non-detesmiminly in the set of ini-
tial states. Its oating point arithmetic is, strictly sgéag, not sound, and does not
support open sets, which can lead to problems, e.g., wheelngdf—else structures.
The tool d/dt performs a reachability analysis of pieceviisgar and nonlinear hybrid
systems by overapproximating sets of states with a rectariged representation. It
is algorithmically sound but restricted by a terminatiomdition that depends on an
under-approximation of the reachable states, and alscepgmthe aws of nite pre-
cision arithmetic.

1.2 Overview

This thesis is divided into three parts: In Part | we presémukation and compo-
sitional reasoning for labeled transition systems, thuwiging the foundation for
the subsequent extension to hybrid systems. In Part |l tresmdts are extend in a
straightforward manner to hybrid systems whose comportent®t share continuous
variables. In Part Ill, we use a modi ed semantics callgdbrid labeled transition
systemshat enable us to handle hybrid systems with shared vasa®le also present
our veri cation tool PHAVER. In each of the parts, we de ne simulation and present
compositional and assume/guarantee reasoning for theatdgpclass of systems. An
overview on related work can be found at the end of each chapeproceed with an
outline of each of the parts.

We begin in Chapter 2 with recalling labeled transition systeand discuss how
they can be used to model systems with variables and theictdd interaction in
a sender/receiver fashion. In Chapter 3, the classic comdegimulation relations,
which only compares LTS of the same alphabet, is extend&isinulation which
covers arbitrary alphabets. We use chaos automata to diztsic theorems of compo-
sitional reasoning and relate classic simulation v@tsimulation. We present compo-
sitional reasoning in three major rules: compositionatiscomposition of the speci -
cation, which in this form is novel as far as we know, and noutar assume/guaran-
tee-reasoning. In Chapter 4 we present our novel proof rulgrfcular assume/guaran-
tee reasoning, and show two ways to implement such a prooéitipe: by trimming
bad states separately from each simulation relation, aridrbyning bad states based
on a composite list of potentially bad states. The presiemtatf the rules is divided
up for simulation ands-simulation since they take on slightly different forms, hwit
S-simulation being the more compact one.

In Part Il we extend the compositional framework of Part | ybotid systems that
do not share any variables. In Chagter 5 we introduce the 9asiaybrid automata
and their labeled transition system semantics. We give aramnof well-established
ef ciency improvements of the reachability analysis, gribey are equally relevant to
computing simulation relations and the set of reachabtestzan be used to initialize
simulation relations before the xed-point computation.GChapter 6 we de ne simu-
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lation for hybrid systems based on their TTS-semanticsiMatpnce relations are used
to describe the relation of variables in the system and tkeistion, e.g., to express

which variables refer to the same physical property and vaie unrelated. We show
that this de nition is compositional as long as the hybridamnata do not share any
variables. The compositional framework of Part | is appt@tybrid systems, and we
provide criteria for the equivalence relations under whithcompositional rules hold.

We describe how simulation relations can be computeékliand summarize methods
to improve the ef ciency. The extension of the assume/gu@e-reasoning, given in

Chapter 7, is straightforward under the premise that ther@aishared variables, and
only differs with those from Part | by giving upper bounds ba equivalence relations
that are admissible.

In order to deal with shared variables, Part Ill introducesightly different for-
malism for hybrid systems. In Chapter 8 we present a class lfichynput/output
automata (HIOA), which are hybrid automata with dedicatggut- and controlled
variables, of which only a subset of output variables islale to other automata. We
propose an extended version of labeled transition systesmish inherit the separa-
tion of variable valuation and locations from hybrid autdanal hey have an environ-
ment action that receives special treatment in parallelpxsition, which allows us the
de nition of TTS-semantics of HIOA that preserve the inaanis. Chapter]|9 de nes
simulation for HIOA, and discusses the differences betwsdemlation based on tra-
jectories and simulation based on TTS-semantics. The algmive between variables
in the system and the speci cation is imposed by demandiag itiput and output
variables are considered identical in both, while stateatées that are not outputs are
not related. Compositional reasoning is shown to be posbiplapplying the TTS-
semantics to the subsystems, and, essentially, analyzngehavior of the composed
TTSs. For general case this amounts to abstracting fromahgntious interaction,
while discrete changes of the variables are taken into adtctve show the that there is
no overapproximation, and therefore full compositioryakithen hybrid systems have
either unrestricted inputs, or convex invariants and piése constant bounds on the
derivatives, i.e., LHA. In Chaptér 10, we adapt our assunszantee-rule to HIOA.
However, we suffer the same abstraction of the continuolgsantion as in the rest
of the compositional framework, so that the rule is mainlgfusfor hybrid systems
with unrestricted inputs and LHA. In the nal chapter of FHI we present our tool
PHAVer, which we used successfully to verify reachabilitgdems of hybrid systems
with linear and af ne dynamics. We illustrate the algorithrior on-the- y approxi-
mation of af ne dynamics, and for managing complexity by ilimg the number of
bits and constraints in polyhedral computations. We alguémented the algorithms
for checking simulation and assume/guarantee reasoneggpted in this thesis, and
illustrate them with some examples.

Conclusions from each of the parts are collected in ChapterTi#e appendix
contains an overview of the input language to PHAVer, a sumimoéthis thesis in
Dutch, a summary in German, and a curriculum vitae.
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Introduction

In Part/| we revise and extend a framework for compositioealkoning to labeled
transition systems. We will build on this framework in théseaquent parts, where it is
applied to hybrid systems. The merit of treating discresteays before moving on to
hybrid systems lies in the clarity and conciseness of deni and proofs, the hybrid
extension of which can be cumbersome at times. We have trikgltp de nitions and
proofs consistent in their structure throughout the thesid hope this part may serve
as an introduction as well as a reference for the hybrid abnte

One of the most fundamental concepts for modelling systerteistate-transition
paradigm. In the context of systems theonstateis a con guration of the system
such that, given all future inputs, the entire future of tlgstem is determined. In
the presence of non-determinism, the state provides knigel@bout the set of the
possible future behavior. THeehaviorof a system is re ected in changes of its state
calledtransitions A transition is a directed edge that connects a state tchendft
the system can change to that state. The combination ofsaat® transitions is a
directed graph called state-transition systerA state change can be associated with
a quali er, e.g., time elapse. To capture this, a label istatted to each transition,
which leads to the general model paradigntadifeled transition systems

In the context of modeling and analysis, labeled transiggstems fall into two
main categories:nite andin nite systems, depending on whether the set of states,
transitions or labels is nite or not. This distinction is desince algorithms based
on explicit enumeration of states terminate for nite syse while in nite systems
require symbolic algorithms, i.e., algorithms that operan sets of states. From this
point of view, a hybrid system is simply an in nite labeledmsition system with a
special structure: by introducing real-valued variabhes in nitely many states and
transitions can be represented by a nite labeled graph,hickvthe nodes and arcs
describe entire sets of states and transitions. This iswbateanalogous to the way
a differential equation is a nite representation of a pbsin nite set of functions.
With such an interpretation, many properties and resuttiafteled transition systems
can be applied to hybrid automata, which is why we introdim=dentral concepts
for labeled transition systems before proceeding withrtisdiension and adaptation to
hybrid systems in Parts| Il and IIl.

Most systems are naturally subdivided into componentsatatistinct in their
physical or functional manifestations, in the followingled modulesor subsystems
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A divide-and-conquer approach models those parts and caslhe separate analy-
ses of the parts to provide some implication about the ptiaseof the entire system.
This is referred to asompositional reasoningr'he interaction of modules can be cap-
tured in with discrete events, or transitions, and withakleés that are shared between
systems, and which can enable or disable transitions. Ictipgh applications, this
interaction is often considered to be directional, i.emeanodules govern certain be-
havior, while others merely react to it. One way to deal witectional interaction and
shared variables is to de ne a powerful, but consequentiymex modeling formalism
that explicitly takes those phenomena into account, @.automata [LT87, Lyn96]
or C/E systems [SK91]. In contrast, in Parts | and Il we use glarformalism and
discuss how directional interaction and shared varialkd@sbe modeled consistently
within this framework. While this limits the expressivenegour models, it allows
us to apply compositional reasoning in a simple and stréogliaird manner, as will
be shown in Chapter 3. The interaction of shared continuotiablas limits the ways
in which a compositional analysis can be performed. Suchradtism will be the
subject of Part lll. Our conclusions for Part | can be foun@eéct. 12.1, pp. 168.



Chapter 2

Modeling with Labeled Transition
Systems

In the following section we summarize some basic mathemlatiencepts and nota-
tion. We introduce labeled transition systems, their sdimsirand their interaction
through parallel composition in Sect. 2.2. The modeling inéctional interaction
with is synchronization labels discussed in Sect. 2.3, awt/2.4 describes models
of shared variables with dedicated read- and write-acc8gstion 2.5 summarizes
related work for this chapter.

2.1 Preliminaries

The following de nitions summarize some fundamental mathécal conventions on
relations, which will be extensively used in throughout shilesequent chapters.

De nition 2.1 (Binary Relation) A binary relation over sets X and Y is an ordered
triple R=( X;Y;G(R)), with agraph G(R) X Y of the relation R. Usually, R is
identi ed with G(R). If elements 2 X and y2 Y are in the relation, this is denoted as
(x;y) 2 R, RX;y) or xRy. A binary relation over X X is simply called a relation over
X. It can be:

re exive: XRx

symmetric: xRz zRx
antisymmetric: xR2 zRx) x= z
transitive: xRy* yRz) xRz.

To shorten a frequently used notation for a givenX2t X, we write R(X9 for
the setR(X9 = fyj9x2 X°: (x;y) 2 Rg.

De nition 2.2 (Preorder) A preorder is a relation that is re exive and transitive.
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De nition 2.3 (Precongruence)A binary relation is aprecongruencewith respect

XRy)  f(X X250 %) RF(Y; X050 005 %n)
De nition 2.4 (Partial Order) A partial order is a relation that is re exive, antisym-
metric and transitive.

A partial order can be constructed from a preordeby de ning an equivalence
relation overX Xsuchthax vy, (x y”*y x). The relation implied by
over the quotient seX=  (the set of all equivalence classes de ned bythen forms
a partial order.

De nition 2.5 (Equivalence Relation)An equivalence relationis a relation that is
re exive, symmetric and transitive.

2.2 Labeled Transition Systems

A labeled transition system is a directed graph with labeliges. In addition to states
and transitions, a set of labels call@gphabetis associated with the system. All labels
on transitions must be from that alphabet. The followingrdgon also includes a
dedicated set of initial states, from which all behaviortef system originates:

De nition 2.6 (Labeled Transition System[Kel76] A labeled transition system (LTS)
is a quadruple P=( Sp; Sp;! ;Py) with

a set $ of states
a set of synchronization labe8 called alphabet,
atransition relation ! S Sp S and

a set ofinitial states P, S:ﬁ

The semantics of a labeled transition system is capturedégancept of aun. A
run is considered a behavior of the system only if it beginaria of the initial states,
in which case it is called aexecutiorof the system:

De nition 2.7 (Run, Execution,ReachabilityA run of a labeled transition system P
is a nite or in nite sequence of states and labels
s=pofopftpf2i:

such that for each pair of states;pi+1;i  Othere exists a transition; pba‘ Pi+1. Itis
anexecutionof P if py 2 Py. A state p is calledeachableif there exists an execution
with p= pj forsomei O.

IWwe allow an empty set of initial states to be consistent wighrit automata. We use labeled
transition systems to de ne the semantics of hybrid autamabince hybrid automata can have an
empty set of initial states, see Def. 5.2, labeled transiigstems should, too.
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Figure 2.1: Graphical representation of a labeled tramsgiystem

Reachability can be used to specify many safety propertigst@fest, and is im-
plemented in most veri cation tools for hybrid systems.

Example 2.1. Figure2.1 shows a graphical representation of a LTS P, where
Sp = f po; Pa; P2; P3; Pag,
Sp = fa;b;cg,
b= f(posa; pa); (Posa P2); (P1; & Pa); (P2; b; Ps); (P2; € ps); (Pa; b; ps)g, and

Po= f pog.
The states are represented by edges, and the transitionsrbiges in the graph. The
initial state is marked with an arrow. The executions of P are

po!® p!® ps;
Po!® p21° ps; and
po!® P! pa:
The states @ p1; p2, and g are reachable, while pis not.

The analysis of a system is greatly simpli ed if its behaviedeterministi¢ i.e.,
uniquely de ned. We differentiate between the determinifuture of a single state,
and call it successor-determinism, and the deterministieré of the automaton, for
which we require that there be only one initial state.

De nition 2.8 (Determinism) A labeled transition system P ssiccessor-determini-
sticif in each state the label determines uniquely the succestate, i.e., foralla 2 S,
p; p?; p3 2 Sp holds:

(" e e ) (P2=pd
It is deterministic if it is successor-deterministic and has only one initialtet

20ne could generalize to the case where there is a set ofl isiitites, but all outgoing transitions
lead to the same target state, which in turn would guarantge¢eaiministic future. However, this seems
to have no advantage.
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Labeled transition systems interact by synchronizing anditions with a common
label. Transitions with labels that are not in the alphaldethe other system take
place independently. Thearallel compositioroperator merges two labeled transition
systems to a single new one, whose states consist of a paiatet ©f the original
systems.

De nition 2.9 (Parallel Composition)[Kel76] Consider labeled transition systems
P=(S;Sp;! p;P) and Q= (S0;Sq;! 0; Qo). Theparallel composition PjjQ is a
labeled transition system € ( &;Sc;! ¢;Co) where = S S, Sc = Spl So,
Co= R Qg and the transition relation is given by the rules:

(i) 2250\ S ppp™ qtf g
(p;a) ¥ c (PO

a2 SpnSo” p!pp° a2 SonSp” ql o P
(P ¢ (p%0) (po) ¥ c (P

A labeled transition system can be represented graphiasléylabeled graph. The
following example includes gures in which the states arpresented by rounded
boxes, labeled with a name, and the transitions are arroiwgeeba the boxes, anno-
tated with the transition label. In cases where drawing @asiten arrow to its target
state is impractical, we simply write the name of the statation at the tip of the
arrow. Initial states are marked by a small incoming arrothwb source state.

(i)

(iii )

2.3 Modeling Directional Interaction

The simultaneous triggering of state changes in severapooents takes place by
synchronizing transitions that have a common label. The tvax sections deal with

basic aspects of such models and presents ways to modediatiaddnteraction and

shared variables in a manner that will allow the use of thepmsitional methods in

the subsequent chapters. While some modeling requiremeets somplicated and
work-intensive, e.g., introducing a new label for each serahd copying transitions,
they are easily implemented as part of a graphical editonalyais tool and in practise
do not overly increase the complexity of the analy3is.

When modelling physical systems, a causal relationshipuallysassociated with
signals. In the strict sense, causality is associated witle@edence in time. But more
importantly, while some parts of the system act indeperyeothers wait and act
according to signals. For example, a controller signalshzev® open and proceeds

3Such an increase was witnessed in the translation fromtitired interaction in C/E systems to the
synchronization labels of linear hybrid automata [Kow9&RS99]. However, that translation involved
adding states as well as transitions, while the translgtimposed in Sedt. 2.3 only adds transitions.
Experimental results indicate that the analysis is moreitea to the number of states.
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with its operation whether the valve opens or not. In therabssetting of automata,
this is captured by the notion that the sender of a signalusshandependently of
the reception. A receiver can wait for the signal and chatgystate accordingly, or
simply do nothing. The deciding factor is that the receivamrot block the sender in
its transition. We de ne non-blocking as follows:

De nition 2.10 (Non-Blocking) A labeled transition system P with alphalit is
non-blockingE on a labela if eithera 2 Sp or for all states p there exists an outgoing
transition with labela:

8p: 9p’: g & p (2.1)

Consider a system consisting of multiple automata. With R4f0, an automaton
is areceiverof a labela if it is non-blocking ona. Conversely, it is @enderof a if all
other automata witla in their alphabet are receivers af Note that a an automaton
can be a receiver as well as a sender, or neither.

While being a receiver is a local property of an automatorgjitethds on the entire
system whether an automaton is a sender of a label. Any atdonad the system
could block the label and therefore lead the sender to a bekd-This can quite easily
lead to modelling errors. They can be avoided by introdudiedicated semantics for
sending and receiving labels. A consistency check can tkefyvthat all automata
observe the sending and receiving directives. An altereainsists of automatically
forcing non-blocking for all receivers by augmenting thtednsition relations:

De nition 2.11 (Forced Non-Blocking) Theforced non-blocking transition relation
of a labeled transition system P is given by

L %=1 [f (pa;p)j@%p!” pg (2.2)

Forced non-blocking can easily be implemented by a pregsiicg stage in ana-
lysis tools. On top of helping to avoid modeling errors, lteees models of cluttering
self-loops and can greatly enhance their readability. Tfleviing propositions de-
scribe how non-blocking behaves under composition:

Proposition 2.12.If Q is non-blocking or5  Sp, then a transition with labeb takes
place in BjQ if and only if it takes place in P, i.e.,foradl 2 S;(p;) 2 S Sy p°2
S

0 (i) * (P%ad), p!® p° (2.3)

Proof. (Suf cient) Assume that there exists gf such that the transitiofip;q) 14
(p% 09 exists. Sincea 2 Sp it holds with Def. 2.9 of parallel composition, that either

(i) a 2Sgandp!® plor (i) a 2 Sgandp!® p’as well agy!® qf which proves the

4In an input/output setting, non-blocking is also referre@s input-enabledness.
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suf cient implication. (Necessary) Assume that there isamsitionp!a p% SinceQ
is non-blocking ina, Def./2.10 yields that there existgj@with q!% g° With Def.[2.9
of parallel composition, this implies a transitiop; ) I* (p® g9, which concludes the
proof. O

Proposition 2.13. For labeled transition systems P and Qj® is non-blocking ora
if and only if P and Q are non-blocking far.

Proof. There are four cases to be considered:

() a2Sp[ Sq: By Def. 2.9 of parallel compositiora 2 Spjj, and trivially PjjQ,
P andQ are non-blocking foa.

(i) a 2 SpnSq: By de nition, Q is non-blocking ora. Assume thaPjjQ is non-
blocking ona, so that for any p; q) there exis(p® g9 with a transition(p; q) 14
(p% 9. By Def./2.9 of parallel compositiora 2 Sq implies a transitiorp s
pin P. Since this is the case for afl, P is non-blocking, which proves the
suf cient implication.
Assume thaP is non-blocking ora. Then for anyp there existg°and a tran-
sition p 1 p° and witha 2 Sq, Def.[2.9 of parallel composition implies a tran-
sition (p; Q) 1 (p% ). ThereforePjjQ is non-blocking ora.

(iif) a 2 SgnSp: The argument is symmetric to (ii).

(iv) Otherwisea 2 Sp\ Sg: Assume thaPjjQ is non-blocking ona, so that for
any (p;q) there exist(p® g9 with a transition(p;q) !* (p®q®. De nition 2.9
of parallel composition implies '[ransitiorls!a ° q 1 q®in P andQ. Since
this is the case for afp andg, bothP andQ are non-blocking, which proves the
suf cient implication.

Assume thaP andQ are non-blocking ora. Then for any(p;q) there exist
(p®q® and transitionp ® p° q1* ¢° De nition 2.9 of parallel composition
implies a transitior{p; q) 1 (p%q), so thatPjjQ is non-blocking ora.

O

It follows immediately from Prop. 2.13 that blocking is imient under composi-
tion. We do not restrict the requirement of non-blocking tates that are reachable
from the initial state because instead the model can easigdbapted accordingly.

In cases where multiple automd®aare senders of a labal, the only solution is
to rename the labad to aj in B and in the receivers insert for each transition with
labela a copy that has the laba]. Multiple receivers do not interfere with each other.
According to Prop. 2.13, their composition is still a reegjvand with Prop. 2.12 a
transition in the composition corresponds to a transitiobdth of the receivers.
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2.4 Modeling Shared Variables

Many technical systems include quantities, switches oerothemory of some form
that could be modeled quite conveniently using variableachBvalue of a variable
corresponds to a state and the formalism of labeled transstystems would be eas-
ily extended to include variables in the form of a state veotootherwise. However,
shared variables in hybrid automata require a specianterttin compositional ana-
lysis, as will be discussed in Part lll. For the formalismgeneted in this thesis, it
is therefore advantageous to model such shared variabllesyrichronization labels
where possible.

Every variable that takes only nitely many values can be sitetl using syn-
chronization labels. The difference between shared @sand a model using solely
synchronization labels lies in the fact that the labeled ehattludes an explicit rep-
resentation of the possible changes in the variable. Witithspnization labels, au-
tomata can only block transitions, i.e., prevent a varididen taking values that it
would be able to take without the interference. Therefoeestit of values of a variable
under the in uence of an automaton is a subset of the valugstuld take without it,
so that safety properties are preserved. This is formajyurad by compositionality
as it will be de ned in Sect. 3]1. On the other hand, in a modhwhared variables
an automaton could set the variable to a new value that oibemvight never occur,
and thus change safety properties.

In order to properly model read- and write-access of vagisba sender/receiver
semantics as introduced in Sect. 2.3 should be applied. \Atitess corresponds to a
sender semantics, while the automaton that models theblaigthe receiver. In other
words, each automaton accessing the variable should lewiit set of labels for that
purpose, and the variable model should be non-blocking osetfabels. Read-access
is characterized by two conditions: The variable shouldahatinge its state through
read-access, and in each state of the variable there shealddast one transition with
a read-access label. That way an accessing automaton isamibdked if it offers all
possible read-access labels. Formally, the model of a dvaréble can be described
as follows:

De nition 2.14 (Shared Variable Model)A shared variable modelin a labeled tran-
sition system P is de ned by M ( P, Sg; Sw) where

read-accesdabelsa 2 Sg do not change the state and for all states there exists
at least one outgoing read-label, i.e. for all2pSe:

— there exista 2 Sg: p!® p and

—foralla2 Sg: p!® p°) pP= p,

write-accesdabelsa 2 Sy are non-blocking and cause at least one state change,
i.e., for alla 2 Sy there exist pp°2 S with p!? p®* po6 p.
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Figure 2.2: A boolean variablemodeled with synchronization labels for read-access
by P and read/write-access 6y

We also say that P is a shared variable model d&g; Sw). The set ofead-statesSg
and write-states Sy of the variable is the subset of $or which there exist incoming
transitions with labels irBr[ Sw:

S=fp’j9a2Sr;p:p!® pb;Sw=fpi9a 2 sw;p:p"® pb: (2.4)

The shared variable model is callegrite-deterministic if each write-access label
leads to a dedicated state, i.e., for all2 Sy, there exists a 2)2 Ss such that for all
p2 S holds that

p” p% p*% pld: (2.5)

Note thatSg andSy are disjunct by de nition. I1S3 6 0 thenSg = Sp. The following
example shall illustrate the concept of a shared variabldahwith read- and write-
access:

Example 2.2. Figure|2.2 shows the model of a boolean variable for accessvoy t
automata P and Q, P with read-access and Q with read/write-acc&ynchroniza-
tion labels b_is_pand b_is_§, k2 f P,Qg, represent read-access, and b_te_&nd
b_to_Jy the write-access by Q. Initially, the value of the variableuisdetermined
so that both states are initial states. Still, the model isevdeterministic according
to Def.2.14 because after write-access, the state of thabiaris determined by the
write-access labels.

It is easy to see from this de nition that several modulegiifgre in reading and
writing to variables unless they are nonblocking in a coreetmanner. To avoid mod-
elling errors, it is therefore advisable to introduce fockeaair of variable of model
and accessing module a separate set of labels. The gain fiog explicit models of
variables is that all automata can freely be abstractedimzad and analyzed with
the methods discussed in the following chapters.

2.5 Related Work

For an overview of discrete event models and their appboatiefer to [VK88]. An
educational tool called tsA [MKO1] is available from Jeff Magee. It accompanies
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his book on concurrency [MK99] and provides a graphical ustarface for mod-
elling and analyzing both safety (reachability) and livenéprogress) properties of
labeled transition systems. A model for shared variabl@gudiscrete 1/0-automata
is given by Lynch in|[Lyn96]. There, the set of shared varmati modeled by a single
monolithic I/0O-automaton to ensure consistency.






Chapter 3

Simulation Relations for Labeled
Transition Systems

Simulation relationsvere introduced by Milner in 1971 for the purpose of compgrin
programs [Mil71]. They de ne a preorder such thatP  Q for automataP andQ

if every behavior ofP nds a match inQ. In such a comparisor® could be, e.g.,
an implementation an@ a speci cation, oP a re ned andQ a more abstract model.
Simulation relations are known to preserve safety proggerie.g., ACTL* formulas
[CGP99], and provide a suf cient condition for language imgibn. Classically, simu-
lation relates two systems with identical alphabets. Wegmea new extension, called
S-simulation to compare automata with arbitrary alphabets. Our depnittontains
conventional simulation as a special case wReandQ have the same alphabet, and
we can show that it is the largest compositional extensioolagsic simulation. In
1991, Grumberg and Long presented a framework for compasitireasoning based
on a precongruence for Kripke structures [GL91], and a verbiased on simulation
relations can be found in [CGP99].We apply this approachltel&d transition sys-
tems ands-simulation. FoiS-simulation, any chaos automaton functions as an identity
element with respect to parallel composition, which allawssto derive the proposi-
tion PjjQ P, which is fundamental to compositional reasoning, instefagiving a
constructive proof as in [GL91]. The structure of the prdefshown in Figl 3.1.. Five
fundamental properties of simulation, shown as rectamdndaes in Figl 3.1, are es-
tablished by constructing witnessing simulation relagiohheir algebraic combination
lets us establisRjjQ P and three central theorems for compositional reasoning:

compositionality,
decomposition of speci cation, and
non-circular assume-guarantee reasoning.

This chapter establishes the rst two rules. Non-circulssuame-guarantee reasoning
is left to the next chapter, where we will also deal with clarity.
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Figure 3.1: Structure of compositional reasoning framéwor

In the next section, we recall classic simulation, and shawfior a preorder com-
positionality is equivalent to being precongruence, ireariance under composition.
Simulation is extended in Sect. 3.2 to accommodate arpigdl@habets in what we call
S-simulation. We show that it is compositional, and furtherethe largest compo-
sitional extension of simulation to arbitrary alphabetse Wérive the building blocks
of compositional reasoning and propose a theorem for thendeasition of the spec-
i cation. In Sect.[3.3 give a brief summary on computationapects of simulation
relations and outline basic algorithms. We conclude th@®ravith Sect. 3.4, where
we give an overview of related work.

3.1 Simulation

Simulation relations are widely used to show abstractiahramement between mod-
els and speci cations. They preserve the branching straatfisystems and provide
a suf cient condition for language inclusion that can beabtished with lower com-
plexity. Also, their precongruence properties are idesilited for compositional rea-
soning. Intuitively, a simulation relation relates twotstin the following way: A
stateq simulates a statp if, starting from statey, the same, or more, things can hap-
pen as when starting from stape The reader is referred to [CGP99] for a detailed
introduction to simulation. In the following, |é¢? andQ be labeled transition sys-
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temsP = (Sp;Sp;! ;1 P) andQ=(S;Sg;! ; Qo). We formally de ne simulation for
labeled transition systems following the classic de nitioy Milner:

De nition 3.1 (Simulation) [Mil71] For any P and Q withSp = Sq, a relation R
S Syis asimulation relation if and only if for all (p;q) 2 R;a 2 Sp; p°2 S holds:

p® p°) 9 2 S:(q"” ™ (Pd) 2R
A state gsimulatesa state p if there exists a simulation relation R wititq) 2 R,
written as p . QsimulatesP, denoted as P Q, if for every state g2 Ry there
exists a state 12 Qg such that g qp, i.e., if for any simulation relation R holds
P R Qo). The relation R is then calledwitnessfor P Q.

A well known, and most fundamental, property of simulatiethiat it is gpreorder,
i.e., re exive and transitive [CGP99]. It can therefore bediso de ne equivalence
by mutual simulation. There are two kindSimilarity of LTS P,Q requires that both
simulate each other, therefore is the natural equivalencsifnulation and preserves
the same class of propertieBisimulationon the other hand requires that the same
relation witnesses both directions, and so imposes a Byagtate equivalence. It is
the most nely grained notion of equivalence commonly used] preserves ai T L
properties/ [CGP99]. Formally, the de nitions are as follows

De nition 3.2 (Similarity, Bisimulation) [CGP99]Given LTS RQ, we say that P and
Qaresimilar, writtenas P Q, ifandonlyifP QandQ P. ArelationR $ S
is abisimulation relation if and only if R witnesses P Q and R ! witnesses Q P.
P and Q arebisimilar, written as P= Q, if and only if there exists such a relation.

Note that for similarity, the simulation relation witnesgiP  Q can be entirely
different from the one witnessin@ P. Simulation is a necessary condition for
similarity, and similarity is necessary for bisimulatién

Proposition 3.3.[Par81]Forall P, Q,P= Q) P' Q) P Q.

Note that if there exist simulation relatioRs g for P QandRqg pforQ P,
it is a suf cient condition for bisimulation thaRe o = 1P, but not a necessary one.
The following classic example, which can be found, e.g.068P99, p.173], illustrates
the difference between similarity and bisimulation:

Example 3.1. To illustrate the difference between similarity and bisintioia, con-
sider the labeled transition systems P and Q in Fig. 3.2. &ition relations for
P QandQ P exist, see Table 3.1, and thereforé ). There exists no bisimula-
tion relation between P and Q because locatioim P has no bisimilar location in Q,
soP Q.

A rather practical property of parallel composition is ignomutativity down to
structural isomorphism [GL91]:

LA uni ed hierarchy for equivalences of concurrent systeras heen established by van Glabbeek
[Gla90]. See [HS96] for a survey of behavioral equivalermes [SIRS96] for a survey of their com-
plexity.
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@P (b) Q

Figure 3.2: Similar, yet not bisimilar, labeled transitigystems

Table 3.1: Simulation relations for Ex. 3.1

(@ Re q ) Ro p
PN° go G G QnP Po P1 P2 P3
Po - - Jo - - -
p1 - - an - - -
p2 - - 02

P3

Proposition 3.4. For any PQ holds FjQ = QjjP.

Proof. LetR= f(p;q) j (0; p) 2 Syjjpg- It directly follows from the de nition of par-
allel composition that any transitidp; g)! a PijQ (p® 9 entails a corresponding tran-
sition (g; p! @ giip (2 P9 with ((p%09; (g% p%) 2 R. Since every initial statépo; o)

of PjjQ has a matcliqp; po) in the initial states oQjjP, and(( po; do); (do; Po)) 2 R, R
is a witness foPjjQ = QjjP. O

With Prop. 3.3 it is straightforward that the commutatiwtytends to bisimulation,
similarity and simulation:

Corollary 3.5. With Props! 3.4 and 3|3 holdgj®"' QjjP and BjQ QjjP.

Most systems of practical interest can be divided into a §subsystems, e.g.,
by physical aspects or function. A compositional approacinddeling and analysis
of such a system is based only on the descriptions of sulmgsteithout further in-
formation about the composed system, a concept that wasomstalized by Gottlob
Frege in 1923 [Fre23]. In the context of automata and sinalatompositionality is
captured by the following de nition (for related work seedgé3.4):

De nition 3.6 (Compositionality) [SS01, AGLSO1A relation between automata
iscompositionalif P, Q;and B Q,implies RjjP>  Qqjj Qo.



3.2S-Simulation 25

For practical purposes it is reasonable to require the caitipo operator to be
commutative and associative. The following propositiolates compositionality to
invariance under compositi@n It motivates the requirements for a compositional
simulation relation in the next section:

Proposition 3.7. For a commutative composition operaijpra preorder is compo-
sitional if and only if it isinvariant under composition, i.e., if

P Qi) PR QP (3.1)

Proof. For the suf cient direction, assume thatis compositional. Since is re ex-
ive,, P, holds. Using the de nition of compositionalit, Qi andP, P, imply
PiiP  QijjP, and so is invariant under composition. For the necessary diractio
assume that is invariant under composition. Théla Qp impliesPijjP,  QqjjP>.
Also, P, Q2 and commutativity of composition implie®4jjP>  Q1jjQ2, and by
transitivity PyjjP, - Qqjj Q2. O

A preorder that is invariant under a composition operatoaled aprecongruence
with respect to that operator. It is a well known fact thatdiation is a precongru-
ence with respect to parallel composition, therefore tgafplied in compositional
reasoning. We recall the formal statement:

Proposition 3.8.[CGP99]Simulation is a precongruence with respect to parallel com-
position over the set of labeled transition systems withtidehalphabets.

We omit the proof because this is a well established resuio,Ave will extend
simulation in Sect. 3.2, and the proof of the correspondimg@sition on precongru-
ence in that section, Prop. 3.11, contains Prop. 3.8 as iaspase.

3.2 S-Simulation

In the following, we extend the classic de nition of simutat to compare systems
with arbitrary alphabets. Because we intend to use this siierfor compositional

reasoning, Prop. 3.7 requires that it to be a precongruémcea preorder that is in-
variant under composition. If we simply apply classic siatign to automata with

differing alphabets, it is not preserved under parallel position, as illustrated by the
following example:

Example 3.2. Consider the LTSs;PQ; and B shown in Figl 3.3, with alphabets
Sp, = fag, Sg, = fa;bg and Sp, = fbg. Q1 is blocking on a label that is not in the
alphabet of P, and so jjP>,  QijjP even thoughf Q; holds.

2|nvariance under parallel composition is part of the coritfmsal reasoning framework presented
in [GL91]. Itis also required by Alur and Henzinger in [AH9iIN their modular framework for hybrid
systems.
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@R (b) Qu (€) P2 (d) PjiR (e) Quij P2

Figure 3.3: Justi cation of non-blocking requirement

As a consequence of this de ciency of classic simulation,impose additional
restrictions. Consider simulation for LTBQ, i.e.,P Q. For labelsa that are in the
alphabets of bott andQ we retain Def. 3.1 of simulation, and call it condition (i).
The remaining cases, in which the label is not in both alptsalaee:

(i) a 2 SgnSp: As illustrated by Ex. 3.2Q should be non-blocking on all labels
that are not inSp. This is necessary, amongst other reasons, to preserve non-
blocking, since if a labeh is not inSp, P is non-blocking ora by de nition®.

(iii) a 2 SpnSq: Labels that are not iBg are allowed as long as the transitions don't
lead to violating states. Therefore the target states di snamsitions must be
inside the relation.

As far as we know, this extension is novel, and we c&#imulation. The conditions
are motivated formally at the end of Sect. 3.2.2 by showirag dmy relation that shall
imply simulation in a manner that is invariant under composimust be a subset of a
S-simulation® We de ne S-simulation for an arbitrary alphab8f, and write g if S°
is the union of the alphabets on both sides of the inequrality.

De nition 3.9 (S-Simulation, S-Similarity, S-Bisimulation) Given an alphabeg®
andLTSs P, Q,arelationR S Syis aS%simulation relation if and only if for all
(p;g) 2 Ria 2 S%pP2 S holds:

(i) @2 Sp\ Sgand p® p°) 9 o2 S: (9" g™ (%Y 2 R)

3strictly speaking, non-blocking is not required of all s&inQ, but only of those in the witnessing
simulation relation. This is relevant@ is non-deterministic or has unreachable states.

4Jonsson de ned in [Jon94] simulation f8p  Sp, but without including any additional conditions.
As we show in Sect. 3.2.2, this is not invariant under contfmsand, consequently, not compositional.

5The case wher8® Sp[ Sg is useful for dealing with uncontrollable and unobservatgesitions,
which are not used in this thesis.
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(i) a2 SonSpand9q’2 Su: (q!? o (p;gd 2 R)
(i) a2 SpnSgand p” p°) (p°q) 2 R.

A state S2simulatesa state p if there exists&simulation relation R witl{p; g) 2 R,
written as p . Q S%simulatesP, denoted as P ¢ Q, if for every state 2 Py
there exists a stateg@® Qg suchthat p  s00o, i.e., if for anySsimulation relation R
holdsB R (Qp). The relation R is then calledwitnessfor P Q. LetS= Sp][
Sg. S-similarity andS-bisimulation are extended from Def. 3.1 in the straightfard
manner, and denoted withgo, respectively= so.

It follows directly from the de nitions that simulation arf8-simulation are identi-
cal if both sides of the inequality  Q have the same alphabet, so that simulation is
a special case @-simulation:

Proposition 3.10. For any RQ withSp= SgholdsP Q, P sQ.

If it is clear from the context which notion of simulation isquired, we will omit
the distinction between and s, and simply write . With its three conditions,
S-simulation is more cumbersome than simulation for low lgweofs, i.e., proofs
that involve the construction of a witnessing simulatiotatien. High-level proofs,
however, can be simpler and more exible because of thetalidicompare arbitrary
LTS, as will be evident in the following sections. Partiglifanteresting is the ability
to compose and decompose speci cations, which will be shim®ect] 3.2.2. Also,
speci cation models can be slightly smaller, since noneklng labels do not have to
be modeled by self-loops. In Selct. 3.2.1 we will introd@¢@osLTS to close the gap
between simulation an8-simulation and show that they can be expressed in either
form. It remains to be shown that the goal of this section,dme simulation with
precongruence properties for arbitrary alphabets, wamati:

Proposition 3.11. With respect to parallel compositioB;Simulation is a precongru-
ence on the class of labeled transition systems.

Proof. The proof is carried out by constructing witnessing siniatatelations. It is
similar to the corresponding proof for simulation given®L91], of which a didacti-
cally re ned version can be found in [CGP99, p. 176,188].

Re exivity.

R= f(p; p)gis a witness that is re exive, since only condition (i) applies arg!’®

) (p!? p (p°pY 2 R). Itis easy to see th@® R 1(Ry), soRis a witness for
P sP.

Transitivity.

Let Ry andR, be witnesses foP s Q andQ s Srespectively. We will show that
R=f(p;9j99:(p;0) 2 Ri" (q;9) 2 Regis a witnessing simulation relation. Consider
p;g; swith (p;a) 2 Ry and(q;s) 2 Ro.
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(i) Leta 2 Sp\ Ss. ThenRis not a simulation relation ip 1 p®and there exists
no<X: s1? Pwith (ps9 2 R It will be shown that this is never the case.

— If a 2 Sq, then case (i) applies &, and there exists @with (q!* g°
(p% 9 2 Ry). Sincea 2 Sg, case (i) applies also fd®, ands” exists with
(%) 2 Ry. With (p® 9 2 Ry follows that(p®s) 2 R.

— If a 2 S, then case (jii) applies t&; and thereforg p%q) 2 Ry. ForRy,
case (i) applies and therefosexists with(g; s 2 R,. Again,(p%s) 2 R.

(i) Let a 2 SgnSp. It must be shown thaf exists withs!® Land(p;d) 2 R.

- If a 2 Sq, then case (ii) applies t&; and there exists a° with (q 1
g (p;o® 2 Ry). Sincea 2 Sg, case (i) applies t&, and<” exists with

s!? Pand(q%s) 2 Ry. With (p;¢) 2 Ry follows that(p;s) 2 R

— If a 2 Sq, then case (ji) applies &, ands’exists withs!® s"and(q; s) 2
Ro. Since(p;q) 2 Ry it follows that(p;s) 2 R.

(iii) Let a 2 SpnSs. It must be shown that!® p°) (p®s) 2 R

— If a 2 Sq, then case (i) applies f&% and there exists @with (q!* g
(p% 9 2 Ry). Sincea 2 S, case (iii) applies also fdR, and(q®s) 2 Ro.
with (p® ¢ 2 R; follows that(p®s) 2 R

— If a 2 Sg, then the only option is (iii) and therefot@®qg) 2 Ry. In com-
bination with(q;s) 2 Ry this implies(p%s) 2 R, as required.

By de nition of simulation it holds thaPy R, 1(Qo) andQo R, *(S). So for every
Po 2 Py there is agp 2 Qg with (po; go) 2 Ry, also asg 2 S with (qo; ) 2 Re. With
(po;so0) 2 Ritfollows thatPy R (), and consequentliR witnesse s S.

Invariance under Composition

It must be shown that iRy is a simulation relation foP ~ Q, then there exists a
simulation relation folPjjS s QjjS. We will show thatR= f((p;9);(q;9)j(p;q) 2
Rog is a witnessing simulation relation. Assume thatq) 2 Rp.

(i) @2 (Sp[ S9)\ (Sq[ Ss): It must be shown that ifp;s) I* (p®s) there exists
() with (g;9) I* (o) and((p%s);(a0s)) 2 R

(@) a 2 Sp: Then(p;9) 1? (p® Y implies p!® p°and thereford p;q) 2 Ry
implies that agPexists withq !? qand(p® 9 2 Ry, and by parallel com-
position there is a transitiofg;s) !* (%<9, and((p®9; (®H) 2 R

(b) a 2Sp[ So: Then(p;s) 1 (p°<Y impliess!® sPandp= p° Then there
is also a transitiofia; s) 1° (g% <9 with q= q° Since(p;q) 2 Ry it follows
that(p%d9) 2 Roand((p°s); (%)) 2 R
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(c) a 2 SonSp: By parallel composition it holds thai = p°. Then case (ii)
applies forRy andgPexists withq!® gPand(p; g9 2 Ry and therefore there
is a transition(q;s) 1 (g9 and it holds thaf(p;9; (® D) 2 R.

(i) a2 (Sql SsIN(Sp[ Ss) = Son(Sp[ Ss): It must be shown that there exists
(0% with (g;9) 1° (@) and((p;s); (a®)) 2 R Sincea 2 Sp, (p;0) 2 Ry
implies with case (ii) thatC exists with(p;q9 2 Ro. Sincea 2 Ss, s°= sand
therefore((p;s); (oY) 2 R.

(i) a2 (Sp[ Ss)N(So[ Ss) = Spn(Sg[ Ss): It must be shown that itp;s) 1
(p°® <9 then it holds thaf(p®<9);(q;s)) 2 R. By parallel composition(p;s) 1
(p° <9 implies a transitiorp 1 pPands= <2 Thereforeg(p;q) 2 Ry implies with
case (iii) forRp that(p% g) 2 Ry. For anys= sCholds((p®9:(q;9)) 2 R

From the premise it follows that for eveny 2 Py there exists somegp 2 Qg with
(po;do) 2 Ry. With the de nition of parallel composition it follows thdbr every
(po; So) in the initial states oPjjSandqp 2 Qo, (qo; So) is in the initial states 0Qjj S.
From the de nition of R andRy it follows that for everypg 2 B there exists such a
0o 2 Qo, and consequentlpy S R (Qp ) holds, which make® a witness
for PjjiS sQjjS O

3.2.1 Simulation,S-Simulation and Chaos

Proposition 3.10 states that simulation is a special caSesirhulation. In the follow-
ing we will expressS-simulation in terms of simulation, which allows us to effessly
switch between the two types of simulation. Since the alptsabn both sides of an in-
equalityP Qneedto be equal, we add additional labels by composing itk with

a so-called chaos system that creates the appropriatdiitraa@. The lemmata estab-
lished in this section allow the manipulation of inequaktinvolving chaos automata
and are essential building blocks of our framework for cositi@nal reasoning. In
every state of a chaos system, there is a transition for éabg} in the alphabet:

De nition 3.12 (Chaos) A chaossystem over the alphab8g is the labeled transition
system Chadq$§p) = (fchaog); Sp;! ;fchaog) with! = fchaog Sy f chaog.
For a labeled transition system®( $; Sp;! | Py), let ChaogP) := ChaogSp):

A chaos systen®-simulates every other LTS, making it an upper bound on ahy se
of LTSs:

5The inspiration for the chaos system comes from the theoi@ahmunicating Sequential Pro-
cesses by C.A.R. Hoare, see [Hoa85], pp.126. There, a CHAGR$s over an alphabatcan non-
deterministically produce any action frofat any time. In/[Lon93], an automaton(A), similar in
spirit to theChaosautomaton here, is de ned for Kripke structures [Lon93, p] &d used to relate
structures with different alphabets.
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Lemma 3.13. For any P and any alphab@’, P 5 ChaogS9.

Proof. Let R= f(p;chaogjp 2 Spg. We show that the conditions (i)-(iii) of Def. 3.9
are ful lled, so thatR is aS-simulation relation:

() a2 Sp\ S° By Def.[3.12, atransitionhaos® chaosexists for anya 2 Sp\ S°
Therefore, for anyp®with g & pPthere exists = chaoswith (p®d 2 R.

(i) a2 S°nSp: By Def.[3.12, atransitioshaos® chaosexists for anya 2 S°nSp.
Therefore, there always existg/2= chaoswith (p;q9 2 R.

(i) a2 SpnS® For any(p;q) 2 Rand anyp®with @ & pPit holds that(p®q) 2 R.

For all po 2 Py holds tha{ pp;chaod 2 R, soRy R 1(chao$ holds, andRis a witness
forP gChao$s9. O

It follows from Lemma 3.13 and its proof that the set of@iaosautomata form
an equivalence class with respect to bisimulation, ancetbeg also with respect to
similarity and simulation. The composition of an arbitraytomatorP with a chaos
automaton is in the same equivalence class with respecsitoidation asP. This is
expressed by the following lemma:

Lemma 3.14. For any P and any alphab&’, P = 5 PjjChaogS9. 7

Proof. We will show thatR = f(p;(p;chaog)g is a witness foP g PjjChaogS9,
and thatR ! witnessesjjChao$S%) s P. To prove the rst claim, we demonstrate
that the conditions (i)-(iii) of Def. 3.9 are ful lled by, and that the initial states are
properly contained ifR:

(i) a2 Sp\ (Sp[ Y= Sp:

— a2 Sp\ S® By Def./3.12, a transitiochaos® chaosexists for anya 2
Sp\ P Therefore, for anyp®with @ & pPthere exists a= ( p°®chao3y
with (p® g9 2 Rand(p;chaod ¢ (p°chaos.

—a2Spns® For any(p;g) 2 R and anyp®with p ¢ p°it holds that
q=( p;chao3 anda 2 SpnSPimplies by the de nition of parallel compo-
sition an independent transitig¢p; chaog! a (p® chaoy. Therefore, there
always exists @°= ( p®chaog with (p%¢9 2 R

(i) a2 (Sp[ SHYnSp= S°nSp: By Def.[3.12, a transitioshaos® chaosexists for
anya 2 S°nSp. By the de nition of parallel compositiona 2 S°nSp implies
that there is a transitio(p; chao9! a (p;chaod in PjjChaogSY. Therefore,
there always exists @= ( p;chao$ with (p;q9 2 R.

"See also [Lon93, p. 77] for a similar application to Kripkeustures.
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(i) a2 Spn(Sp[ SY = 0 does not occur.

Since for allpg 2 Ry holds that(po; (po;chaos) 2 R, and (pp;chaog is an initial
state ofPjjChao$39), it follows thatR is a simulation relation that witnesses s
PjjChao$S9. Now we show in a similar manner thajjChao$S% s P holds:

(i) a2 (Sp[ Y\ Sp= Sp:

— a2 Sp\ S® By Def.[3.12, a transitioghaos ® chaosexists for anya 2
Sp\ S° By de nition of parallel composition, a transition ijjChao$S9
occurs if and only if there is a transitigth a p2 It immediately follows
that there exists g°with ((p%chao3;q%9 2 R 1.

— a 2 SpnS® By the de nition of parallel composition there is a transiti
(p;chaoy! & (p®chaog if and only if p & p° Therefore, there always
exists ap’with ((p®chao3;p9 2 R 1.

(i) a2 Spn(Sp[ SY = 0 does not occur.

(i) a2 (Sp[ S9nSp= SPnSp: By Def. 3.12, a transitiorthaos ® chaosex-
ists for anya 2 S°nSp. By the de nition of parallel compositiona 2 S°nSp
implies that there is a transitiofp; chao9! a (p;chaog in PjjChaogS9, and
((p;chaog;p) 2 R L.

For all (po;chaog with pp 2 P, i.e., all initial states ofPjjChao$S9, holds that
((po;chaog; po) 2 R 1 and pyg is an initial state ofPjjChao$SY. Therefore,R 1
is a simulation relation that witnessB§Chao$S% s P andR is a S-bisimulation
relation that withesseB = g PjjChao$S9. O

From Lemma 3.14 and the transitivity &simulation, it follows that the chaos
automaton is an identity element f8fsimulation. For any alphabet, it can be added
and omitted at will:

Theorem 3.15.For any P, Q and arbitrary alphabetS;, S; holds:
P sQ, PjChaogS;) sQjjChaogsy): (3.2

Proof. Assume thaP s Q holds. With Lemma 3.14 it follows thd®jjChao%S;) s
P, and by transitivity followsPjjChaogS;) s Q. Similarly, Lemma 3.14 implies
thatQ s QjjChaogS,), and by transitivity we gePjjChaogS;) s QjjChaogs,).
Assume thaPjjChaog$S;) s QjjChaogS,) holds. With Lemma 3.14 it follows that
P sPjjChaogS;), and by transitivity follows® s QjjChaogS,). Similarly, Lemma
[3.14 implies thaf)jjChaogS;) s Q, and by transitivity we ge? s Q. O

Theorem 3.15 immediately allows us to formul&eimulation in terms of clas-
sical simulation by composing chaos automata with bothssidénich balances the
alphabets:
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Corollary 3.16. For any P,Q, P s Q if and only if BjChaogQ) ijCha0$P).B

Proof. With Theoreni 3.15P s Q is equivalent toPjjChao$Q) s QjjChaogP).
The alphabet on both sides is equabtd Sq, so that with Prop. 3.10 this is equivalent
to PjjChaogQ) QjjChaogP). !

According to Corollary 3.16, any of the following proofs omatithms for S-
simulation can be applied to classic simulation by balaptive alphabets with chaos
automata. We can now easily show tBegimulation is an upper bound on any relation
that implies simulation invariant under composition:

Theorem 3.17(Maximality of S-simulation) For any LTS PQ and a relation R, it
holds that(p;q) 2 R implies(p;s) (q;s) for any state s of an arbitrary LTS S with

Sp[ So Ssifandonlyif(p;g) 2 R) p sa.

Proof. For the suf cient condition, assume thgs;g) 2 R) p sg. With Prop! 3.11

it follows that(p;s) s(g;s). Since the alphabets on both sides are equal, Prop. 3.10
yields that(p;s)  (g;s). For the necessary condition, assufpeq) 2 R) (p;9)

(g;9). Let's considen(p;s) (qg;s). Because the alphabets on both sides are equal,
Prop.[3.10 yields thatp;s) s (q;s). Since the assumption holds for aBylet S=
ChaogSp[ Sg). With Theorem 3.15(p;chaod s(g;chaog, p sq. So forthis
choice ofS (p;a) 2 R) (p;s) (q;s) impliesp sq. If Rmustimply(p;s)  (;9)

for anyS, it cannot be larger thans. O

We can conclude th&-simulation is the largest, or most permissive, preordar th
implies simulation and is invariant under composition.

3.2.2 Decomposition of the Speci cation

We proceed with the remaining fundamental propositionsédompositional frame-
work of Fig.[3.1. They culminate in a theorem showing that whpeci cations, i.e.,

the right side of an inequality  Q, are composed and decomposed, the composition
operator on the right hand side of the simulation inequalitiraves like a logical AND
operation. The suf cient direction of the decompositiom&sed on the following fun-
damental property of simulation:

Proposition 3.18.[GL91] For any PQ, FjQ sQ.

Proof. With Lemma 3.13 hold®® s ChaogSp), witnessed byR°= f (p;chao3g,
and with invariance under composition folloR§Q s ChaogSp)jjQ, withessed by
R%%= £ ((p; 0); (chaosq))j(p;chaod 2 Ry = f((p;q);(chaosq))g. Lemma 3.14 and
commutativity yield€ChaogSp)jjQ sQ, witnessed br= f ((chaosq); q)g, and the
conclusion follows by transitivity witfiR = f ((p;g);q)g as a witness. O

8A similar approach is used in [Lon93, p. 120] to compare Keigkuctures of different alphabets.
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The necessary direction of the decomposition relies on aalggfundamental propo-
sition, which shows that a labeled transition system carrbi¢rarily composed with
itself without effect on the preorder:

Proposition 3.19(ldempotency) [GL91] For any P holds that P s PjjP.

Proof. Let R= f(p;(p;p)) j P2 Spg. For anypP2 Sp;a 2 Sp with @ 2 p pPthere
trivially exists a transitior(p; p)! * pjp (p% P9, and(p%(p% p%) 2 R Consequently,
Ris a simulation relation. Since for evepg 2 Sy there exists a staigo; po) in the
initial states ofPjjP, Ris a witness foP s PjjP. O

Using these propositions and the precongruence propeftsmulation, we can
show that the speci cation can be decomposed arbitrarily.

Theorem 3.20(Decomposition of Speci cation)For any PQ1;Q2, P s Q1jj Q2 if
andonlyifP sQiandP sQ».

Proof. Assume thaP 5 Q1jjQ. According to Prop. 3.18 it holds th@yjjQ> s Q1
andQq1jjQ2 s Qo. From transitivity follows the suf cient direction of théneorem.
For the necessary direction, assume fhats Q; andP s Q2. With compositionality
it holds thatPjjP s Q1jjQ2, and with Prop. 3.19 and transitivity follows s Qjj Q.
O

The generalization to an arbitrary number of LTSs followsniediately by recur-
sion. Together with Corollary 3.16 Theorem 3.20 also prawvidelecomposition for
the simulation of Def. 3.1:

Corollary 3.21. For any P, Q and Q with Sp = Sg, [ Sg, it holds that P Q1jj Qo
ifand only if P Q1jjChaogP) and P QjjChaogP).

This concludes the decomposition of the speci cation, whadlows to verify
smaller sub-speci cations instead of a single large onee @acomposition of the
system, and using proofs on parts of the system instead ofgdesbne, will be the
subject of Chapter 4 on assume/guarantee-reasoning.

3.3 Computing Simulation Relations

The computability of simulation relations as the least xeaint of a monotonic opera-
tor follows from Tarski's xed-point theorem [Tar55]. Hexge recall a direct standard
proof :

De nition 3.22 (Simulation up ton). [CGP99] For each n 0, the relation
S Sisinductively de ned as follows:

1L p oq8(p)2S S
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procedure CheckSimulation
Input: labeled transition systenitQ
Output: a simulation relatiofiR

R=S S
RO:= 0
while R6 R°do
R0:= R
d R:= Rf(p;g)jp!® p* @ q'* o (p%q) 2 Ry
(0]

Figure 3.4: Algorithm for checking simulation of labelednsition systems

2.p m1d,8 a2Sp\ So:p!” p°) 9 gl g p° Ll
Proposition 3.23.[CGP99]For alln 0,

0) n-

(i) 1 o

(i) If = ne1,then o=

It follows immediately from Def. 3.22 and Prap. 3.23 that. 1 can be constructed
by trimming
n 0
1= n\ (EA)2 ajp!” p%) a®al a (pSd)2 g

This is equivalent to
n

(0]
1= nn (PAip!® P @% g o (pid2 .

This leads to the algorithm in Fig. 3.4. Its correctness e by Prop. 3.23 (iii).
Termination is guaranteed by Prop. 3.23 (ii) and the niwefS» S. Simulation
can be checked in polynomial time, and algorithms that aeslrtic in the size oP
andQ have been presented in [HHK95, BP95]. Figure 3.5 shows the sdgorithm
for S-Simulation. As has been pointed out in [WL97], the simulatielationR in the
algorithm from Figl 3.4 can be initialized wifR:= reachp;q instead oR:= S .

Proposition 3.24.1f a relation R S S witnesses P Q, then so does®® R\
reachp;iq.

A corresponding algorithm that iterates on a waiting Wétis shown in Figl 3.6.
SinceRis initialized with the reachable stat&, is initialized with R and the set of

bad state$ could contain the entirg/ in the rst iteration, the space requirement
could be 2j reachpjq)-
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procedure CheckSigmaSimulation
Input: labeled transition systeni® Q
Output: a S-simulation relatiorR

R=S S
RO:= 0
while R6 R°do
RO:= R
F=f(pg)j9a 2 Sp\ Sq:9p% pt* p” @°:q!® ¢ (p%a) 2 Ry
Fi = f(p;)j9a 2 SonSe: @°: q'* ™ (p;g) 2 Ry
Fii := f(p;0)j9a 2 SpnSq: 9p%: p!® p™* (p%a) 2Ry
R:= Rn(R[ Fi[ Fii)
od

Figure 3.5: Algorithm for checkin&-simulation of labeled transition systems

procedure CheckSimulation2
Input: labeled transition systeni3Q
Output: a simulation relatiofiR

R:= reachyjjq

W:=R

while W 6 0 do
F=f(pa)2Wjp!”® p> @:q® o (p°q) 2 Ry
R:= RnF
W := pre(F)\ R

od

Figure 3.6: Algorithm for checking simulation of labele@nsition systems with a
waiting list and starting fron#jj Q

Figurel 3.7 shows an on-the- y algorithm that simultaneguslilds the reachable
states and checks for simulation. It constructs the setaufir@ble stated and a set
of bad state®. In the rst interior loop, the reachable state space is evgd with a
waiting listW as long as no bad states are encountered. A bad state is tnataigher
has no matching successor@nor all those successors are bad states. In the second
interior loop, the bad states are backpropagated. Ther@titst to reachable states
in the waiting listV can signi cantly reduce the search space, since otherwiethe
forward and backwards reachable stategpafqgg) might be visited.

It is not possible to restricA to states that are not forbidden, i.e., that are outside
of B, because this can lead to in nite loops.

In the deterministic case, checking for simulation coroeg}s to simply checking
for the reachability of bad states in the compositi)fQ. Bad states are tho$@; )
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procedure CheckSimulation3
Input: labeled transition systenitQ
Output: whetherpy Qo

R=0A=0B=0

W=PR QuV=0

whileW 6 0andV 6 0do
whileW 6 0andV = 0do

A=Al W
Vi=f(pa)2Wjp!® pr @ qt® o (p°d) 2 Bg
W := pos{W)nA

end while

whileV 6 0do
V= f(p;a) 2 (pre(vV)\ AnBip!® p™ @°:q!* o™ (p°q?) 2By
B:=B[V

od

if 9po: @p : (Po; do) 2 B then return false

od
return true

Figure 3.7: On-the- y algorithm for checking simulation labeled transition systems

in which p has an outgoing transition with a label that is not in any oirtg transition
of g.

Proposition 3.25. If Q is deterministic, then P Q if and only if for all (p;q) in
reachp;jg holds that p 1 g.

This reduces the complexity of checking for simulation aftes tremendously,
since the simulation relation cannot exist as soon as a laéel istfound. The corre-
sponding on-the- y algorithm is shown in Fig. 3.8.

3.4 Related Work

Compositionality A more re ned de nition of compositionality is given by Zwier
[Zwi89], and it was put in the context of related work by de Rerewn [Roe98]. The
termcompositionalitydescribes a top-down perspective, in which for any globatsp
i cation there exists a decomposed speci cation for eachdmie that together allow
the deduction of that global property. Expressed by simadathis means that for
any Q there existQ; with B Q; such thatQ,jj :::jjQn Q. In our framework, this
follows trivially since system and speci cation are giventhe same formalism, as au-
tomata. Atrivial choice i€); P. On the other handnodularityrefers to a bottom-up
perspective, in which any global property that follows fréme modular speci cations
must also be provable in the proof system at hand. So fo€amigh Q4jj :::jjQn Qit
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procedure CheckSimulation4
Input: labeled transition systenis(possibly non-deterministic)
and deterministi€)
Output: whetherpy o

A=0
Wi=hR Q
whileW 6 0do
A= A[ W
V= f(pa) 2Wjpt® pr @°: gt oY
if V 6 0then return false
W := pos{W)nA
od
return true

Figure 3.8: On-the- y algorithm for checking simulationtwideterministic speci ca-
tion

must hold thaPyjj:::jjP,  Q, which is ful lled by our de nition of compositionality
and the transitivity of simulation.

Van der Schaft and Schumacher give a similar de nition ing$fsasrule of mod-
ular behavior Alur et al. have presented such a rule for hierarchical idyfystems
based on trace inclusion in [AGLS01]. An extensive overvawsimulation for dis-
crete systems is given by Lynch and Vaandrager in [LV95]. @&abbeek provides
in [vGO01] an introduction and survey on the concept of bramghtime, and its impli-
cations on hisimulation equivalences. Algorithms for comipg simulation relations
for nite and in nite discrete systems can be found, e.g.[HHHK95]. An algorithm
by Tan and Cleaveland [TC01] combines the bene ts of two ctaakjorithms, the
simulation algorithm by Bloom and Paige [BRP95] and the bisatiah-minimization
algorithm by Paige and Tarjan [PT87].

Simulation A framework for compositional reasoning based on a preamryre
over Kripke structures was established by Grumberg and [&Gi®1]. A version
closer to simulation (but based on in nite paths) can be tbim[Lon93], and a de -
nition based on fair simulation is presented in [CGP99]. Camgb¢o the structure in
this thesis as shown in Fig. 3.1, Prop. 3.18 is establishezbhgtructing a witnessing
simulation relation instead of being derived. The prooérdr decomposition is not
explicitly derived in [GL91], but all its building blocks ampresent.

Simulation relations are frequently applied for verifyipgopgrams because they
provide a suf cient condition for trace inclusion at a lowawsmplexity. The notion
of simulation used here is also referred td@svard simulation For a suf cient and
necessary criterion about trace inclusion, it is necesacheck forward as well as
backward simulatiofiSAGG' 93]. In [SAGG' 93], simulation of two high-level spec-
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i cations for a communication protocol was veri ed usinggharch Shared Language
(LSL) and the Larch Proof Assistant (LP). They conclude:

We use simulation proofs because we believe that this metipddres for-
mally the natural structure of many informal correctneseqds for both
nite and in nite state systems. In particular, it catchdset structure of
proofs based on successive re nements. [...]

Simulation relations, like invariants, tend to capture trahideas; hence,
they provide important documentation for algorithms. Satians also
tend to be readily modi able when implementations are madlicz when
related algorithms are considered.

This immediately relates to the context of reusable modeladustrial applications
and provides a strong argument for simulation relationgeeislly in the domain of
embedded systems. Simulation between LTSs only preseafety properties. Fair
simulation, which is capable of checking liveness, has lezamined, e.g., in [CGP99]
and [HKR97]. Toolsthat support simulation for discrete automata and labekatsi-

tion systems are FC2TOOLS [BRRS96], Aldébaran [FKM93] and MdEth&)R99],
see also p. 62.



Chapter 4

Assume-Guarantee Reasoning

Compositional veri cation as presented in the last chapgguired a conservative ab-
straction for each component of the system. For a sy&temPijj:::jjP,, the con-
struction of an abstracted versi@pfor each componerR, i.e.,R  Q;, the composi-
tionality of simulation allows us to conclude tHatj :::jjPn  Qajj :::]jQn. However,
in many cases a direct abstraction of the fddm Q; yields little room for simpli -
cation, so one might not nd); with a substantially lower complexity thaR. It is
the interaction of the subsystems that produces the nahbien of the plant, which
is only a small fragment of the product of all possible bebes/iof each subsystem
on its own. Therefore, a much simpler abstractigrcan be constructed if sonaes-
sumptionsabout the behavior of the rest of the system are made. Forggamtank
with inlet and outlet valves could be in one of four modes:ithet or the outlet valve
open, or both open or closed simultaneously. If the assamgtin be made that inlet
and outlet valves are never open at the same time, the molyehas to re ect three
modes. Aguaranteeof B is an aspect of its behavior that is true when the assumption
is ful lled.

There are two ways to combining assumptions and guarankedle rst case,
the assumption that justi ed the abstracti@nis independent of the guaranteesf
which is in the following referred to ason-circular assume-guarantee reasonitp
soundness follows directly from compositionality. In thecend case, the assump-
tion directly or indirectly depends on the guarantee® pivhich leads to a circular
structure. This circularity requires additional condigoto ensure the conclusion is
sound. In this chapter, we present such assume/guaramedgicons for simulation,
and discuss how they can be computed compositionally. Irfdlh@ving, assume-
guarantee reasoning is presented for a sy&gi to show thaPijjP,  Q4jjQo. The
generalization to an arbitrary number of subsystems iggtifarward.

The next section recalls standard non-circular assumedgtese reasoning for sim-
ulation, and in a more compact form f8rsimulation, since the right hand side of the
simulation inequality can be decomposed. In Sect. 4.2, wivate the necessity of
the assume/guarnatee conditions with some examples, apdg® our assume/guar-
antee theorem for simulation. Ti8esimulation version, proposed in Sdct.|4.3, is again
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more compact, but the assume/guarantee conditions arecmoqgex. A summary of
related work can be found in Selct. 4.4.

4.1 Non-circular A/G-Reasoning

Non-circular A/G-Reasoning with Simulation A simple form of assume-guarantee
reasoning relies on the fact that simulation is a precomgreieThe abstraction of one
automaton serves as the guarantee to another:

P Q
QuiP Qujj Q2 @.1)
Piji P QuiiQ2 '

This yields a triangular structure. The proof is straightfard: P, Q1) PyjjP>
Q1jj P> due to invariance under composition. Through transitifatiows from Q4jj P,
Qo thatPijjP,  Q1jjQ2. The following lemma allows a more ef cient computation of

QuiP>  Qaji Q2
Lemma 4.1.E For any labeled transition systems,®); and Q with Sp, = Sq,, if a
simulation relation R witnessesifP>  Q1jj Q2, then so does

RP= f((q; P2); (01 02)) 1961 : (0w P2); (615 %)) 2 Rg: 4.2)

Proof. First we show thaR’is a simulation relation, and afterwards that the initial
states are properly contained R} Consider a staté(qy; p2);(g1;92)) 2 RPwith a
transition(qgy; p2)! a (qg; pg). We will show that this implies a transitiofy; g)! a
(@2;99) with ((02; p3); (a%;d3) 2 RC By de nition of R®, there exists & such that

((d1; p2);(G1;02)) 2 R (4.3)

If a2 Sg,\ Sk, this implies transitiongg @ o, @ andpd * pd. Because (413),
there exists a transitioffy; a2)! ¢ (63;09) with ((af; pd); (62;69)) 2 R With
a 2 Sg,\ Sp, this implies a transitiorm|J 2 a2, so that in statéqs; gp) there is
also a transitioriqy; gz) @ (9;09), and with((aS; p3); (62;63)) 2 Rfollows that
((a; pD); (o a2)) 2 R

If @ 2 S, NSk, this implies a transitiomy! ¢ o, of andp, = pd, and by the
de nition of parallel composition also a transitidiy; gp)! * (d?;qz). Because
of (4.3), there exists a transitigdy; a2} * (63: a2) with ((o; p2); (6;02)) 2 R,
so that((q; p2); (a; ap)) 2 RO

1This lemma was contributed by Frits Vaandrager, whose asiiiis gratefully acknowledged.
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If a 2 Sp,nSq,, there is a transitiopd ? p, pJ andg; = Y. Because of (413),
there exists a transitiofgiy; o) ° (61;09) with ((qu; pY); (61;99)) 2 R. By def-
inition of parallel composition, this implies a transitigg © o, 63, and conse-
quently a transitiorfqy; gp)! a (ql;qg). Since((q; pg);(ql;qg)) 2 R, it follows
that ((az; p2); (du; 69)) 2 RO

SinceR is a witness, it holds that for anfg;; p2) 2 Qo1 Po2 there exists a pair
(G1:92) 2 Qo1 Qoz such tha((qs; p2); (G1;G2)) 2 R Since(ds;d2) 2 Qo1 Qoz, and
((q1: p2); (q1;G2)) 2 RO it follows that for any statéqy; po) 2 Qo1 Poo there exists
also a corresponding stateRd O

Lemmal 4.1 allows to comput® over the state spac®;, Sp, So, instead of
S, S S S, With Corollary 3.21, the inequalit@qjjP>  Q1jj Q2 can also
be simplied toQqjjP> ChaogQ1)jj Q2.

Non-circular A/G-Reasoning with S-Simulation Thanks to the decomposition of
the speci cation, the proof rule is simpler f&simulation:

P Q1
QujiP Q2 @.9)
Piji P QuiiQz '

PL Q1) PijjP,  QqjjP> due to invariance under composition. AlsBjjP,
Q1P , PijjP Q1 by decomposition of the speci cation according to Theorem
[3.20. Through transitivity follows from;jjP> Q2 thatPyjjP, Q.. By composition

of the speci cation, also Theorem 3,20, follows thajjP,  Q1jj Q.

4.2 Circular A/G-Reasoning with Simulation

In circular assume-guarantee reasoning the compomerasdP, interact so closely
that neither one ful llIsQ; or Q, directly, i.e.,P, Qi andP, Q.. To restrict the
behavior of each moduldy; is composed withQ, and P, with Q1. However, such
a proof is only sound if additional conditions ensure tatand Q, do not block
transitions that are enabled in the compositiorPpfindP,. It is known that these
conditions must be non-propositional, e.g., use indud/01, HQRTO02]. The basic
structure is:

PjiQ> QujiQ

QujP>  QujjQ2

A/G-conditions @.5)
PiiP,  QujjQ2 '

Three fundamental properties shall be illustrated by exesap
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(@ P (b) P2 (c) Q1 (d) Q2

[y
®
Ol
(&)

a a b
Cd @ G 9 (9
(€) PjjR, () QujiQ2 (9) PijjQ2 (h) QuijP,

Figure 4.1: A/G-reasoning yields a false negative for EX. 4.

The rule is not complete, even without A/G-conditions.
The rule is not sound without appropriate A/G-conditions.
The A/G conditions must be at least as expressive as sironlati

The rst example shows that the proof rule is not complet,there are systems that
fulll PyjR QujjQz, but notPijjQz  QujjQ2 andQyjjR,  Qajj Q2

Example 4.1. Figure|4.1 shows automata ; Q; and @, all with alphabetsSp, =
Sk, = Sg, = Sg, = fa;bg, and the composed automatajjP,, Q1jjQ-, P1jjQ. and
Q1jj P> that arise in circular A/G-reasoning. Even thoughijP>  QjjQ2, circular
A/G-reasoning fails becauseifP>  Q1jjQ2. Note that non-circular A/G-reasoning

alsoisn't possible: P Qq, but QjjP  Q1jj Q2.

Without the A/G-conditions, the rule is not sound. It is ezl up to the A/G-
conditions to ensure that violations as in the followingrapée are detected:
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Example 4.2.Consider a system, where 8d B are chaos, and neither speci cation
Q1 nor @ have any transitions, formally:

PL = ChaogS); Q1=(Qo1S;0;Qo1);
P> = ChaogS); Q2=(Qo2S;0;Qo2):

Then the parallel compositionjfQ, = ( Py1  Qoz; S;0;Po1  Qoz2) has no transitions,

and neither do @jjP, and QjjQ.. Therefore both FQ. Q1jjQ2 and QjjP
Q1jj Q2 hold. Yet BjjP, = ChaogS), so that the system does not ful Il the speci cation:

PljP;  QujjQ2:
It is important to note that the A/G-conditions are not jusirmple condition for
ensuring soundness. As the next example illustrates, treeq @ital element to the
meaning of such a proof. The A/G-conditions must be as leaskpressive as simu-

lation, and they must differentiate between the system laadpeci cation, i.e., what
is on the left hand side of the conclusion and what is on tha hgnd side.

Example 4.3. Consider a LTSs R B, Q1, Q2, Q3 with equal alphabe@s and the
following two proof rules:

(@) Pi(QujQs) QujjQ2 () (QjiP)iiQs Q2
(QujQ2jiP  QujjQs Q20j (QujjPs) Qs
A/G-conditions A/G-conditions

Pujj Ps Qujj Q2)j Q3 QujjPjj Ps QaiQs

The upper inequalities are equivalent for both proofs:

Pojj(QujQ3) QujjQz, Pji(QujQ3) Q1" Pjj(QujjQ3) Q2
, Pji(Q4jQs) Qz2, (QujiP)jiQz Q2

and similarly for the second inequality. Yet the conclusiare entirely different. Con-
sider that the conclusion of (a) impliegjf®  Qi, while in (b) Q relaxes the speci-
cation. The consequences are obvious if one considers wighout any transitions.
While the conclusion of (a) is only ful lled by a systegjj P; without transitions, the
conclusion of (b) would always be ful lled (as long asjf@s has an initial state).

The examples showed that there can be transitions in the assdsysten®yjj P>
that can be impossible to check for validity by simply loakiat the inequalities in
(4.5). While the desired conclusi®hjjP> Q1jjQ2 is a statement over a subset of the
state space of all four automa®g, P>, Q; and Qo, the inequalitieRRjjQ;  QujjQ2
only refer to states in the subspace over the three autdmafp andQ;j. One could
say that common transitions Bfjj P, i.e., those with a label in botBp, andSp, are not
predictable in those subspaces. They must be accounteg fionibing the transitions
that are allowed to occur in (4.5). This is formalized by thidiving Theorem:

2The same argument can be made for arbitrary alphabets 8siirgulation.
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Theorem 4.2 (A/G-simulation) Consider LTSs £ P, Q; and @ with alphabets
Sk, = Soq,, Sk, = So, for which simulation relations Rand R witness, respectively,

P1jj Q2 Q1jj Q2 (R1) and (4.6)

Qi P Quji Q2 (Ro) 4.7)
Let the relations Rand R be de ned by

RY = f(puiow)9Gz: ((Prit); (01 6o)) 2 Rug; (4.8)

RY = (P20 )96 : ((01i P2); (G )) 2 Reg: (4.9)

Then the relation

R= f((py; P2); (A %2))i( P A G) 2 RE™ (p2s s o2) 2 Rg (4.10)

is a simulation relatiors for Pjj P> Qijj Qs if and only if for all (( p1; p2); (d1; %)) 2
R anda 2 Sp,\ Sp, the followingA/G-condition holds:

(P2 02) © pyjip, (P15 PD)) (90 n ! g, 6 _909: 02! o, 03): (4.11)
Proof. Consider the relation
R=f((p1; P2);(a1;02))j9G2 : ((P1;02); (a5 G2)) 2 Ri™M9 G1: ((ag; p2); (61 a)) 2 Rog:

We show that under the hypothesis a transitipfy p2) e PLiP (p‘{; pg) implies a tran-
sition (d1; d2) ! 0, (a%;a3) such that(p?; p3); (a; 69)) 2 R. Consider such a tran-
sition for (p1; p2; a1;02) 2 R, so that there exigt; 7G> with ((p1;a2); (az;62)) 2 Ry and
((d1: P2); (G1:02)) 2 Re. LetSy = Sp, = Sq, andS; = Sp, = Sg,.

(a) If a 2 SinSy, then by the de nition of parallel composition there is aséion

a 0.
pl' Pl ply

and P, does not participate in the transition, i.@a = pJ. Sincea 2 S, it
follows by the de nition of parallel composition that theisea transition

(p1;G2) Pi0, (P9 G2):
Since((p1; d2); (d1; G2)) 2 Ry this implies that there is song§ with a transition

(d1:G2) 1* gy, (0 o)

3Note thatR might not be a witness fdP.jjP>  Qujj Qo, since not all initial states d?jjjP, are
guaranteed to have a matching initial statQijj Q..
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and therefore a transition

q ! Q1 qf

exists with(( pf; a); (0F; 62)) 2 Ry With ((a1; p2); (G1; %)) 2 Ry, it follows that
there is a transition

(a1; P2) I* e, (0 P2);
which in turn implies that there existsga with a transition
(a2 62) I* 00, (@2 62)
and((a; p2); (6 d2)) 2 Ry, and therefor( pd; p2); (6% 02)) 2 R.
If a 2 SpnS;, a symmetric argument to (a) proves that a transition
(a2 %) I* o0, (A1 Ad)
exists with((p3; p3); (o;69)) 2 R.
Otherwisea 2 S;\ S, and there is a transition
p1!% ¢, P} as well asgp 1, pd:

According to the A/G-condition of Theorem 4.2 there is a $iian in Q or in
Q.. Let's consider a transition iy, a transition inQ; is symmetrical. From
((p1;%2); (015 62)) 2 Ry follows that if

6" o, o8 (4.12)
then there exists @ and a transition

(a1:62) 1" gujq, (of: 6D):
This implies a transition

q g af
and tha(( p?; a9); (a2; 69)) 2 Ry. We must now show thgp3; qf; g2) 2 R.. Since

(P2;q1;02) 2 RS there exists somey With ((qs; p2); (G1; G2)) 2 Re. This implies
that there is a transition

(a1 P2) 1 gy, (s PD);
which in turn implies there exisf}"g3 and a transition
(01:62) " gujq, (56D
with ((a2; p9);(62;09)) 2 Ro. Since the initial choice o9 in (4.12) was not

restricted, we can sef = ¢, and consequentlf( p%; p3);(c2;a9)) 2 R, which
shows thaR is a simulation relation.



46 Assume-Guarantee Reasoning

The necessary direction of Theorem 4.2 follows directlyrfithe de nitions of simula-
tion and parallel composition. For &llp1; p2); (d1;d2)) in any simulation relation for
PUiP.  QqjjQ2, and any labe& 2 Sp [ Sp, it holds that a transitiopy; p2) 1 PLiP
(p3; p9) implies either

a2 Sq,\ Sq,: 9a%:02: a1 !” o, " o ¥ g, 03, or

a2Sg\ Sgp (i) 2f (1,2);(21)g: 9¢°: ¢ ¥ g o
It is easy to see that the A/G-condition is ful lled in any digse cases. O

Note that condition (4.11) is maximal in the sense that itiidléd for any relation
that withesse®jjP>  Q1jjQ2. This is underlined by the following corollary, which
relates the A/G-conditions to;-simulation (see Def. 3.22, p. 33):

Corollary 4.3. Giventhat BjjQ>, Q1jjQ2and QjjP>  QajjQo, it holds that a rela-
tion R according to/ (4.10) is a simulation relation fofjf,  Q4jj Q- if and only if it
is a simulation relation for BjP> 1 Q1jj Q>.

Proof. For the suf cient direction, it follows directly from the ddtion of  ;-simu-
lation that the A/G-condition is ful lled. The necessaryralition is guaranteed by
Prop. 3.23. O

Assume/guarantee-reasoning based on Theorem 4.2 isccantién the following
steps:

1. Initialize Ry, andRy, e.g., with the entire or only the reachable state space.
2. ConstrucR from R; andR,.
3. Trim states irR that violate the A/G-condition (4.11).

4. If states were trimmed, tuRinto a simulation relation, e.g., with a xed-point
algorithm.

5. If the initial states are contained®) thenPyjj P,  Q1jj Q2 holds.

This approach is not compositional, becaRds constructed for the composed system
and subject to a xed-point computation in step 4. It yieldsamlvantage over a non-
compositional check if the xed-point computation Bf andR; is signi cantly faster
than computindrin the rst place. This is most likely the case if few stateeddo be
trimmed fromR.

If possible, we would like to avoid the explicit construetiof R and computations
in the space oPyjjP, as much as possible. We can do so under the premise that the
initial states are only a small part of the entire state sp&dée preemptively remove
potentially violating states already froRy andRy, so that we are guaranteed tlfat
ful lls the A/G-condition (4.11). The check of the initiakates remains, but does not
necessarily require to construct allRfIn the procedure above, we replace steps|2.—4.
with:
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[2 . Trim states irR; andR, that could violate the A/G-condition (4.11) R
I3 . TurnR; andRy into simulation relations.
[4 . ConstrucR only for the initial states.

Suf cient conditions are used to perform step. 2The following corollary applies
to a number of practical cases, and follows immediately fidmeorem 4.2 and the
de nition of non-blocking:

Corollary 4.4. A/G-reasoning according to (4.5) is sound if 3 non-blocking over
S; and @ is non-blocking oveB, with S;[ S; = Sg,\ Sg,.

It is often demanded in assume-guarantee reasonin@thatdQ, are non-bloc-
king, see e.g. [HQRTO02], and it is easy to check for nite eyaﬁ In the next couple
of sections we present other suf cient criteria for step 2

4.2.1 Separate Trimming

Ideally, one would like to trirR; andR, separately, i.e., without taking into account
the pairs of states that eventually constitlén (4.10). In such a scheme, a state
((p1;02); (az; ) is removed fronRy if

9a 2 Sg,\ Sq,; P2 S ipi!? PN @0 (o o) @3 (! ) (4.13)

The computation oR; is performed symmetrically t&;. The overall algorithm for
obtainingR is shown in FiglL 4.2. It follows directly from the de nitionfgarallel
composition that it guarantees the A/G-condition (4.14)t,IR; andR; are initialized
with the set of reachable states and turned into simulaéilations before the trimming
so as few states as possible are trimmed because of con@itis).

Example 4.4. Consider the automata shown in Fig. 4.3. Botfi® Q1jjQ2 and
PjjQ2  Q1jjQ2 hold. The simulation relations {Ror PjjQ;  Q1jjQ2 and R for
QP> Q1jj Q2 are shown in Tab. 4.1. All the states ful Il condition (4.13) that
none have to be trimmed.

Unfortunately, separate trimming is unsuccessful in méngpt most, practical
cases. This forces us to consider schemes that lelad@dR,, such as the one pre-
sented in the next section.

4Corollary 4.4 is consistent with the assume/guarantesiar simulation by Henzinger et al. in
[HQRTO2]. There, the A/G-rule for Moore machines is showrb&sound if all automata are non-
blocking in the input labels and there is nite non-deterisin. Since input- and output labels are
disjoint, and the output labels of the Moore machines thmtamposed are disjoint, In the correspond-
ing setting using LTSs, the conditions of Corollary 4.4 ardlled, so that our rule assures soundness
as well.
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procedure CheckAGSimulationSeparate
Input: labeled transition systenis, P>, Q1, Q2
Output: A/G-simulation relation$;, Ry

Ry := reachyjjq,jiqijiq,: Re = reachyjpjiquiiq,

Ry = GetSimReljio, qujq.(Ry)
Re := GetSimRe},jm,;quji0.(Re)
Ry := Rinf(p1idz;as; )ja 2 So,\ S, 9pd:p!® p0r @0 :qp!® o~ @9: ! g
Ro1= Ronf (qu; p2i ;tb)ja 2 So,\ S, 9p3: P21 p3" @R u’” ¢ @9: e " gy
Ry = GetSimRejo,0,i0,(R1)

Rz := GetSimRe},jp, 0,0, (Re)

Figure 4.2: Algorithm for A/G-simulation by separate trinmmg

a
O
a
(2
@R (b) P2 (© Q d) Q2
OO OO
a a b a a
@ @ e @ W
a a a a
GO COENC
(e) PijjP (f) QuiiQ2 (@) RjiQ2  (h) QujjR

Figure 4.3: A/G-reasoning with separate trimming worksHar| 4.4
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Table 4.1: Simulation relations for Ex. 4.4 after separaterhing

(@) Rt (b) R
RN (0,0) (1,1) (2.2) (3,3) Q" (0,0) (1,1) (2,2) (3,3)
(0,0) - - - (0,0) - - -
(1,2) - - (,2) - -
(2,3) (2,3)

4.2.2 Composite Trimming

In many cases the interaction between the modules is sutla thegparate trimming

is too restrictive and®; andR, must be considered together. Informally, this can be
explained as follows: A safety speci cation basically cists of forbidding undesired
actions. If these are actions commonRoand P, they are either forbidden (don't
occur) inQ1 andQ; or they disappear in the composition@fjj Q.. In the former case,

P; has transitions that are neither@ nor Q», and a symmetric argument holds for
P.. Whether those transitions are still jj P, can not be decided by simply looking
at Pijjj Q2 or Q4jjP.. But there is a suf cient condition: If for all statds; g»; q1) 2 R(l)

in which P, has such bad actionB; doesn't, i.e(qy; p2; a2) 2 Rg implies that there is
no outgoing transition with the bad label.

Example 4.5. Consider the automata shown in Fig. 4.4, wherePEx/ 4.4 was tted
with a self-loop with label b in state;= 2. The composed automata are the same as
those shown in Fig. 4.3(e)—(h). Also, the simulation relagiare identical to the ones
showninTah. 4]1,sothai Q. Q1jjQzand QjjP> Q1jj Q2 both hold. However,
the outgoing transition in state;= 2 has no match in the associated statgs qp) in

Ry. Trimming the states separately yields the relatiopsaRd R, shown in Table 4,2.
Iterating the xed-point operator for simulation on,Rields an empty relation, so that
the proof is no longer possible. In order to be sound, it mestihecked whether for
any statg(p; = 2; p2) in PijjP there is also an outgoing transition in PN Ry, p1 = 2

is associated with{qr; o) = (3;3). In Ry, (q1;02) = ( 3;3) is only associated with
(p2;:92) = ( 2;3). Since p = 2 has no outgoing transition with label b, the conditions
of Theorem 4,2 are satis ed.

The sets of critical labels and statesRa and R, that could violate the A/G-
conditions are:

Dp, = f(d1;02;@)ja 2 So,\ So,™9 pr: (P1;02; ) 2 R
! plr@ i g @3:a!” gy (4.14)

Dp, = f(di;02;@)ja 2 So,\ S, ™9 P2 & (01 P2; d2) 2 R
P! @0 N @9t oy (4.15)
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(e) PijjP; (f) QuijQ2 (@ PjiQz  (h) QujiP%

Figure 4.4: A/G-reasoning with separate trimming failst bamposite trimming
works for Ex/ 4.5

Table 4.2: Simulation relations for Ex. 4.5 after separaterhing

(@) Ry (b) Ry
Piio, 49 (0,0) (11) (2,2) (3,3) Q"% (0,0) (1,1) (2,2) (3,3)
(0,0) - - - (0,0) - - -
1) - - 1,1) - -

(2,3) - - - - (2,3)
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procedure CheckAGSimulationComposite
Input: labeled transition systenis, P, Q1, Q2
Output: A/G-simulation relation®y, Ry
Ri = reachhjjgujjqijiq. Re = reachyjimjauiic,
Ri := GetSimReljio,qujq.(Ri)
Ry := GetSimRel,jip, g, (Re)
Dp, = f(Qu;G2;@)ja 2 Sq,\ Sq,"9 p1; G2 : (P1;G2; 015 G2) 2 Ri®
a a a
_ Pt 2@t o @B ofg
Dp, = f(au:az;@)ja 2 Sq,\ Sq,”9 p2;G1 - (a1; P2; G1:G2) 2 R
a a a
P p3r@f ! or @it oo

if Dp,\ Dp, 6 0
Ry := Runf(py;dz;da; )i9pd: pr ! pd” (du;dz;a) 2 Dp,g
Re 1= Ronf(qu; P2; ;02903 : p2!* p3” (da;dz;a) 2 Dp,g
Ry := GetSimReljiq,:q,j0.(R1)

Re = GetSIMReY,j,0i0,(Re)
end if

Figure 4.5: Algorithm for A/G-simulation by composite tnning

It is a suf cient condition for A/G-simulation that
D= Dp,\ Dp, = O (4.16)

If there are such violating states, one can trim the relatioln elemen{ps1;d2;q1)

of Ry is removed ifp; 12 pg" (a1;q2; @) 2 Dp,, and symmetrically foR,. The proof
concludes if there is a simulation relati& that is a subset of the trimmed relation
R;. An algorithm is shown in Fig. 4.5, and using the de nitionparallel composition
it is easy to see that the resultiRg andR; ful Il the A/G-condition (4.11).

Note that ifQ; andQ, are non-deterministic, there is a choice whether to remove a
state inDp,\ Dp, fromRy or Ry. If Q1 is deterministic, the bad state should be removed
from Ry, and symmetrically fof, andR;. If both Q; andQ, are deterministic, there
is no solution as soon &p, \ Dp, is non-empty. There is the possibility of trying all
combinations, but that will likely defy the advantages af W G-approach compared
to simply a composed analysis.
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@ P (b) P (c) Q1 (d) Q

(€) PijP2 () QujiQ2 (9) PijjQ2 (h) Pjj Q1

Figure 4.6: A/G-reasoning fails in EX. 4.6 because of theahstates

4.2.3 Checking the Initial States

To nalize the A/G-proof, it must be shown that all the initistates ofPjjP, have

a matching initial state 00,jjQ, in R. For the simulation relation (4.10), it must
be shown that for al{p1; p2) 2 Po1  Po2 there exist(gi;02) 2 Qo1 Qo2 such that
(pi;gu o) 2 R fori= 1;2. Itfollows fromRjjQ;  Q4jj Q> that for anyp; there exists
some pai(di; d2i) 2 Qo1 Qoz, but the important point is that this must be the same
pair for bothp; and pa.

Example 4.6. Consider the automata shown in Fig. 4.6, all with the alphaBet
fa;b;c;dg. All states are initial states. Table 4.3 shows the A/G-ietat R for
PjjQ2 QjjQ2 and R for PjjQ;  Q1jjQ2 as well as their quanti ed counterparts
R? and FSZ’ The simulation relation R constructed according/to (4.03mpty, while
there exists a simulation relatior’hat contains all states, sincajf» doesn't have
any transitions. Therefore the A/G-reasoning fails in #sample.

It follows that the circular A/G-reasoning is only a suf citcondition with respect
to the containment of the initial states. There exist casegichR; andR, exist, but
no simulation relation can be constructed frBpandR, that contains the initial states
appropriately, even though a gloti@lexists andPijjP,  Q1jjQ. holds. A suf cient
condition for the containment is that for glb1;2) 2 Po1 Qo2 andq; 2 Qo holds
(P1;q1;02) 2 RY. Alternatively a symmetric argument is valid fi.
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Table 4.3: Simulation relations for Ex. 4.6 after separierhing

(@ Ry

PN (0,0) (1,0) (0,1) (1,1)

(0,0) - 0T
(0.1) - - -

(©) R}
pni% (0,00 (1,0) (0,1) (1,1)
0 _

()R

PRI (0,0) (1,0) (0,1) (1,1)

(0,0) - - - -

(b) R

RN (0,0) (1,0) (0,1) (1,1)

(0,0) _
0,1) - _

(d) R

pNAI% (0,00 (1,0) (0,1) (1,1)

0 - -

) R

PRI (0,0) (1,0) (0,1) (1,1)

(0,0)

53



54 Assume-Guarantee Reasoning

4.3 Circular A/G-Reasoning with S-Simulation

The structure of circular assume-guarantee reasonin§-fmulation is simpler be-
cause of the ability to decompose the speci cation accardinTheorem 3.20, from
which it follows thatP1jjQ2 s Q1 holds if and only ifPjjQ2  Q1jjQ2, analogously
Q1P sQ holds if and only ifQ4jjP>  Q1jj Q2. We obtain the following structure:

PjjQz sQ1
QiR sQ2
A/G conditions
PijP2 s QujiQz
In contrast to the A/G-rule of Theorem 4.3;simulation allows us to compare au-
tomata of arbitrary alphabets. The de nition Sfsimulation is split into three cases
as it may be that a label is exclusively to the alphabet ofesgsexclusive to the spec-
i cation, or common to both. This is also re ected in adaptiof the A/G conditions
(4.11) toS-simulation. The A/G conditions must now ensure not onlyrtbheblocking
of labels common to both speci cations and subsystems, Isotthe nonblocking of
labels that are not part of the system. We get the followirgtam:

(4.17)

Theorem 4.5(A/G-S-simulation) Consider LTSS P, Q1 and @ with

PijjQ2 s Qiand (4.18)
QuiP s Qu (4.19)

If there exist simulation relations jRfor (4.18) and R for (4.19) such that for all
P1; P2; it G2 With (P13 02); 1) 2 Ry, (01 P2); d2) 2 Rz anda 2 Sq,\ Sg, there9q? :
! qQor9a9:q2!? g whenever:

(i) @2 SpnSp,and p 1 1o,
(i) a2 SpnSp and p!* p3, or
(i) a2Sp\ Sp,and p!® pand p!* I, or
(iv) a 2Sp,[ Sp;
then there is a simulation relation for P> s Q1jj Q2 given by

R=f((p1;p2); (d1;a2))j((P1:G2); A1) 2 Ri™ ((d1; P2); G2) 2 Re0: (4.20)

Proof. In the following discussion we will identify what the A/G-nditions have to
guarantee in order for the proof rule to be sound.

@) a2 (Sel Se)\ (So,[ Sq,) and(ps;p2) 1 (p; p9):
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(a) Ifa 2 Sp,nSp, then(py; p2) 1 (p%; pI) ifand only if p; 1* pdandpd = p,.

(a) If a 2 Sq,nSq, then there exists a transiti¢p; gz) I° (p2;g9) with
a3 = oz and((p1;d2); a1) 2 Ry implies with Def[3.1(i) that exists
with oz 1* o and((p%; 69); af) 2 Ry Sincea 2 Sq, and((as; P2); dz) 2
R; it follows from Def.|3.1(iii) that there is a transitiofqy; p2) 1
(@?; p2) with ((@2; p2); 92) 2 Ro. By de nition of the parallel composi-
tion there is a transitiofqy; o) 8 (qg; qg) with g5 = g, and therefore
(P P (e ) 2 R

(b) If a 2 So,nSq,, a symmetric argument ta] shows tha(qy; o) 14
(a; o) with of = a1 and((pY; p9); (af; o)) 2 R

(9) Otherwisea 2 Sq,\ Sq,. From((p1;02);01) 2 Ry follows from Def.
3.1()) that ifgz 1° ¢ then alsay 1 of and((p%;a9); Q) 2 Ry. If so,
then((as; p2); d2) 2 Re imply with Def. 3.1(i) that((q; p); 09) 2 Re,
and thereforé( p; p9); (a2;a)) 2 R.
In the case thaty 1° o}, ((91; P2);92) 2 Ry imply with Def.|3.1(i)
thatg 1* ¢ with ((qd; p3);a9) 2 Rx. Then according to the above,
((p; P9); (a:69) 2 R.
This is a case where the A/G-conditions are needed to ensate th
either @ or gJ exist. Herea 2 (Sp,nSp,)\ (So,\ So,) and p 1* p?
and the A/G-conditions must imply that either'q of or gz 1 3.

(b) If a 2 Sp,nSp,, a symmetric argument to (b) proves tkad; a.) 1 (a9;09)
with ((p; p9); (a;69)) 2 R
For (g), this is a case where the A/G-conditions are needed to ertbate
either ¢ or gJ exist. Herea 2 (Sp,nSp,)\ (Sq,\ So,) and p I pJ and
the A/G-conditions must imply that either § of or gz !° .
(c) Otherwisea 2 Sp,\ Sp, and there are botpy I p? andp, 1* pd.
(a) If a 2 Sg,nSq, then this implies a transitiofps; gz) 1° (p2; g3) with
a3 = gz and((p1; Ge); G1) 2 Ry implies with Def] 3.1(i) that exists
with g1 1 of and((p%;99); Q) 2 Ry. Sincea 2 Sq, and((qy; p2); d2) 2
R, it follows from Def.[3.1(iii) that there is a transitiofgy; py) !°
(@?; p3) with ((a?; p3); a2) 2 Ry. By de nition of parallel composition,
(d1;2) I* (a; aB) with g = g, and thereforé( pg; pd); (af: o)) 2 R
(b) If @ 2 Sg,nSg,, a symmetric argument ta] shows tha(qy; g2) 1
(a; o) with of = a1 and((pY; p9); (af; o)) 2 R
(g9) Otherwisea 2 Sq,\ Sq,. From((p1;02);d1) 2 Ry follows from Def.
3.1()) that ifgz 1° o then alsay 1 of and((p%;a9); Q) 2 Ry. If so,
then((ds; P2); G2) 2 Rp implies with Def[3.1(i) thaf(af; p9); d3) 2 Re,
and thereforé( p; pd); (a2;a)) 2 R.
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In the case thaty; 1° o, ((91; P2); G2) 2 Re implies with DefJ 3.1(i)
thatay 1* ¢ with ((92; p3);9) 2 R.. Then according to the above,
(P PD):(a%s09) 2 R

This is a case where the A/G-conditions are needed to ensate th
either § or g exist. Herea 2 (Sp,\ Sp,)\ (So,\ So,) and p!° p?
and p!* p9 and the A/G-conditions must imply that eithar!g of

orq!? of.
(i) a2 (So,[ So,)N(Sp,[ Sp):

(a) If a 2 Sg,nSg, then((p1;02);01) 2 Ry implies with Def! 3.1(ii) tha’qtl) ex-
ists withag I of and(( py; 62); o) 2 Ry. Sincea 2 S, and((qs; p2); d) 2
Ry it follows from Def.[3.1(iii) that(qs; p2) 1 (a2; p2) with ((of; p2); ap) 2
Ro. By de nition of the parallel composition(qs; gp) 1 (qg;qg) with
03 = gz, and thereforé( py; p2); (a;69)) 2 R

(b) If a 2 Sg,nSo,, @ symmetric argument to (a) shows ttat; a2) 1 (q2; a3)
with ¢f = dx and((p1; P2); (af;69) 2 R.

(c) Otherwisea 2 Sg,\ Sq,, and since it holds thg{ p1;d);01) 2 Ry and
((91; P2); G2) 2 Ry, either bothg? andg exist, from which it follows that
((p1; P2); (a2;6)) 2 R, or neither exist. This is a case where additional
conditions are needed to ensure that eith®ogq9 exist. Herea 2 (Sg, \

So,)N(Sp, [ Sp,) and C must imply that eithend” qf or g 1* o3.
(iii) a2 (Sp[ Se)N(Sq, [ Sq,) and(prip2) 1 (p; P3):

(a) Ifa 2 Sp,nSp, then(py; p2) 1 (p%; pY) if and only if p; 1 pd andpd = ps.
Then((p1;02);qu) 2 Ry implies with Def. 3.1(iii) that(( pg;qz);ql) 2 Ry.
Sincepd = pz, ((d1; pY); ) 2 R» and thereford( pd; pd); (a1 ap)) 2 R

(b) If & 2 Sp,nSp, then in symmetry to (a)(p?; p); (ar; &) 2 R.

(c) Otherwisea 2 Sp,\ Sp,. Thenp;!® p? andp2 * pI. ((p1;02);01) 2
Ry implies that(( pg;qz);ql) 2 Ry holds, and((qy; p2);a2) 2 Ry implies
((a1; P); d2) 2 Re. Therefore((pd; p3); (a1;2)) 2 R.

In the above discussion, four cases were isolated where fBecénditions must en-
sure that eitheq, 1 q‘l’ or g» 2 qg. These are precisely the A/G-conditions stated in
the hypothesis, which concludes the proof. O

Note thatR doesn't necessarily contain the initial states. As with Afi@ulation, it
follows from the de nitions of simulation and parallel cowgition that the conditions
(i)—(iv) are ful lled for any simulation relation that witessedjjP,  QqjjQ2. The
checking for containment of the initial states is done assfowlation in Sect. 4.2|3,



4.3 Circular A/G-Reasoning wit8-Simulation 57

procedure CheckAGSigmaSimulationSeparate
Input: labeled transition systeni, P, Q1, Qo,
Output: A/G-simulation relation®y, Ry

Ry
Ry
R>
Ry

Ry :

Ry :

reachhjiq,jq,, Re = reachyjpjq,
GetSimReljjo, 0, (R1)
GetSimRe},jip,i0,(R2)
Rinf(p1;dz;a1)j9a 2 Sg,\ Sq, :

O . a _0ya O . a _0ya A 0 .
@7 (! )" @ (! R [(@a2Sp,"9p;:p1
Ronf (a1; p2; 2)j9a 2 Sg,\ Sg, :

0:(an!® o) @ (! )N [(@2Sp"9pd: P2t pY)_a 2(Sp[ Se)lg
GetSimReljjq,q,(R)

a

p)) _a 2(Sp[ Se)lg

Ry ;= GetSimRe),jip,:0,(R2)

Figure 4.7: Algorithm for checking assume-guararfiegmulation by separate trim-

ming

with R) = R; andR3 = R,. An algorithm for checking A/G-simulation by separate
trimming is shown in Fig. 4.7. Itis easy to see tRatandR; ful Il conditions (i)—(iv)
after the trimming. Figure 4.8 show the algorithm for conifmsimming adapted to
S-simulation.
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procedure CheckAGSigmaSimulationComposite
Input: labeled transition systenis, P, Q1, Q2
Output: A/G-simulation relation®y, Rx

Ry := reacthjjg,jjq,r Re 1= reachyjpjio,
R1:= Rinf(p1;02;01)j9a 2 S, \ Sg, :
@: (" ) @3: (! ) [(@a2SenSe,”9pY: pi!? pY)_a 2(Se[ Se)lg
Ry := Ronf(qu; p2; a)j%9a 2 S, \ Sg, :
@2 (! )" @F:(a!” o) [(a2Se,nSp 9P 21" PY)_a2(Sp[ Splg

Ry = GetSImRe.:ll”QZQl(Rl)
Ry = GetSimR%ﬂjpb;Qz(Rz)
Dp, = f(qu;02;@)ja 2 Sp\ Sp,\ S\ Sq, "9 pr:(P1iGeidn) 2 RN

p P @t ar @3t ofg
Dp, = f(o;az;a@)ja 2 Sp\ Sp,\ So,\ So,”9 p2: (th; p2;G2) 2 RN

a a a
p2® P @ ! N @0 ! oda:

if Dp,\ Dp, 6 0
Ry = Rinf(py;dz;an)j9a; pd : pr!® p2” (du;dz;a) 2 Dpg
Rp 1= Ronf(qu; P2; 02)j9a; p3 : 2 !* p3” (G1;0; @) 2 Dpg
Ry := GetSimReljg,:0,(R1)
Ry = GetslmRQjﬂlasz(Rz)

Figure 4.8: Algorithm for checking assume-guarar8esmulation by composite trim-
ming of Ry andR,
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Example 4.7. Consider a reactor with two inlets and one outlet as shown in&@.
The task of a controller is to transfer raw material from Talhto Tank 3, represented
by a label T13, then from Tank 2 to Tank 3, represented by Tia3, rzally drain the
mixture to Tank 4, symbolized by label T34. A discrete maeldnk 3 is shown in
Fig.[4.10(a). It contains error states for unmodelled bebgu.e. states with a self-
loop with label error. The error states are reachable when apgrtank is drained or
a full tank lled. The controller model is shown in Fig. 4.10((b

The veri cation task is to show that no error states are reglgle, and that the
mixing sequence is preserved, i.e. that rst tank 1 is drdia@d then tank 2. The
automaton for this speci cation is shown in Fig. 4.11. Thedbrror is in the alphabet
So = fT13 T23 errorg of Q, but since there are no transitions with that label, it is
always forbidden. For the assume-guarantee proof, the sfain Q was manually
decomposed into speci cations;@nd @ for the tank and the controller such that
@jjQ2 Q. Figures 4.12(a) and 4.12(b) show the automata.

Checking the state space qjj.jj Q1 and Qijj P»jj Q2 yields that Iy, = f (0; 0; T34),
(L,1,T34), (2,2,T13;(2,2,T23g and Dp, = fg. Ry and R are initialized with the
states of jQ2jj Q1 and QjjPjjQ2, and contain no states that could violate the A/G-
conditions. The algorithm in Fig. 3.4 is applied to turn tharto simulation relations.
As a result, both relations contain the initial states and #peci cations @ and Q@
are ful lled. Because @jQ> Q holds, transitivity implies that the global speci ca-
tion Q also holds.

Tank 1 Tank 2

Stirrer

Q)

Tank 3

Figure 4.9: Reactor with two raw material tanks
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0 start 1

nish T13
ONENO
stir_off stir_on
4 T23 3
(a) Tank 3P, (b) ControllerP,

Figure 4.10: Labeled transition system models for tank amdroller

T23 T13

Figure 4.11: Global speci catio@ with alphabeSg = f T13, T23,errorg
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3 T23
T34 e
T23
(a) Tank Speci catiorQ; (b) Controller Speci catiorQ,

Figure 4.12: Labeled transition system models for the dgm®d speci cations
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4.4 Related Work

Assume-Guarantee Reasoning Proofs that are based on assertions have been de-
veloped independently by Jones [Jon81, Jon83], ireheguarantegormalism, and
Misra and Chandy [MC81] in thassumption-commitmeframework, see [RBIHO01]
for a comprehensive discussion. Proofs of this type have bieed extensively for
discrete and hybrid systems, and the term assume-guaraateming has established
itself in the literature concerned with hybrid systems.

An overview of compositional reasoning is given by de RoeweRoe98], oth-
ers are available by Berezin et al. in [BCC98] and Xu et al. [XS%&]r a survey of
assume-guarantee reasoning for Moore Machines and Redditales see [PT98].
A small comparison of A/G-techniques with SPIN and SMV isegivby Pasareanu
et al. [PDH99]. They conclude that assumptions are bettewaed in the state space
than in a formula. A general discussion of the problems afim&sguarantee reason-
ing and the role of interference is given by Collette and Jond®/o recent papers
[CJ00, Jon03]. Non-circular A/G-reasoning was applied tentg by Abadi and Lam-
port [AL93], and improved version of which can be found|in [2&]. Completenon-
circular and circular A/G-rules for checking LTL propedibave been presented by
Namijoshi et al. in/[NTO0O], which also contains a small survidgnzinger et al. have
applied A/G-reasoning to reactive systems using MOCHA, awswé environment
for system speci cation and veri cation, for which a tutatiintroduction is given in
[HQROOQ]. The framework is based on trace containment [HQR&84, supports hi-
erarchy [AGO0]. The approach has been successfully appliecrify an array of
64 data ow processors [HLQR99]. For A/G-reasoning of livesgroperties see the
works of McMillan [McM99, McMO0O0]. The A/G-rule presenteddte was veri ed by
Rushby with the automatic theorem prover PVS [Rus01]. The@@EPAN provides
some functionality to verify re nement of discete, timedssyms and a class of hybrid
systems [AK96, TAKB96].

A/G-Reasoning based on Simulation Relations In [LS95], simulation-based asser-
tional techniques were compared to process algebraicitpgdmin the veri cation of
a small but supposedly typical circuit, a Mueller C elemeftie concept of simula-
tion has been used by McMillan et al. [McMO00, JM01], wheresitalledre nement
An assume-guarantee rule for fair simulation of Moore maesihas been proposed
by Henzinger et al; [HQRTO02]. It is stricter than the rule dfebrem 4.2 because it
requires non-blocking and nite non-determinism. A moreailed treatment of one
of the same authors can be found in [Raj99]. Viswanathan gtretented assume-
guarantee rules based on traces and trace-trees with atiesthat avoid the use of
non-propositional reasoning such as induction [VVO01]. yreBow that the rule for
simulation by Henzinger et al. [HQRTO02] can be derived frdmit rule for trace-
trees.
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Introduction

The integration of digital controllers with a continuouslgtive physical system can
result indiscrete-continuousehavior. It is governed by the ongoing change of the
physical component as well as instantaneous changesredtyg the digital logic at
discrete events. The former phenomenon can be ef cientldetied with differen-
tial equations, and the latter with state-transition ggeaph system that exhibits both
types of behaviors is calledhybrid systemand their fusion into a single formalism
has resulted in the paradigm of hybrid automata, as intrediuec 1993 by Alur et
al. [ACHH93].

Hybrid systems are notoriously complex to analyze, and dumehtal properties,
like the reachability of forbidden states, are in generalaaidable. For algorithmic
veri cation, one must therefore resort to special clasdeasybrid systems, for which
these problems are decidable or at least semi-computailtleise these to overapprox-
imate more complex models. Because of this need for compntdly manageable
systems we are particularly interestediimear hybrid automatgHen96], which have
been studied intensely, and for which reachability and &tran are semi-computable
with linear predicates. While the following chapters refehybrid automata in gen-
eral, their application in practice involves linear hybaistomata, which which are also
used in PHAVer, a veri cation tool that are presented in Chagtl.

It is well known, and appreciated by anyone who has tried tifywéybrid sys-
tems in practice, that the computational cost of veri catincreases exponentially
with the number of interacting components of the system, \aitld the number of
continuous variables. Two widely recognized and fundaalemiethods to counter
this phenomenon, which is referred to as sit@te-explosion problenareabstraction
andcompositional reasoning/Ve use simulation relations to apply both methods, and
discuss the limitations of traditional semantics in thispect.

Following an approach by Henzinger in [Hen96], we de ne dation for hy-
brid automata based on their timed transition system (TE8)astics. While some
continuous variables might only be relevant for the timifighee system, others are
associated with a particular meaning, e.g., the level df@di lling a tank. This im-
plies that if the state of a speci cation simulates the stapeof a system, the values
of those variables should also be considered equivaleptandq, e.g., the value of
the level variable in the tank model should be identical ® thlue of any variable
referring to the tank level in the speci cation. This is a&ved by requiring that the
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states in the simulation relation are in a given equivaleataion . This simulation
with equivalence is called -simulation. TTS-semantics allow us to apply many of the
de nitions and algorithms from Part |, with special attemtito compositionality. To
apply compositional reasoning at the level of hybrid auttanitis necessary that the
TTS-semantics and parallel composition are commutative. stdbw that this is the
case if there are no shared variables. We give symbolic flations of an algorithm
for a computing simulation relation between hybrid systettiemploys operations
in R", and we discuss its shortcomings and discuss ways to impineveerformance.
While the algorithm is similar to the one in Séct. 3.3, its fatation inR" illustrates
the complexity that results from by the difference operaimvolved.

In the following chapter, we formally de ne hybrid automadad their labeled
transition system semantics. In Chlap. 6 we de nsimulation and show that TTS-
semantics and parallel composition are commutative intiBergce of shared variables.
A symbolic formulation of an algorithm to compute the sintida relation is given,
and we discuss approaches to speed up the computation. Gaorgigroof rules
are presented in their symbolic form in Chap. 7, and illusttaty an example. We
present our conclusions for Part Il at the end of this thesdctl 12.2, pp. 168.



Chapter 5

Modeling with Hybrid Automata

Hybrid automata are a paradigm for models of continuousrelis behavior. They are
based on state-transition systems with a special struthateae ects the continuous
and discrete components of the behavior. The system isdenesi to have a nite set
of modes, calledbcations in which the continuous dynamics of the variables is given
by functions over time, usually de ned implicitly by diffential equations. An instan-
taneous change in the variables or dynamics is modeled witnaitionto another
location. A variety of hybrid automata concepts have beepgsed since their initial
publication in 1993/[ACHH93]. We present our own blend of thesncepts — not
just to add another species to the zoo, but in an effort toimbtéormalism that most
allows us to apply the methods for labeled transition syst&om the previous part as
directly as possible. However, the modi cations are of arfat rather than conceptual
nature. Our choices are motivated in a detailed comparis@ect| 5.4.

In the following section we present our hybrid automaton etathd recall the
de nition of linear hybrid automata in Sect. 5.2. In SecB Sve recall the labeled
transition system semantics from [Hen96], also caliestbd transition system seman-
tics, that will allow us to apply the methods for labeled tramsitsystems to hybrid
systems. The chapter nishes with a summary of related wokdct| 5.4.

5.1 Hybrid Automata

Our formal de nition of hybrid automata blends the classecrdtions in JACHH93,
ACH* 95, Hen96]. It differs from those since we attribute a lalmektich discrete
transition without requiring stutter transitions, seetSge! for more detail on related
work. We recall basic notions of variable valuations andvéids before proceeding
with the de nition of hybrid automata.

A variable is an identi er that is associated with a real nemlitsvalue This is
formally captured by a mapping, calledvaluation, just like an-dimensional vector

continuous change of a variable over time is de ned bwetivity. When no confusion
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arises we will sometimes simplify the notation by writingetilariable instead of its
valuation, e.g.x instead ofv(x).

De nition 5.1 (Valuation, Activity, Projection) [ACHH93] Given a set Var of vari-
ables, avaluation is a function v: Var! R. Let V(Var) denote the set of valuations
over Var, where ) = f0! 0g. Anactivity is a function f: R °! V(Var). Let
AtgVar) denote the set of activities over the variables in Var. Giaeset of vari-
ables VaP  Var, let theprojection W= v# 0 be the valuation over VAde ned by
Wx) = v(x) for all x 2 Var’. The extension to activities is straightforward.

Remark: Usually the set of activities in a location of the system issidered to be
in nitely differentiable [ACHH93], or time-invariant [ACH 95,/ NOSY92| Hen961.
Neither is required for the results in this thesis.

Hybrid automata are state-transition systems with vagglhat can change con-
tinuously over time, or at discrete events. A state is a daarlocation and a valuation
over the variables. The evolution of the variables is canséd to an invariant set for
each location. A discrete transition from one state to agrathn take place if and only
if source state and target state are in a continuous transiiation, which is associ-
ated with every transition. A behavior only belongs to theeaton if it originates in
a set of initial states.

De nition 5.2 (Hybrid Automaton) [ACH* 95, Hen96]A hybrid automaton H =
(Loc, Var, Lab}! , Act, Inv, Ini) has the following components:

A nite set Loc oflocations

A nite set Var of variables. A paifl;v) of a location and a valuation of the
variables is astate of the automaton. The set of all statggsSLoc V(Var) is
called thestate space

A nite set Lab of synchronization labels,

A nite set of transitions !  Loc Lab 2V(Van V(Van | oc. A transition

. X am
(I;a;m19 2! isalsowrittenas!l”™ {19 | and [°are calledsourceandtarget
locations, andmis called thecontinuous transition relation.

A mapping Act Loc! 2AVan from |ocations to sets of activities.

A mapping Inv. Loc! 2Y(V@) from locations to sets of valuations, call@u
variants.

A set Init Loc V(Var) of initial states that lie inside the invariants, i.e.,
(1;v) 2 Init) v2 Inv(1) 2

LA setSof activities istime-invariantifforall f2 Sd2 R 9: fqt)= f(t+d)2 S
2We admit an empty set of initial states because it can occarresult of parallel composition, when
the sets of initial states or the invariants of two automagedisjoint.
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Remark: Some automaton models, like the timed automata in [AD92] ndethe
continuous transition relation withguard G = V(Var) and a set ofesetvaluations
R V(Var9 over a set of variablegar® Var. In that concept, the variables Vfar°
take any value iR after the transition, and remain unchanged otherwise. fféis-
lates into the continuous transition relation

m= f(v, V%]V 2 G" Viamvar= Vq':*LVamVarU N VQ’:"‘Var02 Rg:

We use the following shorthand notation to describe theicoous transition re-
lation: For a binary relatiofR over a set of variable¥ar, i.e.,R V(Var) V(Var),
we usex’to denote the variablewhen it occurs in the second element of a paiRin
E.g., the equatiorn+ x°= 0 de nes the relation

R=f(vVv) 2 V(var) V(vVanjv(x)+ Wx) = Og

Example 5.1. Consider a tank with an inlet valve and a constantly open outtet
shown in the schematic in Fig. 5.1(a). A hybrid automaton rhofithe tank is shown
in Fig.[5.1(b). There are two locations, symbolized by regtdar nodes, “inout_ ow”
for an open inlet valve, and “out_ ow” for a closed one. The iable x represents
the tank level. The activities in the locations are givenliaiy by contraints on
the derivative of x. Constants,GCioy 0 determine the lower and upper rate of
X, and ¢y;dioy O the set of equilibrium points for x if the inlet valve is opéd.
it is closed, the rate is determined by;;€oy 0. An invariant in both locations
constrains x to remain between zero and a constgg.XTransitions are represented
by directed arcs. A transition with label “in_start” represés a change in dynamics
caused by opening the valve, and one with label “in_stop” iclgshe valve. The
variable does not change during the transition, so the cargus transition relation
is given by = x, and omitted from the graphical representation. An incayranc
designates the location “inout_ ow” as an initial locatiorl.can be labeled with the
initial states if they are different from the invariant.

The semantics of a hybrid automaton is de ned byrites a possibly in nite
sequence of discrete transitions and periods of time elpd#igen time passes, the
continuous variables change according to the activitias they must remain inside
the invariants. Thus, periods of time elapse are labelddawturation and the activity.
A run contains all necessary information about how the aatomchanges its states,
i.e., labels as well as activities and their durations. Qhg/runs that start from one
of the initial states are considered actual behavior of titeraaton, and are called
executions

De nition 5.3 (Run, Execution, ReachabilityArun s is a nite or in nite sequence
of stateq(l;;v;) and labelsa; 2 Lab] R ° AtgVar) ,

s =(lovo) ! (I;v) 1% (I;vo) 12 oo (5.1)

satisfying that for alli 0 holds vy 2 Inv(l;) and either
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Inlet Valve inout_ ow
© Cool X gl
Cou X Giou
0 X Xover
Tank in_start< > in_stop
out_ ow D
Col X X Cou X
0 X Xover
Outlet
(a) Schematics (b) Hybrid automaton model with non-

linear dynamics

Figure 5.1: Tank with inlet valve and constant out ow

aj 2 Lab and there is a transition e H li+ 1 with (vi;vi+1) 2 m or

aj =: (t; f;) and § 2 Act(l;), i = li+1, fi(0) = wi; fi(t}) = vi+1 and for all 0
0 t9 ¢, holds f(t9 2 Inv(l)).

An executionis a run s that starts in one of the initial states, i.€lgp;vp) 2 Init. A
state(l; V) is calledreachableif there exists an execution with;v) = ( Ij;Vv;) for some
i O

Usually a system can be divided into several components$, ebwhich is then
modeled by a separate automaton. Their interaction isméted by aparallel com-
positionoperator that merges them into one single automaton. Hyutidmata inter-
act in two ways: They synchronize on discrete transitionsl, they share variables.
As discussed previously in Sect. 2.4, shared variableswrithstricted access are not
compositional, so that in this Part we limit the composiéibanalysis to hybrid au-
tomata that each have their own set of variables that is rlisjaf all others. The
compositional analysis of hybrid systems with shared Wem requires a more so-
phisticated model, and will be the subject of Part Ill.

In the following, hybrid automata are considered to intel®csynchronizing on
common labels. If an automaton does not participate in aitian, its variables re-
main constant, which leads to the following compositionraper:

De nition 5.4 (Parallel Composition)Given hybrid automata H= ( Log, Var, Lah,
I, Act, Inv, Initj);i = 1;2, their parallel composition H4jjH> is the hybrid automa-
ton H=( Loc; Var;Lab;! 4;Act Inv;Init) with

Loc= Loc; Locy, Var= Vary[ Varp, Lab= Lab;[ Laby,
f 2 Act(l; 1) iff f#ar2 Act(li) fori= 1,2,
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v 2 Inv(l1;12) iff viya 2 Invi(l) fori = 1;2, and

(112 =™ w(1219) with = £ (v (Vv Vivar) 2 i = 1;2giff for i = 1;2:
—a2Llaband b ®"; 19 or
—azlab and k=19 m= f(v,\VOjviar= V¥ar,0.

((11;12);v) 2 Initiff (1i; vivar) 2 Init; fori = 1;2 and v2 Inv(l4;12).

The following example shall illustrate how a system is nallyrmodeled by several
interacting components, each corresponding to a hybrimhaation, and the system as
whole corresponding to their parallel composition.

Example 5.2. Consider the tank with an inlet valve T from Fig1(b), equipped with
two discrete level sensors, land L, positioned at levelspxand x. We model the tank
with sensors in a modular fashion with separate models for ¢éimsars, and combine
them by parallel composition. Figures 5.2(a) and 5.2(b)velybrid automaton mod-
els of the sensors. They only have a single location “idle’wihich the variable x is
unconstrained, i.e., Atidle) = Atgx) and Inyidle) = R. If the level is aboveps Ly,
has a self-looping transition with label x_high, otherwiseeamith label x_nhigh. L
works correspondingly. The composed system TjjL,jjLy, is shown in Figl 5.2(¢).
The sets of valuations of x in invariants, activities andi@histates were intersected,
but since x is unconstrained in,land L, they are the same as in the original model T.
The labels are not in the alphabet of T, so the transitionsaded with the con-
straint = x (not shown). Clearly, the modular model is much more connémied
intelligible than the composition.

In order to model shared variables into the framework ofreigcinteractions, ac-
cess of other automata to the variable can be incorporabeg signchronization labels.
This implies that for a hybrid automaton with a nite numbdrdiscrete transitions
there can be only a nite number of values for each sharedli As a result, such
a set of interacting hybrid automata is unable to performudations over an in nite
number of values, as it is the case, e.g., for continuousbadcontrollers. Still, it
can be useful to model a system with hybrid automata withezheariables. The fact
that this is not compositional only means that the autonetbshare a variable should
not be decomposed in a compositional proof.

5.2 Linear Hybrid Automata

We are particularly interested in hybrid automata that camatealyzed in an ef cient
manner. Since hybrid automata are systems with an in nagestpace, this naturally
involves symbolic computations on sets of states. Our fdiegson polyhedra as a
symbolic representation, since very ef cient algorithme available, like the Motzkin
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’ >;_h|gh X_hlow x_high
Xh x> X (| out_ ow, |dIe Jidle) X X
high X diol
x_nnig C|ou X diou .
X< Xn x_low X Xover X_nhhigh

X< Xp

(a) Level sensor highyp,

in_start in_stop

| x_nlow x_high
x_nlow
— x> X
x> X ' X (Oth ow, |dIe |d| Xh

Col
x_low x_low 0 X Xover x_nhigh
X X ‘ X X X< Xq
(b) Level sensor lovi (¢) Ts= TjjLijiLn with T from Fig.|5.1(b)

Figure 5.2: Tank model with level sensors

double description method [MRTT53] and its enhancements.aR overview on al-

gorithms refer to [FukO4] and implementations, as well athier references, can be
found in [Wil97, BRZ04]. Our veri cation tool is based on polgtral computations,

and will be described in Part 11. polyhedronis a subset oR" that is the set of

solutions to a nite system of linear inequalities, calletear constraintFuk04] :

De nition 5.5 (Linear Constraint, Linear Predicated linear expressionover a set of
variables Var is of the forrd; ax;+ b, with g; b2 Z, x; 2 Var. Alinear constraint over

Var is of the form € 0, where e is a linear expression and the sigis inf<; g .For

a given valuation v over Var, a linear constraihtde nes a boolean valué (v) that

yields whetherf is satis ed or not, i.e., whethedi;av(x)+ b/ 0 holds. Aconvex

linear predicate is a nite conjunction of linear constraints. Aon-convex linear

predicate, or linear predicate, is a nite disjunction of convex linear predicates.

A very important class of hybrid automata direear hybrid automatz(LHA)P For
LHAs, reachability and simulation are computable with érass using linear predi-
cates. As we will show in Part 1ll, our de nition of simulatiois also compositional
for LHAs with convex invariants. They are de ned as follows:

De nition 5.6 (Linear Hybrid Automaton) [Hen%? A linear hybrid automaton
(LHA) is a hybrid automaton in which the invariants and the timmous transition

3The term linear hybrid automaton is ambiguous since it is aked, e.g., in [LPY01], to describe
hybrid automata whose dynamics are given by a linear timeriant differential equation system, i.e.,
x= Axorx= Ax+ Bu. We call such dynamicaf ne .

40lder de nitions of linear hybrid automata in [ACHH93, ACH95] only admit dynamics with a
constant derivative given for each location.
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relation are given by linear predicates over its variablasd the activities are given
by linear predicates over the time derivatives of the vadgab

Linear hybrid automata are readily used as overapproximaf hybrid automata
with complex dynamics, see Sect. 5.4 for related work. Thjaximation is asymp-
totically complete, i.e., any hybrid automaton can be apipnated arbitrarily close
with a LHA [HHWT98]. The following example shall illustrateish an overapproxi-
mation:

Example 5.3. Consider the nonlinear tank model from Ex.|5.1. Figure 5.3waho

a linear hybrid automatori that overapproximates the non-linear dynamics in an
interval x2 [0;xv] by upper and lower bounds of n intervals. The choice of bounds
was made under the assumption that(X)  fiou(X), fa(X)  foi(X), and that they
are monotonously increasing, respectively decreasind, xvif he characteristic curve

of Ex.[5.1 is given by:

fiol () = Ciolr:)x diol;
fiou(®) = Ciob X diou;
fa(® = Colp)f
fou® = Cou X

where 6; Ciou; Col; Cou; diol ; diou are constants to be identi ed by the physical setup.
The automaton shown assumes initial states within the intgxyan; 2xv=n], and the
appropriate locations are designated with incoming arcs agihg initial states.

It is worthwhile to note that discrete-time piecewise af sgstems, or more pre-
cisely hybrid automata with linear invariants, linear éonbus transition relations and
discrete-time linear dynamics, are also linear hybrid auatia. This underlines the
relevance of the class in applications related to contrstiesyis. A discrete-time piece-
wise af ne system can be embedded in a linear hybrid automaindel as follows:

Example 5.4.Alinear hybrid automaton model of a discrete-time, linéard-invariant

differential equation system is shown in Fig. 5.4. A clockintsoduced to measure
the sampling timed. When t has reached, the invariant forces the transition, the
variables x are updated according to the dynamics and thekci® reset to zero. If

the hybrid automaton is only composed with other sample@ssstthe clock can be
omitted as they will synchronize on the label “tick”.

Linear hybrid automata have received considerable atterdind a model-checking
tool called HY TECH is available [HHWT97]. A symbolic model-checking procedure
for a temporal logic with stopwatches was introduced in [A6H
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Figure 5.3: LHA-approximatiofi of tank T from Fig. 5.1(b)

tick
x0= Ax t%= 0

Figure 5.4: Linear hybrid automaton with linear discretedidynamics

‘
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5.3 Timed Transition System Semantics

Temporal logics like CTL* [CE81] are widely used to de ne anésen about prop-
erties of automata, and are based on runs. These propeatigsedivided intsafety
andlivenessproperties. Intuitively, a safety property describes #mhething bad can
never happen, while a liveness property tells whether doimggood will always oc-
cur. Rather than with runs, the safe semantics of a hybridnzation can be de ned
with an in nite labeled transition system [Hen96]. This aiaerably simpli es many
proofs, allows us to carry over the results of Part |, and swiges the basis for our
further work.

De nition 5.7 (Timed Transition SystemHen96] Thetimed transition system of
a hybrid automaton H= ( Loc, Var, Lab,! 4, Act, Inv, Ini) is the labeled transition
systenfH] = (Su;Lab[ R %! pqp;Init) where

(15V) 12 g (1%V9 ifand only if 1 *™ 1 19 (v,v9 2 mv 2 Inv(1); V02 Inv(19 (dis-
crete transitions),

(1;v) ! [[,w (I;\9 if and only if there exists an activity Z Act(l), with f(0) =
v, f(t)= Wsuchthatforall20 t° tholds (t9 2 Inv(l) (timed transitions).

We refer to the subset bf 7 with labels inLabas thediscrete transition relation

and the one with labels iR © as theimed transition relation ' . The set of valuations
(v,V8t) with ((1;v); (1;V9) 2 * is also denoted as (I).

Example 5.5. Figurel5.5 shows the timed transition relation for a location g with an
invariant unin U Umaxand a set of activities given by au b,0< a< b. Note
how by de nition the source and target states are the samé$o0. The front face of
the tetrahedron is the set of successdts)wf the initial state t= Unin.

A run of the timed transition system is abstraction of a ruthefhybrid automaton
because of the existential quanti cation over timed tréioes. Formally this can be
expressed as follows:

Proposition 5.8. There is a runs = pO!aO p1!al p1 in H if and only if there is
aruns®= po!b0 [H] pl!b1 i P2 in [H], whereb =:t 2 R Ciff a; =: (t;; f;) 2
R O AtgVar), anda; = b; otherwise.

Proof. Both directions follow immediately from the de nitions ofmg and the timed
transition system. Any transition in a runidfalso ful lls the de nition of a transitions
in [H]. Conversely, any transition ifH] implies either a discrete transition i, or
the existence of an activitfj such that a timed transition existshkh O

Corollary 5.9. A state p is reachable in H if and only if it is reachabl€e]lid].
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umax >

Umin

t

o
P

Umin i 0

(umax - Uy in)/ b

(umax - umin)/a

Figure 5.5: Timed transition relation

This abstraction plays an important role in compositiomalsoning about hybrid
systems and will be discussed in detail in Sect. 8.2. But, aaiN/show in the next
chapter, it does not modify the safety properties of a sattefacting automata if they

do not share any variables.
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5.4 Related Work

Hybrid systems received increased interest by computenssis in the beginning
of the 1990s, and a number of papers with similar models appeavith more or
less subtle differences in syntax, semantics and terngyoldlone of these models
t exactly for the purposes of the work in this thesis, so wergeeand adapt several
of them. In the following we summarize some of the differenead motivate our
choices. The relationship between the models in literaisii#ustrated in Fig. 5.6
with a graph of references between the papers. Some of tlephpve appeared in
more than one version, so the year of the earliest and th& [@tblication are noted in
brackets. This also explains the circular references latweme of them. A side-by-
side comparison is shown in Table 5.1. For a very readableduottion to modeling
timed and hybrid systems, the reader is referred to [LSW97].

Hybrid Automata The veri cation of hybrid systems was rst discussed by Madé
al. in [MMP92]. While their model of hybrid systems is not exjily a hybrid automa-
ton, it is in many respects equivalent to the automaton nsotlelt we discuss more
closely in the following paragraphs. Syntax and terminglogour model are largely
taken from [ACH 95], since it uni es major previous work. We add initial statto the
de nition, which are also present in [ACHH93, HPR94, Hen96jchuse they play a
central role in many technical processes, where a systesua@ly only behaves safely
if it is powered up in certain states, and the model itselfisroonly valid in a vicinity
around behaviors starting in those states. We have transibels as in [ACH95],
but for the sake of simplicity we omit the stutter transigpsince they have no tangible
effect on our work as long as we do not consider shared valsﬂgtﬂ:onsequently, we
admit nite as well as in nite runs, as is done in [ACHH93, NOS¥, HPR94, Hen96].
In [ACHH93, HPR94, AHH96, ACH 95], a run is an alternating sequence of time
elapse and discrete transitions, which simpli es the notabut requires stutter tran-
sitions to allow a sequence of “time elapse, discrete ttiansitime elapse” as a run
(by extending it with a stutter transition), and to change #utivity during a time
elapse (by inserting a stutter transition between the aiighgrhe frameworks in
[NOSY92, HPR94] are somewhat counter-intuitive in this sebscause they have
alternating time elapse and discrete transitions, but atbesttransitions. Similarly,
the models in [ACHH93, HPR94, ACHD5] may be counter-intuitive because they do
not always have time elapse transitions with duration zeamely when there is no
suitable activity. This may prevent runs with two conseaitliscrete transitions and
no time elapse in between. In [AHH96, Hen96], zero time eddapslways possible by
construction. In the interest of intuitive modeling and arenionmediate connection to

SWe do include sutter transitions in Part I1l.

6Allowing to change the activity is necessary for closurehwiéspect to fusion of runs. Fusion
closure asserts that a hybrid automaton is completely mi@ted by the present state of the automaton
[AHH96].
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the discrete systems of Part |, we choose to allow arbitragyisnces of discrete and
timed transitions.

Our de nition of parallel composition is similar to that oACH™ 95], but modi es
itin two ways. Firstly, extends it to variable sets that cardifferent, as in [ACHH93].
Secondly, independent transitions must synchronize in [A@%) with a stutter transi-
tion, to enforce that the controlled variables of the nortip@ating automaton remain
constant. We do not have controlled variables in this pad, r2o stutter transitions,
and therefore treat independent transitions the same a3 ®in Part 1.

The continuous dynamics in our model are given by activiteesin [ACHH93,
NOSY92, ACH 95], although we do not require conditions such as in niteaen-
tiability or time invariance. In contrast, the activities[AHH96, Hen96] are speci ed
implicitly by differential equations, which simpli es soearguments, e.g., about ap-
proximate equivalence and abstraction.

Linear Hybrid Automata Linear Hybrid Automata were introduced in [ACHH93],
but, as in [NOSY92, ACH95], the dynamics are restricted to piecewise constant
derivatives. This restriction is relaxed in [HPR94, AHHO&96] to a linear differen-
tial inclusion, which is also the model we use. An extengigatinent of the analysis of
linear hybrid automata can be foundin [Ho95], which alsddess a detailed descrip-
tion of methods to over-approximate nonlinear hybrid awtarwith LHA. A method

for constructing conservative LHA models by approximatihg linear phase-portrait

is given in [HWT96a, HHWT98].
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[AD94] [HNSY94] [NSY93] [MMP92] [KPSY93]
A Symbolic Model From ATP to From Integration Graphs: A
Theory of Checking for Timed Graphs and Timed to Class of Decidable
Timed Automata Real-Time System. Hybrid systems Hybrid Systems Hybrid Systems
('90—94) ('92—'94) ('91-'93) (91) (92)
[ACHH93] [NOSY92]
Hybrid Automata: An Alg. An Approach to the
Approach to the Spec. and Description and Analysis o
Verif. of Hybrid Systems Hybrid Systems
('93) ('92) [HPR94]
Veri cation of Linear
Hybrid Systems by Means|
of Convex Approximations
('94)
[AHH96] [ACH* 95]
Automatic Symbolic The Algorithmic
Veri cation of Analysis of Hybrid
Embedded Systems Systems
(93-'96) (94-'95)

N4

[Hen96]

The
Theory of
Hybrid Automata
('96-'00)

Figure 5.6: Graph of references between hybrid systemsitilens. The year of the
rst and latest version of the publication is shown in bratske
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Table 5.1: Side-by-side comparison of hybrid automata d®ns

Publication  [[ACHH93] [NOSY92] [HPR94] [AHH96] [ACFI95] [Hen96]

Invariant exception sets time can progress  invariant sets convex invariant sets invariant sets iaversets
=:lnv predicate

Initial states  no/ ye@ no yes no no yes

Labels no yes no sets of labels yes, irtcl. yes

Transitions transition relation guard and update guard andhction action predicatewith transition relation  transition relation

vV VvV functionv! V functionv ! V closureoperator vV VvV vV Vv

Stutter trans.  unlabelled no no label set 0 label no

Dynamics activities time-invariant func. activitesR ° !V, convex linearate time-invariantactivi- ow predicate over
RO v ¥ V. R 91 Vvwith f(0) = 0,denotingpredicatede ning  tiesR °! V X[ X

f(v0)=v additive change derivative

Semantics nite or in nite run LTS (no zero time  nite orin nite run  in nite trajectory nite or in nite run nite or in nite
(alternating time elapse transitions), (alternating time (alternating time (alternating time trajectory (arbitrary
elapse & discrete  run (time elapse & elapse & discrete  elapse & discrete  elapse & discrete  time elapse & dis-
transition), piecew. discrete transition or transition),v2 Inv(l) transitions w/o transition), LTS crete transitions),
left- or right-closed only discrete trans.) fort 2 [0;ti[ labels) LTS (over invariants)

Zero time iff 9f 2 Act(l) : nevelP iff Act(l)6 0 always iffof 2 Act(l) : always

elapse f(0)=v f(O)=v

Parallel cartesian product - - action predicates indep. trans. syn-  via LTS, indep.

composition may change throughchronize witht - trans. synchronize

closure trans., same vars  with O-time-trans.
LHA deriv. const. const. in linear constraints in lineardioate const. in linear predicate

2hybrid system without, hybrid Muller automaton with initend accepting states
btime-can-progress predicate and evolution function aderio time by de nition, but in semanti¢2 R>°



Chapter 6

Simulation Relations for Hybrid
Automata

In order to be able to compare two autom@atandQ, we de ne a preorder such that
P Qifany behavior o nds a match inQ, formally captured by the existence of a
simulation relationbetween their states. A stagesimulatesa statep if the systemQ
shows the same behavior starting from stagsP does starting from state In such

a comparisoni could be, e.g., an implementation a@d speci cation, oiP a re ned
model andQ a more abstract model. Since for safety properties of a tyhriomaton
it is suf cient to examine the behavior of its associated | W& also de ne simulation
based on the LTSs, following the approach in [Hen96]. Foatestto simulate a state
p, an outgoing transition i must be matched by a transition gwith an identical
label. From the TTS-semantics it follows that any time etegfsould be matched by an
identical time elapse. Depending on the application andrteaning that is attributed
to the variables in the process of modeling or when desigthiegpeci cation, it might
be desirable to consider certain variables in the systenspadi cation equivalent.
This is imposed by requiring that states in the simulatidatien are also in a given
equivalence relation [Hen96], formalized by the concept efimulation.

In the following section we de ne -simulation for hybrid automata. In Sect. 6.2,
we apply the compositional reasoning framework from Pasthytbrid automata, tak-
ing into account the implications for the equivalence fela& that accompany -
simulation. The computation of simulation relations fobhy automata inR" is
discussed in Sect. 6.3, and we outline strategies to impitsvef ciency, and how
to apply parametric analysis. The chapter concludes witmangary of related work
in Sect| 6.4.

6.1 Simulation Relations with Equivalence

The simulation between hybrid automata is de ned based ersiimulation between
their corresponding timed transition systems. We $sémulation, since classic sim-
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ulation is contained as a special case if the alphabets dndidés of the inequality
are equal.

De nition 6.1 ( -Simulation) Given LTSs P,Q and an equivalence relation (Sp|
SQ)Z, Q -simulatesP, writtenasP  Q, ifand onlyifsome R witnessesP sQ.
For hybrid automata Hl, Hp, Hy H, if and only if [H4] [H21.

The equivalence relation is usually de ned implicitly, e.g., by demanding that
certain variables are identical andQ. To simplify the de nition of equivalence
relations, we writeM® for the re exive, symmetric and transitive closure of a tela
M. In this fairly general de nition of simulation with equil@nce, two special cases
are of particular practical interest:

timed simulation all states are considered equivalent so that only the gmin
between discrete transitions matters,

strict simulation a subset of the variables are required to be pairwise idgntic
in bothP andQ, while the other variables are irrelevant.

While this distinction is so far not made explicit in literadutimed simulation is used,
e.g., in [WL97], and strict simulation, e.g., in [PLS98, TROPLO1, TPLO2, TP02].
The following example shall illustrate how speci cationgrcrequire equivalence be-
tween some of the variables:

Example 6.1. Consider a reactor with a constant out ow, a stirrer and a levebn-
itoring controller as shown in Fid:&ﬁ. We use the tank with discrete level sensors
Ts from Fig. 5.2(c) to model the reactor. The stirrer is not midetk explicitly. The
controller, whose model is shown in Fig. 6.2, opens the inletesvhen the level sinks
under x and opens it when the level is aboygnith a maximal sampling time of@x

It does so based on whether the labels x_high and x_low or tleinterparts x_nhigh
and x_nlow are enabled. The decision is triggered by a clothad is restricted by
the invariants to a maximal value ofdy i.e., the automaton can remain a location
a maximal time gax then a transition must be taken. It can equally take thedian
tion at any previous instant. Figure 6.3 shows speci catioamata for the following
properties:

Invariant: The level is alwaysmin < X< Xmax
Sequencing: The stirrer is turned off before the inlet vadvelosed.
Timing: The inlet valve is open for a maximum time,fdt

The speci cation is ful lled if FjjC Qaj] Qujj Qc, with an equivalence relation

= F((kW); ((lail; 1) V) 2 Srgjic Soujuiad UK = V(X)g™:
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Inlet valve @ Stirrer

Controller Reactor

Y

LIS

Outlet

Figure 6.1: Reactor with level monitoring controller

x_nhigh

stop_stirrer
d=1
0 d dmax

stir_on stir_off
d’=0 d°= 0
start_stirrer stop_in ow
d=1 d=1
0 d dmax 0 d dmax
in_start in_stop
d°= 0 d°= 0

start_in ow draining |
d=1 d=1 ﬁ—orloc‘)"’

0 d dnax 0 d dmax

Figure 6.2: Level monitoring controll&®

83



84 Simulation Relations for Hybrid Automata

idle
Xmin X Xmax in_stop

in_stop

stir_off in_start
- - t°=0

closed
t=1

tmax

t

(a) Level invarianQ, (b) Stirrer off before inlet (c) Inlet valve closed at
valve closedQ, MOSttmax Qc

Figure 6.3: Speci cation automata

Similarity and bisimulation are equivalence relationsdghen simulation. While
similarity de nes equivalence based on the branching biehasf the initial states,
bisimulation requires a one-to-one equivalence of alestat the relation, i.e., effec-
tively of all reachable states. De nitions and algorithros $imilarity and bisimulation
of hybrid automata have been giveniin [Hen96], where theyaar®ngst other things,
applied to obtain nitary equivalence classes.

De nition 6.2 ( -Similarity). Given LTS P, Q and an equivalence relation (Sp|
SQ)Z, Qis -similar to P, writtenasP Q,ifandonlyifP QandQ P. For
hybrid automata H, Hy, H1 ' Hy if and only if[H1]]"  [[H2]l

De nition 6.3 ( -Bisimulation) Given LTS P, Q and an equivalence relation
([ SQ)Z, arelaionR S Syisa -bisimulation relation if and only if R
witnesses P Q and R! witnesses Q P. Qis -bisimilar to P, written as
P= Q, if and only if there exists such a relation. For hybrid autta H, Ho,
Hi= Hzifandonlyif[Hi]l= [H2].

As established in Prop. 3.3, simulation is a necessary tiondbr similarity, and
similarity is necessary for bisimulation. It immediatedlléws that the equivalence is
also preserved:

Proposition 6.4.ForallP,Q,P= Q) P' Q) P Q.

We will use bisimulation and Prop. 6.4 extensively in thetrssctions in order to
commute the parallel composition operator and the TTS-aénsa This is the key to
applying the compositional framework of Part |, and onlygibke because we exclude
shared variables.

IThe level monitoring controller is a popular example in higitsystems literature. Similar models,
although not quite identical, can be found in [Hoo93, HPR4¢ latter of which appears again in
[ACH* 95].
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6.2 Compositional Reasoning

For hybrid automata with disjoint variables, the timed sition system and the paral-
lel composition operator are commutative (up to structis@norphism) if the equiv-
alence relations ful Il certain conditions. Together witivariance under composition,
this property allows us to carry over the compositional fsaxf Part | from labelled
transition systems to hybrid automata. This is formalizgdhe following proposi-
tions.

Lemma 6.5. For any valuations ¥, v, over disjunct sets of variables \iarespectively
Vary, there exists a unique valuation v over VarVary [ Vary with vy, = v; for
i = 1;2. Given any v it holds thatjvand v exist and are unique.

Proof. Letvbe de ned as/(X) = vj(x) for all x2 Var;, i = 1;2. Since th&/ar; partition
and coveWar, v exists and is unique. O

Proposition 6.6. For any H;, Hy with disjoint variables and an equivalence relation
such that((13;12);v)  ((11;v4); (I2;v2)) for V#VarHi= v; for i = 1;2, it holds that
[HajjH2D = [H]lij [H=1-

Proof. First we show thafH1jjH2]l [H4DjjTH2]. Let
n o]
R=" ((12:12);v) 5 ((11;v1); (12;v2)))  VHvar, = Vi fori= 1;2

With Lemma 6.5 and the de nition of parallel composition @lbws that for all ini-

tial states((11;12);V) 2 Initpy,jin,p there exists somg(l1;va); (12;v2)) 2 Initpy, giHap-
Furthermore R and the alphabets on both sides are equal, so that only condi-
tion (i) of S-simulation applies. From the de nition of parallel comam of hybrid
automata it follows that the projections of the invariamtstivities and discrete tran-
sition relations ofH4jjH> exist inH; andH,. Therefore for each transition from a
state((11;12);v) there exists a corresponding transition from the gi@dievi); (12;v2)),
v#varHi = y; fori = 1;2, and their target states are agaiRinConsequentlyR is a wit-

ness forfHqjjHz]l [H4Dlii[H2]. A similar argument shows th& ! is a witness for
[HalliilH2l  [HajiH2].- O

For hybrid automata with disjunct variables;simulation is a precongruence with
respect to parallel composition if it is consistent with ggivalence relations used.
Since an equivalence relation is re exive by de nition,@mains to discuss transitivity
and invariance under composition:

Proposition 6.7 (Transitivity). For any H;, Hp, Hz with disjunct variables, id | Hp
and H,  ,Hzimply Hy  ;Hzif (I;v1) 1 (I2;v2) and (I2;v2) 2 (I3;v3) imply
(Iv) 3 (I3iva). 2

2The transitivity of the equivalence relations within thesives does not help here, since they range
over different state spaces.
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Proof. LetR; be awitness fofH;]  , [H2], andRx for [Hz]] , [Hz]l. By Def.[6.1,
Ry 1 andR 2. According to Prop. 3.11R= f(p;9j9q: (p;q) 2 Ri” (q;9) 2
Rogis a witness fof[H1]] s [H3]. With the hypothesis it follows th& 3, SORis
awitness foH;  ; Hs. O

Proposition 6.8 (Invariance under Compositianfor any H;, Hp, Hs, with Vary, \
Vary, = 0fori= 1;2,H;  , Hoimplies HjjHz  , HojjHzif (I1;v1) 1 (12;v2) im-
plies((I1;13);u1) 2 ((I2;13); U2) With Utvar, = Vi fori = 1,2 and W#van,, = Uz#var,, -

Proof. Let Ry be a witness foffH1] , [H2]. By Def.[6.1,R; 1. According
to Prop/3.11R = f(((11;v1); (13,v3)); ((12:v2); (I3;v3)) ] ((11;:v1); (I2;v2)) 2 Rigis @&
witness for[H1ljj[Hs] s [H2Iij[Hs]. With Prop! 6.6 and Prop. 6.4 it follows that

n 0]
RO= (((1510)V)5 ((1:va): (I3 V) VAvar, = Vi for i = 1,3

is a witness fof[HyjjHs] s [H1lljj[Hz], and

n 0
RS (((12:v2): (13:8)) 5 ((12:13);V)) Vivar, = Vi fori = 2,3

is a witness foffH2lijTHzll s [H2jjHzll. With transitivity of Propl 3.11 follows that

n (0}
RO (((11312)iV): ((12:v2); (13 v8))) - (115 vy, ); (123 V2)) 2 Ru; Vvan, = V3

witnesseqHijjHs] s [H2]ljj[Hz]l, and again by transitivity

RPOD £ (((14;13); 1) ; ((12:13); u2))) § (11 va); (123 v2)) 2 Ry; .

Uitvary, = Vi for i = 1,2, ir#van,, = Uz#vary,

is a witness fof[H1jjHs] s [H2jjHs]] Under the hypothesis it follows th&  », so
ROO%S a witness foH;  , Ha. O

We now formulate two main theorems in our compositional ceasy framework:

compositionality and decomposition of the speci cations Before, we use the wit-
nessing simulation relations from corresponding proofBarnt | to obtain criteria for
the equivalence relations.

Theorem 6.9(Compositionality) Consider HA P, P, Qq, Qo, with Vap \ Varg = 0
fori= ;2. 1fB ;Qfori= 1,2, thenRjjR,  Q1jjQ2 holds if((ki;u); (li;vi)) 2
fori = 1;2implies(((ki;kz);u); ((11:12)iV)) 2, Wvars = Ui, Vivarg, = Vi

Proof. According to Prop. 3.7, compositionality follows from theeprder proper-
ties, commutativity of the composition operator and ireade under composition.
Let R be witnessing relations fd?  ; Q;. Let pj = (ki;u) andg = (lj;v). With
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Prop/3.11, it follows fron{P] s [Q4] that[PiJji[P] s [Qulii[P:], with a wit-
nessRO= f((py; P2); (0u; P2)i(P1i G) 2 Rug. Similarly, it follows from[P] s [Qz]
and commutativity that a witness f@QJji[P] s [QIii[Q:] is given by R®=
f((a1; p2); (01; G2))J(P2; ) 2 Reg. Transitivity thenimpliegPi]ljj [Po] s [Qullii[Q2]
with a witnessR% f ((py; P2); (01:G2))i(P1; 1) 2 Ri” (P2;G2) 2 Rxg. Applying
Prop[6.6, it nally holds thaflPijjP.]] s [Qujj Q2] with a witness

R= f(((k;k2);u); ((1;12); V)((Ki; Uvar ); (Ii; Vitvarg)) 2 R fori= 1,29
Under the hypothesis it holds that , so thatR witnessedjj P> Q1ji Q2. O

The following example shall illustrate how compositiotaljusti es the use of
abstractions in proofs:

Example 6.2. Consider the tank level monitor system of [Ex. 6.1 with the imaat
tank model T from Fig. 5.1(b), the level sensors in Figs.®.2Hd[5.2(b), and the
controller C in Figl6.2. The system is the compositior H jjL,jjLyjjC. To per-
form an algorithmic analysis, we can use an overapproxinmbg a linear hybrid
automaton, e.g.J from Ex. 5.3, shown in Fig. 5.3. The models for the level sen-
sors remain the same. The validity of the abstraction, ftat T ; T holds with

= f((ku);(1;v) 2 St Spju(x) = (X)gC is usually guaranteed if one of the well-
established methods was used, otherwise it can be establistiedally. Then compo-
sitionality yields TjLijjLnjiC  TjjLijiLnjjC, with

= f((ku); (V) 2 Srjujiic  Stjujicl UX) = V(X g°:

So instead of P we can veriB= TjjLjjLnjjC, and any safety properties will be pre-
served.

The second main theorem in the compositional frameworlestttat the veri -
cation of a decomposed speci cation, i.e., the right sid¢hef inequalityP  Q, is
equivalent to verifying the composed speci cation. Theref the parallel composi-
tion operator behaves like a logical AND operator:

Theorem 6.10(Decomposition of Speci cation)Consider any HA P, @ Q», with
Varg, \ Varg, = 0. If P Q1jjQ2 holds, then P, Q; if (p; ((11;12);v)) 2  implies
(p;(Ii;v#VarQi)) 2 jfori=2L2 IfP Qfori= 1,2, thenP  (jjQ. holds if
(p;(lisw)) 2 jfori= 1;2implies(p;((11;12);v)) 2 » Vihvarg = Vi

Proof. We follow the proof structure of Theorem 3.20 and construstimessing
simulation relation to be able to reason about the equicalaelations. Assume
that P Q1jj Q2 holds, witnessed by a relatidR With Prop. 6.6, Prop. 6.4 and
transitivity it follows that[P] s [Qllii[Q2]] with a witnessing simulation relation
RO= £(p; ((11;v2); (12 v2))i(P; ((11;12); V) 2 RoVithvarg = Vi fori = 1;2g. According
to Prop! 3.18R°= f((q1;:ap); ai)g are witnesses fofQi[ji[Qz1 s [Q. i = 1;2.
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From transitivity follows the suf cient direction of the gorem with witnesseB%=
(s (livi)iolyv: (pi((11312);v)) 2 Rivivar, = vig for (i; ) 2 (1,2);(2;1)g. Under
the hypothesisR®®  j, which concludes this part of the proof.

For the necessary direction, assume #at Q; with witnessingR, for i = 1;2.
Using compositionality and Prop. 3/19, we d&] s [Qulljj[Q2] with a witness-
ing relationRO= f (p; (q1;02))j(p;q1) 2 Ri” (p;02) 2 Rog. With Prop! 6.6, Prop. 6.4
and transitivity it follows thaR = f (p; ((Il;lz);v))j(p;(li;v#\/arQi ) 2 R fori=1;2gis
witnessingP s Q1jjQ2, and under the hypothesis holds . O

The following example shall illustrate the usefuliness efodmposing the speci -
cation, while taking into account equivalence relations:

Example 6.3. Consider the tank level monitoring system of Ex] 6.1 and iisma-
tion Q= Qgjj Qpjj Qc shown in Fig. 6.3. Let the equivalence relations for the decom
position be given by

a = F((ku);(laV) 2 Srgc Squ U = V(N°
b = fF(kW;(nv) 2 Srgic Sou8°
¢ = f((kw;(eV) 2 S Sa.8°
= F((k Wi ((lailb;1e)iV) 2 S Sqjquiad UX) = V()G
With Theorem 6.10, we can the decompose the speci cation arub tshow that

TgjiC Qajj QpjiQc. The application of Theorem 6.10 allows to verify each speci-
cation separately in the form

e o
e L0,
TS”C c QC

THIC Qal QuiiQc’
Using the equivalence relation
ab = F((kU);(laile)iV) 2 Srgic  Sujgyl UMY = V(X)GC;

this is easily shown by splitting the proof in two steps:

HC . Qa TSiC . QuilQs
T§IC . Qv T§iC Q.
THIC L, QuilQy T§IC  QaiiQuiQc

Itis easy to see that the decomposed speci cations in theeadxxample each only
refer to certain aspects of the system. We can further siynthie proof by using
compositionality and abstraction:
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Example 6.4.1n Ex.[6.3, we showed that the speci catiorFQQ4jj Qpjj Qc of the tank
level monitoring system of Ex. 6.1 can be veri ed by checkpjaggQ, and Q sepa-
rately. The speci cation @refers only to controller commands, so it can be veri ed
using only the controller C. Let

b= fkui(pW) 2% S
It is easy to see that a simulation relation that witnesses Gng is given by

R=f((k;1);(I;v))j(k2f lling ;stop_stirrerdraining start_in ow; start_stirreg
AN = poss_oh_ (k= stop_inow” | = on) g:

With invariance under composition according to Theoremdh8@ decomposition of
the speci cation follows:

C &
TS”C b Qb '
For Qz and Q,, the stirrer operation is irrelevant. We construct an abstion of the
controller that omits these steps, which is shown in Fig. 6idceSwe do not want to
model the resets of the clock after the stirrer commands, wedifferent clock and
for clarity call it d instead of d. The abstracted model adds the delay in theestirr

commands to the delay the states that follow, resulting ielaydof2dnax. We impose
no particular equivalence between the old and the new claclets

c = f(ku;(iv) 2 S

Itis easy to see thatC . C, or it can be veri ed algorithmically. In addition, con-
sider the abstracted tank model of Ex.16.2. Using the egencd relation

O = f((ku;(;V) 2 Srjc Stjed™;

we get with compositionality that

T TT:
C CC .
TjiCc oTjC’

The abstracted systefi= TijjL;jjLnjjC can therefore be used to verifyx@nd Q.
With equivalence relations

FCoWi (W) 2 Spju e Sod U0 = V(G
(i (V) 2 Sty e Saal U0 = VOIS

oo 2O
1
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x_nhigh
d°=0

stop_in ow
d=1
0 d 2dmax

in_start
d°=0

in_stop

start_in ow draining

x_nlow

d=1 = 0

0 d 2dmax

Figure 6.4: Abstraction of level monitoring controll€rafter omitting stirrer com-
mands

the complete proof now goes as follows:

C
T T
c .C

TiiLijiLiiC  ¢Qa
TiLjiLhiC  oQc |
TiLiLaiC  Qali QuiiQc’

Since the worst case complexity of verifying simulationgases exponentially with
the number of systems involved, we can expect the colledtleassand simpler mod-
ules to be considerably quicker than the veri cation of thd fystem with the full
speci cation.

Abstracted models, such as in the examples above, can hetmsitderably speed
up the analysis, and experimental results will be proviagedart 11. In the next sec-
tion, we will discuss methods to compute simulation relagialgorithmically, based
on geometric operations R".
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6.3 Computing Simulation Relations inR"

The computation of a simulation relatiéththat withnesse® Q for hybrid automata
P andQ must be done in a symbolic fashion, i.e., with sets of statadiane, in order
to obtain nite algorithm, or at least a semi-algorithm. liew of an implementation,
valuations oven variables are interpreted as pointsRf, and a relatiorR as a map
from pairs of locations t&R™ ™, wheren andm are the number of variables Pand
Q. Where useful, valuation identi ers will be written undeatb the set to clarify
the ordering of variables. While the computations as sucmaréifferent from their
discrete versions in Sect. 3.3, their versiorRhrequires embedding and reordering
operations that add to the computational cost. The symbelisions illustrate where
the computationally expensive difference operation issesary. The following oper-
ations are used:

intersection: ﬁ\ IE: fuju2 A* u2 Bg,
difference: ﬁ\: I§= fuju2 A™ uz Bg,
projection: Lﬁ‘/#” = fu9v: (u;v) 2 Ag,
embedding: ﬁ\j“?" = f(u;v)ju2 Ag,
reordering: Lﬁ\)‘"“ = f(vu)j(u;v) 2 Ag.
Tofulll P Q, a state of a hybrid automatéhmust conform withQ in discrete and

timed transitions:
a discrete transition is either not enabledPior is matched irQ and

a time-elapse is possible lmust also be possible Q.

If it fails to do so, it is called dad state. The simulation relation is computed by suc-
cessive approximation. First, it is initialized with thats in the equivalence relation

. Then bad states are subtracted until convergence. Justraseachability, this is
undecidable for linear hybrid automata but does convergeany practical cases. To
force convergence, the relation can be restricted by witdgtiie complementR.

Let k be a location of, | a location ofQ andB" (k;|) the set of states iR that

have no matching discrete transitionsQn Similarly, letB®(k;|) be those that have
no matching timed transitions i@. ThenRis the largest xed-point of the operator

R(k 1) := R(k;D)\: BY(k1)\: B(k;l): (6.1)

Finally, Q simulatesP if all initial states inP nd a match in the simulation relatioR,
i.e., if for all locationsk in P holds:

Initp(K)\: Inito(1)j“V\ R(k:)
u v uv

I u

=0 (6.2)
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procedure GetSimRel
Input: Hybrid automatd,Q, equivalence relatioRg overS[ S
Output: a simulation relatiofiR
R=f(pa)2S Sj(p;a) 2 Reg
while there exist(k;1) with R(k;1)\ (B (k;1)[ B'(k;1)) 6 0 do
R(k;1) == R(k;)\: B"(k;I)\: B(k;l)
end while

Figure 6.5: Semi-algorithm for computing a simulation tiela

procedure HAGetBisimRel
Input: HA P,Q, equivalence relatioRe
Output: a bisimulation relationiR

R:

forall (k;1) 2 Loc> Locg do
R(k;1) := R(k;)\: BY(k;)\: B(k;l)
R(I;K := R(I;K\: B (k1) \: B®(k;l) 1
end for
end while

Figure 6.6: Semi-algorithm for computing a bisimulatiotati®n

The symbolic version of the discrete algorithm from Fig. i8.4hown in Fig. 6.5. The
algorithms for nding a simulation relation are readily gded to generate a bisimu-
lation by initializing R symmetrically and subtracting bad staB& R(k;1) not only
from R(k; 1), but also subtracting * from R(I;k). A simple semi-algorithm is shown
in Fig. 6.6.

6.3.1 Symbolic Computation of Bad States

In the de nition of simulation, there is no distinction be#en discrete and timed tran-
sitions. In both cases, a transitionRPmust be matched by a transition@if the label

is in both alphabets. We differentiate between them in tHeviing because they are
de ned by different sets of the hybrid automaton. Since #iels of a timed transition
are always in the alphabet of both TTSs, we only need to takeaocount the case
Def. 3.9(i).

Discrete Transitions With the de nition of the TTS, we can associate a transition
with labela 2 Labp with a discrete transition in the hybrid automatnAccording to
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Def. 3.9(i), a statél;Vv) simulates a staték; u) in a discrete transition if

(u) F™e (8W9) 9 (1% 1 [(15v) £ o 199~ (83 2 RICI9:
Consider a pair of transitions, in P andt in Q. With the de nition of the timed
transition system, the set of states that violate this c¢mdfor are:
Biy(sit) = (u;v)j8u®:: [u2 Inv(k)* u®2 Inv(K) A (u;u9) 2
9V v2 Inv() A VP2 Inv(I9 A (v 2 A~ (19 2 R(KE19]
For a symbolic computation with the projection operatomiist be transformed to
have only existential quanti er
Biy(sit) = =f  (u;v)jouC: [u2 Inv(k) A uP2 Inv(KY~ (u;u) 2 ni
A@°: v2 Inv() A VP2 Inv(19~ (v 2 h A (U89 2 R(KC19]g

The symbolic computation is carried out in two projectiormresponding to rst the
quanti cation of\® and then the quanti cation ove® We will now describe the bad
states using the symbolic operations. The enabled stakearia

Ep(9) = Inv(K)]"*\ Inv(K9j" ™\ m; (6.3)
u;u0 u w ;L0
the enabled states @ with (U9 2 R(k219 are
12
T 5
Eo® = Inv(1)]™\ Inv(I9j\ h v\ Rk 910 3 (6.4)
Wy v v vV w0 Y ov
Then the bad states for the pair of transitis@dt are given by
12
T4
I (at) — supWlvy . uly 3
B (st)=  Ep(9j"™\: Eq(t)]" ™ 2 (6.5)
® uu® Wy Y v

A state in a pair of locationgk;1) is only bad if it is bad for all pairs of transitiorss
andt with the same labed 2 Sp\ Sq:
0 1
[ \
(k;l;a) = @ B (sHA: (6.6)
s(kamk)  t=(lah;19

tr
B

A similar argument yields the states that violate condiigrfor a labelb 2 SonSp:

(4
"2

B, (k:1;b) = S b e I (6.7)
t=(1;b;h;19 w0 w0 yu;v

SForasefA f (u;v)g, the projection eliminates the existential quanti é¢,= fu2 Aj9v: A(u;V)g.
The complement of this quanti er is(A#y) = fu2 Aj@: A(u;v)g= fu2 Ai8v:: A(u;V)g.
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For condition (iii) and a labet 2 SpnSq, the bad states are given by
12

[ . 03
Bl (ki 1;0) = m A RISIOAY S (6.8)

t=(ligh;19 Ul v uv

In total, the set of bad states due to discrete transitiotigisinion of the above sets:

B (k;1) = [ B,y (ki1;a) [ [ Bliiy (K 1;b) [ [ Blii(K;1;0): (6.9)
a2Sp\ So b2 SqnSe c2SpnSo

Timed Transitions  SinceR Cis in the alphabet of botfP] and[Q]], only condition
Def. 3.9(i) applies. A staték; u) simulates a stat@;u) in a timed transition if

(U ! gep (CUD)9 (18 115 1 g 13D~ (V) 2 R(KE19):

For an automatoR in a locatiork, the set of time successors in the spacgai®t) is
given by the timed transition relation p (k) of the timed transition system, as de ned
in Sect/ 5.3. Using this notation, we get the timed bad siatés|):

B(k;l)= :f (uwjst 0:8W(u;uCt)2 p(K):NE(VVA)2 o () RWEWg

Using only existential quanti ers, the bad states are givgn

Be(kl)= :f (uv)i@ 0::[@S(uult)2 p(k):
TPV 2 o ()" RUSWIlg
=uf (uv)jot 0:[ouS(uult)2 ek OV 2 ()" RWSVAILg

Symbolically, the inner bracket can be written as

|1 2

2
ES(ch= o()jfWin Rjft 3 (6.10)
Wit v\ot us yUO,V;t

and the timed bad states for a pair of locatifkid) are then given by

1 2
)
B (k;1) = p(k)j“;uo""t\: Ege(k;l)j“;uo""t 3 : (6.11)
u;uot Wyt yu;v

The computation oRis complicated by two nested difference operations, the rhii
ference operation i (6.1) and the oneg in (6.5), (6.7),) @8 {(6.11). In the general
case, these can not be simpli ed because the projectioratipes are not commuta-
tive. It is therefore essential to the performance of anylémgntation to emphasize
the simpli cation of these operations, as discussed in iy gection.
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6.3.2 Performance Improvements

The following ways to improve the performance of the compataof a simulation
relation have been reported in literature. Experimentsililte will be presented in
Part 11.

Simpli cation of the Simulation Relation:  According to [6.1)-(6.11) two nested
difference operations are necessary. Given the complekitye difference operation,
this is a terrible price to pay. Consider two linear predisdteeach a disjunction of

n; convex predicates withy linear constraints. Thefy\: f;, consists oy ny My
convex predicates witlny + 1 linear constraints each. Consequently, a substantial
effort of an implementation must go into simplifying preaiﬁesﬂ

Restriction to reachable states: If only the initial states oP andQ are of interest,
the simulation relation can be initialized with the prodoéthe reachable states of
P andQ [WL97]. Often this yields a tremendous speed-up, since the ftpace is
substantially smaller. However, if the reachable statesgtoo complex quite the
opposite can be true. It has shown particularly advantagyéminitialize R with an
overapproximation of the reachable state space. That waypm ts from the speed
but still retains a necessary result, not just the suf cieandition the overapproxi-
mated reachability analysis would yield by itself.

Computing the complement of the Simulation Relation: For certain cases, it can
be better to iterate on the complement of the simulatiorticeldF\V98]. This moves
the difference operation from (6.1) fo (6.4) and (6.10), ¢artinot avoid it. Since the
difference operations in (6.1) turn into unions, it is pbsio use overapproximation.
This can also be used to force terminati&is still a simulation relation after termina-
tion, but not necessarily the largest and therefore notssacdy a withess foP Q.
However, this is a particularly interesting optiorRiis used for minimization.

6.3.3 Parametric Analysis

For verifying simulation, it is the relatioR between states that is parameterized. Con-
sider the case where an automakdimas parametess. According to[(6.2), an automa-
ton Q simulates an automatdhif

!

=0
p

RSININININ]

Initp\: InitgjP9\ R
pP qQJ P

4The importance of simpli cation was also emphasized|in [BpBecause of its impact on the
containment and emptiness tests in reachability analysis.



96 Simulation Relations for Hybrid Automata

Consequently, the bad parameters, i.e., the ones violatmgegion, are given by
B=fwj9p2 Initp: @2 Initg : (p;a) 2 Ry,

which can be written symbolically as
2

ASININININ
g W
A SINININININ]

©
2

(6.12)

B= 4Inite\:  Initgj”™¥\ R
p q p:q

If the speci cationQ is parameterized, the quanti cation over the parametarsQ,
is existential. Then the bad parameteri P are given by
B=fwj@:8p2 Initp: 992 Initg : (p;0) 2 Rg;

and symbolically written as

0 2 12 32 13
_ 3 2 3
B=: @ 4initp\: Initgj®\ R 2 53 A3 (6.13)
p q Pay y y
p w,z w

6.4 Related Work

Compositionality and Abstraction Henrik Ejersbo Jensen et al. have worked on
compositionality and abstraction in the eld of timed autata and presented several
case studies using thePBAAL tool [Jen99, JLS00]. Olivero showed that a subset
of linear hybrid automaPahas a discrete abstraction that preserves ATCTL formulas,
which are a real-time extension of ACTL [OSY94]. Discrete giations for hybrid
automata have also been the subject of [ADI02].

Simulation A notion of equivalence between simulating states of hykigtems
was proposed by Henzinger in [Hen96]. Pappas et al. de nedilsition for linear
systems with such a notion [PLS98]; later the works of Tabuetdal. generalized this
concept to hybrid abstractions that preserve timed langgiftP01]. The same group
also extended simulation into the realm of control systema general setting that
takes account continuous as well as discrete interactietvgeen hybrid systems. A
general formulation was presented in [TPLO1], and a forsnalith explicit use of
simulation relations can be found in [TPLO2]. Recently, dation relations have also
been applied to discrete time systems [TP02].

Timed simulation for modal hybrid systems is presented in §&JL. where the
authors also include silent, or un-observable, transitaomd distinguish between weak

Swith slopes6 0, invariants and guards of the forhh < x < ug, if the slope changes through a
transition, the variabl& is in the assignment, the invariant is bounded in directigposite of the slope
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and strong simulation. lweak simulationa sequence of silent transitions is equivalent
to a single timed transition of length zero. In strong sirtiolg, the silent transitions
must simulate the same way as other transitions, which sjoreds to our notion of
simulation. Silent transitions of the concrete system a@asilg be taken into account
using S-simulation. Consider the inequaliy s Q. In S-simulation any transition
with a label inP that is not inQ is equivalent to a silent transition. By introducing
a dedicated silent labéb that occurs in no other automaton, this is even invariant
under composition. Silent transitions in the speci catiQrcan not be captured that
way. Algorithms for computing simulation are presentedHiHK95]. Re nement of

a class of timed automata with integer semantics is supghbstdRABBIT [BLNO3].






Chapter 7

Assume-Guarantee Reasoning

Assume-guarantee reasoning is a form of compositionalf pmoghich the speci ca-

tion of a subsystem is only ful lled under assumptions abit rest of the system.
For simulation-based assume-guarantee, we assume thstean§yis given in com-
ponents, i.e.P = Pyjj :::jjP,, and the speci cation can be decomposed so that there is
a sub-speci cation for each component of the system,Qe=, Q1jj :::jjQn. The goal

is to show that

Pajj ciiPy Quliz2:jjQn: (7.1)

The decomposition of the speci cation, as in Theorem 6.10we& us to verify each
sub-speci cation separately, i.e.,

Pyj::jjPh , Qifori= 1;::5m;

but in the following we instead aim at exploiting the knowdedtheQ;, if ful lled,
provide about the system for reducing the complexity of ttump

A fundamental assumption for the arguments in this chagtéhat the speci -
cationsQ; are signi cantly simpler than the system descriptions. yothien will the
proposed methods be of advantage. The simpli cation carob&ed in the fact that
more behavior is admitted iQ; than inR. E.g., a system that expects deliveries Mon-
days between 10:00 and 11:00 and Wednesdays between 9:02 &@dmight have
a simple speci cation in which deliveries occur daily befaroon. In such case€y
is a conservative overapproximation®f i.e., it holds thak®  , Q;. Composition-
ality, according to Theorem 6.9, then guarantees (7.1)ifetpuivalence relations are
compatible:

Pl 1 Ql
PR ,Q
PijiP  QijiQ2’

Another source of simpli cation can be disregard to behathat is irrelevant with re-
spect to the speci cation, or the operating conditions thadnsiders. E.g., a chemical
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process control system usually has modes for automatiaptimeh, manual operation
as well as cleaning and maintenance. The veri cation of alpetion recipe might
not need to take into account what happens when the systamddesly switched to
cleaning mode. In this case, the speci cation might simgigtain a state “cleaning”,
in which any behavior is admitted, so that it is still an oygma@ximation, or we might
assume that the system simply never enters the cleaning.iibéee are many other
kinds of assumptions and simpli cations one might like tolirde in order to decrease
the complexity of the proofs, and in the context of hybridteyss the potential ap-
plications are still under investigation. In this chapter deal with assumptions that
do not immediately lead to conservative approximatioms, ihat for som&); it holds
thatPR Q.

We adapt the assume-guarantee rules from Chlapter 4 to hystiehss by taking
into account the notion of equivalence between states. plementation purposes,
we provide a symbolic computation R". The next section deals with non-circular
assume-guarantee reasoning, in which a chain-rule siyleveent is used that is based
simply on the precongruence properties. In contrast @r@gsume-guarantee reason-
ing requires the detailed inspection of the witnessing &tan relations in order to
be sound, and will be covered in Sect. 7.2. A summary of rélaterk is given in
Sect/ 7.3.

7.1 Non-circular Assume-Guarantee Reasoning

Non-circular assume-guarantee reasoning has the form baia cule, in which the
knowledge about the behavior of the system in a proof stegésl in the next one.
Practice has shown that this form of reasoning is very nhtana corresponding con-
cepts are widespread in engineering applications, e.gcace control. Recall the
non-circular assume-guarantee reasoning rule from Sdct. 4

P sQ
QujiP: s Q2
PiiP s QujjQ2’

It is valid for hybrid automata if the variable sets on bottles of the composition
operator are disjoint throughout the proof, iéeyp\ Varg, = Varg\ Varp, = Varg\
Varg, = 0for (i; j) 2f (1,2);(2;1)g. However, we must take into account equivalence,
and to do so we construct a witnessing simulation relatidms Teads to the following
theorem:

Theorem 7.1(Non-circular Assume-Guarantee Reasonirgpnsider hybrid automata
R, Q withVarg\ Varg, = Varg\ Varp = Varg\ Varg, = 0for (i; ) 2f (1,2);(2,1)g
for which holds that P, Q1 and QjjP. , Q2. Then RjjP Q1jj Q2 fol-
lows if ((ki;u1); (I1;v1)) 2 1 and ((l13ka); W) (12;V2)) 2 2, Vi = Wharg,, implies
(((kask2);u); ((12512);v)) 2 with Uttvars, = U1, Uvars,= Wévarp,, and Vvarg, = Vi for
i=12
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Proof. We follow the proof in Sect. 4.1. Ld®; be a witnessing relation fd?, |
Q1, andR; for QujjP. s Q2. Let pi = (ki;ui) and g = (li;vi). With Propl 3.11,
it follows from [P] s [Q:] that [PjiI[P] s [QuIiilP:], with a withessR®=
f((p1; P2); (a1; P2))i(P1; A1) 2 Rig. Also, according to Prop. 3.18R1Jjj[P.] s [Qul
with a Witnesng = f((p1; p2);90)j(p1; 1) 2 Rig- Applying Prop. 6.6, this implies
[Pi[PD s [QuiP.Il, with a witness

RO £ ((pa; (ko Whvars, ) (11 K2); W) (P (11 Whvarg, ) 2 Rug:

Using transitivity andRy, this implies[PilijTP] s [[Q2]l, with a witnessing relation
R = f((pw; (ki U2)); 62)i (Prs (11 Whvarg, )) 2 Ra; (11 k2); W); G) 2 Roi Uz = Wvarg, 0.
By composition of the speci cation according to Theorem 3ifllows with R and
R that [P [P0 s [Qullj [Q2]l with a witness

RP% £ ((p1; (Ka; W) ; (11 va); A2))i(pa; (15 va)) 2 Res (((11:K2);W); G2) 2 Re;
U2 = Wivare,; V1 = Wivarg, O-

Applying Prop! 6.6, it nally holds thaf[PjjP]] s [[Qujj Q2] with a witness

R=f(((ke;k2);u); ((12:12); V) j((Kesug); (115 ve)) 2 Ry (((11:k2); W) 5 02) 2 Re;
Uz = Wvars,; V1 = Wvarg, ;Ui = Wvarg Vi = Vivarg, fori= 1;2g:

Under the hypothesis it holds thAt , so thatR witnessedjj P> Q1ji Q2. O

The following examples shall illustrate how non-circulaiGAreasoning provides
a formal basis for very natural assumptions and simpli cas:

Example 7.1. Consider the tank level monitor system of [Ex. 6.1 with the @&t
tank model Tfrom Fig.[5.2(c). The automaton R is an abstraction of a reaotodel

R with non-linear dynamics, and it is guaranteed by constomcthatR R holds.
Then RC  Q4jjQc can be veri ed algorithmically, and with Theorem 7.1 and a de-
composition of the speci cation follow§jC  Q4jj Qc.

7.2 Circular Assume-Guarantee Reasoning
The circular assume-guarantee rule from Sect. 4.2 goedlawso

PijjQz sQ1
QiR s Q2
A/G conditions
PiiP s QujjQz
If the variable sets are disjoint, i.e.\arp, \ Varp, = 0 andVarg, \ Varg, = 0, we can
use Prop. 6.6 to apply Theorém 4.2 to hybrid automata.
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Theorem 7.2(A/G-S-simulation with Equivalence)Consider hybrid automata; RQ;
with Varmp \ Varg, = Varg\ Varp, = Varg \ Varg, = 0for (i; j) 2f (1;2);(2; 1)g, for
which holds

P]_jj Q2 1 Q1 and (7.2)

PjjQe , Qu (7.3)
For a shorter notation, let jo= (ki;ui), g = (li;vi) and uv,w; be de ned by #Varplz
Ui, Vifvarg = Vi, Withvam = Ui, V\I,#\/aer= vj for (i;]) 21 (1,2);(2,1)g. If there exist
witnessing simulation relationsiRor (7.2) and R for (7.3) such that for all pg
with (((ki;15);wi); ) 2 R for (i;]) 21 (1,2);(2;1)ganda 2 (Sg,\ Sg,) [ R there
9¢2: 11" q?or9a9:q2!* g whenever:

(i) @2 SpnSp,and p 1 pf,
(i) a2 SpnSp and p!* Py, or
(i) a2Sp\ Sp,and p!® pand p!* pI, or
(iv) a 2Sp,[ Sp;
then there is a simulation relation for P P> Q1jj Q2 given by
R=f(((kesk2);u); ((11:12);v)j(((kis 1) wi); o) 2 R for (i ) 2 (1;,2)5(2,1)9g; (7.4)

and consequently R if (((ki;1j);wi);ai) 2 i for (i; j) 2f (1,2);(2, 1)gimplies that
(ke k2); W) ((11512)5v) 2
Proof. Because of the disjunct variablas,v andw; are well de ned for any set of
u andv;. With Prop] 6.6, we obtain witnessing simulation reIaticR?swhich are
isomorphic toR;, for

(PliilQl ., [Qal and

[P:0ii [Qul , [Qal;
to which we can apply Theorem 4.2. Together with the hypdshegields that

RP= f((p1 p2); (au; )i pisj);a) 2 Rofor (i) 21 (1,2);(2D)gg (7.5)

is awitness fof Pillii[P2]  , [Qalii[Q2]. Applying Prop. 6.6 again we can perform
the composition before the semantic TTS operator and sutes®; for Rioto nally
obtainR. O

Since there is an in nity of states, symbolic operations trhesemployed similar
to the computation of the simulation relation in Sect. 6.3k in the computation
of the simulation relation, for hybrid automata there is stidction between discrete
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and timed transitions. To simplify notation, in the followi consider the continuous
transition relatiormto be restricted to the invariants, i.e. for all discret@siions:

m(l;a;19%, Inv(D™ m(l;a;19%0 Inv(19 (7.6)
v,\0 v\

This can be forced by intersectingwith Inv(l)  Inv(19 without modifying the se-
mantics of the automata. Checking for A/G-simulation inesithe construction of
simulation relationdR; andR,. States that violate the A/G-conditions are trimmed
before or during the construction process. While conditigpg(ii) and (iv) can be
decided strictly fromRy, respectivelyRy, (iii) involves both relations. Two approaches
are presented: A separate trimmingRafandR, overapproximates (iii) by trimming
states that have transitions in either relation, which imgotationally simple, but of
limited applicability in pratice. On the other hand, a cormip® trimming associates
statesp; and p, via the states|; andqy in the relations, at the price of maintaining a
relation over the state space@f, Q, and the common alphabet of all automata.

7.2.1 Separate Trimming
Discrete Transitions
Symbolically, the states in locations andl, of Q; and Q, that have no outgoing
transitions with labeh are given by
[ - [ -
Eq.Q,(I1;12;8) = : hy #h, j2V2\: ha #h, V2 (7.7)
ti=(Ipahy 1)V to=(lah1 92V
The set of states that have an outgoing transitio® inut none inQ; or Qs is then:
[ A A
BY (K;I1;12;8) = mity |72\ Equo,(l1il2;@)]" ™™ (7.8)
s(kamkout®

Timed Transitions
Since the time is always in the alphabet of the TTS of a hylutdmaton, only condi-

tion (iii) applies. The violating states are:

Bfte(k; l1;12) = u-u('):;(k)#u;t jU§V1;V2;t \: Ql('l)#vl;t ju;V1;vz;t

vVt

Vi (1) VR (7.9)

vo;vgit

?
BE(kiI1;12) = B (ki 13;12)Y (7.10)

Uviivo

Separate checking for A/G-simulation goes as follows:
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1. Ryis initialized withRy := reach(PyjjQ2jjQ1) orR1:= & &, Sg;-

2. Forall(k;l2;11),a2 Sp\ So,\ So,:
Ri(k;l2;11) == Ru(k Iz 1) \: BY(k;l1;12;@)\: BE(k;l1;12), which satis es con-
ditions (i) and (iii).

3. Forall(k;l2;11), a2 Sg,\ So,N(Sp,[ Sk, :
Ri(k;12;11) := Ru(k;l2;11)\: Eqg,,(l1;12;@), which satis es condition (iv).

4. Ry = GetSimReljig,:0,(R1)-

5. Repeat 1) - 4) foR, analogously.

(o]

. If containment of the initial states Ris guaranteed, theRjjP,  Q1jjQo.

7.2.2 Composite Trimming
Discrete Transitions

The sets of critical labels and statefipandR, that could violate the A/G-conditions
are projected onto the state spac&efandQy:
I
[ —
DY(lza) = Ro(lukil2)i""s¥2\ BY (Kil1;lz;a)

k V3 Uv2 UViv2

A SGNINININ]

; (7.11)

V1;V2

analogously foD1. The potentially violating states of condition (iii) Ry are then:

[ - -
BYC(K;I1;12;a) = mit, 512\ DY (15 12; @)UY (7.12)
s( kamkuu’

Timed Transitions

1?2
[ . 3
D¥(I512) = Re(lkl)j"s¥2'\ BY® (kilyily) 2 (7.13)
K V1;Uv2 U;vq;voit y ViVt
| 2
3
BEk;11;12) = (f’t(k)#u;tj“;“”z;‘\ DE(Ig;lp)j vVt 2 (7.14)
u;u’,

VLV
Composite checking for A/G-simulation goes as follows:
1. Ryis initialized withRy := reach(PyjjQ.jjQ1) orR1:= & &, So;-

2. Forall(k;l2;11),a2 Sp\ Sg,\ So,NnSp, :
Ru(k:12:11) := Ru(k;12:10)\: B'L(k;14;15;a), which satis es condition (i).
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3. Forall(k;l2;11),a2 Sg,\ So,N(Sp,[ Sp,) :
Ri(k;12;11) := Ru(k;l2;11)\: Eqg,0,(l1;12;8), which satis es condition (iv).
4. Ry = GetSimRelji,:0,(R1)-
5. Repeat 1)-4) foR, analogously.

6. ComputeDY (11;12;@), D'¥(I1;12), DY (I1;12;@), DE(11;12).
If DY (I3;12;8)\ DY (l1;12;8) = 0 andD¥(l1;12)\ Di(14;12) = 0 goto 10).

7. Forall(k;l2;11),a2 Sp\ Sp,\ Sg,\ Sg,:
Ru(k;l2;11) := Ru(k;l2; 1) \: BYS(k;l1;12;@)\: BEY(k;l11;12), which satis es con-
dition (iii).

8. Ry = GetSImRQEJUJQZ’Ql(Rl)

9. Repeat 7) - 8) foR, analogously.

10. If containment of the initial states Ris guaranteed, theBjjP,  Q1jj Q>.

7.2.3 Checking the Initial States

To nalize the A/G-proof, it must be shown that all the initstates ofPyjjP, have a
matching initial state o01jjQ2 in R, i.e., that for all(p1; p2) 2 Initp,  Initp, there
exist(gy;02) 2 Initg, Initg, such thai(pi;g:1;02) 2 R for i = 1;2. It must hold for
all locations(ks; ko) 2 Initp,  Initp, that

Initp, (ky)jU5"2 [ Initp, (ko)j|t{2\
Up V7]

Initg, (11)j"+12V4Y2\ Initg, (12)j"4 12V V2

FHPR V2 5
2
\ Ry (klzi )22 Ry (kpilgil)j 22 9 = 0 (7.15)
Uz;V2;v1 Up;V1;Vo ULl

7.3 Related Work

Tasiran et al. applied A/G-reasoning to a class of timedesgstwith synchronous com-
position and use non-blocking as a requirement to breakitbelarity [TAKB96]. A
non-circular approach to A/G-reasoning has been applieHdyman to distributed
real-time systems using the theorem prover PVS [Ho098]. idliSwarup use a dura-
tion calculus to verify timed systems, and also provide aftsurvey of compositional
rules in [XS98]. Furia uses TRIO, a typed linear metric logind PVS in his thesis
to compositionally verify timed systems and applies it t@searvoir-controller system
[Fur03].
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The compositional veri cation of hybrid systems is still aweloping eld. Alur
and Henzinger extend in [AH97] the A/G-principle from raeetsystems to timed and
hybrid systems. They check for receptiveness in order takoegcularity and show
that the check is complete fondBTIME. Thomas Henzinger et al. applied the assume-
guarantee principle to hybrid systems|in [HQR98] and havevaldped hierarchical
model that supports nesting of parallel and serial comjpos[HMPO1]. They use
the language MsAccio to verify two cooperating robots. Rajeev Alur et al. use the
modeling language EARON for the modular design of interacting hybrid systems ad-
dressing different aspects of hierarchy [ADEL]. In [Ho093], Hooman uses modi ed
Hoare-Triples to compositionally verify a water level mimming system. Together
with Vitt he applied a similar approach to a steam boiler cantystem using PVS
[VH986].
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Introduction

In the previous part we showed that hybrid automata can bgzethcompositionally
with labeled transition system semantics as long as theg sttavariables. In this part
we will show weaker compositional rules when variables drared, which entails
a drastic overapproximation of their interaction. We idfgra class of automata in
which the shared variables are unrestricted in such a wayhsaoverapproximation
has no effect. This class is of practical relevance, sincanitmodel digitally controlled
plants.

The core of applying compositional methods to hybrid systevith shared vari-
ables lies in two restrictions: using an I/O-framework toirol access to variables and
identify which variables are equivalent between the systachthe speci cation, and
using timed transition system (TTS) semantics to obtaimapzgable problem. In our
I/O-framework, each variable is “owned” as a control valedtyy exactly one automa-
ton. In all other automata, it is considered an input vagdbht can change arbitrarily
at any time. Most importantly, a transition in which the owdees not participate
cannot change the its value. In certain cases this allows cmriclude that a transition
that is possible in an automaton will also be possible in tragosition with another,
which is a key to compositionality. As a semantic basis wetinsed transition systems
(TTS), which abstract from the continuous change of vagisibly existential quanti -
cation. A change in a variable over a certain time is possibiee TTS if there exists
some activity in the hybrid automaton for such a change itttivee. This allows us to
obtain a nitary representation of many systems, e.g.,aqipilyhedra. Applying TTS-
semantics leads to a complete overapproximation of theragmis interaction that can
prevent the application of compositional methods in margesabut we identify two
important classes in which this is not the case: for hybriuata with unrestricted
inputs, and for linear hybrid automata with convex invatsafiT S-simulation is com-
positional. The adaptation of the assume-guarantee ruteegfrevious parts leads to
the fundamental result additional conditions, the A/Gditians, must ensure that the
speci cation allows transitions on common labels and tifa@se, and that transitions
on independent labels do not violate the invariants of thecisgation. We provide
A/G-conditions that can be checked in one pass on the siionleglations, and that
can be checked with a complexity that is insigni cant congzhto the complexity of
checking simulation for the individual components.

In the next chapter, we will introduce our hybrid I/O-autdoramodel, and pro-
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pose run semantics as well as hybridized TTS semanticsatahrthe location/vari-
able separation. They differ from the semantics of the previparts with a special
environment labeé that serves to “encode” the invariants of hybrid automataguis-
bels. If one automaton simulates another, it will also haygwalent, or more relaxed,
invariants. The environment action holds a special pladhénparallel composition
operator that prevents independent transitions of onevaattin to violate the invariant
of the other. We also show consistency between run and TT&rg@s. In Chapter
[9, we de ne simulation based on the TTS semantics, and rél&bethe trace based
simulation used in literature — the main difference beirgt thace based simulation
is not computable algorithmically in the general case. Wansthat TTS-simulation
is consistent with trace simulation since it is implied by Because of the shared
variables, compositionality as in the previous parts dagsold for TTS-simulation.
We propose a weak compositional rule that requires as ani@utli condition that
the composition of the timed transition systems of the spation is equivalent to
the composition of the hybrid automata models. We call syskess for which this
holdsTTS-compositionalThis is generally not the case, but we identify two impartan
classes of systems that are TTS-compositional: systenhsunitestricted inputs, and
linear hybrid automata with convex invariants.

The overapproximation of TTS-semantics, although irr@hvfor TTS-composi-
tional systems, is also prevalent in our adaption of assgna@antee reasoning to
HIOA, presented in Chapter 10. The assume/guarantee rulenigrsin structure
to the ones in the previous parts of this thesis, but adds ditbmm for the environment
action that amounts to checking that the invariants agréetive speci cation.

We conclude this part with an overview on PHAVer in ChapterRHAVer is a ver-

i cation tool for linear hybrid automata that differs frontheer existing tools through
exact and robust arithmetic, and an experimental impleatient of simulation check-
ing that allows us to perform compositional and assume#Amniae reasoning. PHAVer
also has the capability to conservatively approximate aftiynamics, i.e., of the form
x= Ax+ b, on the y. The computational complexity is managed by limjtthe num-
ber of bits and the number of constraints in polyhedra. Thaber of polyhedra is
controlled by partitioning the state space into cells, guulyang the convex hull to the
states in a cell. Experimental results for a navigation herark and a tunnel diode
circuit demonstrate the success of the approach. While igittea timeframe we were
not able to apply these methods to simulation checking, vieveethey will be vital
to the success of future implementations. Our conclusionBért Il can be found in
Sect! 12.3, pp. 169.



Chapter 8
Modeling with Hybrid 1/0O-Automata

The existing theory of hybrid I/O-automata as developed yaych, Segala and Vaan-
drager [LSV03]is very powerful, but it would be cumbersomepply our framework

from the previous parts in that formalism. Since our focusrisobtaining a simple,

computable framework for compositional reasoning, we psepa simpler concept of
hybrid 1/0O-automata that, while not as powerful as the onkyoich et al., allows us

to reuse many results of the previous parts of this thesis.dovieot impose an 1/O-

structure on the synchronization labels in order to avoierlogad that is irrelevant to
the central ideas of this thesis. The directed communicatasociated with an I/O-
structure on the labels can be modeled in our framework dmedtin Sect. 2.3, so
that the generality of our approach is not restricted by tmgjtsuch a structure.

In the next section, we introduce our model of hybrid I/Oemoita, which is a
simple extension of the automata used in Part Il and not aggolas, e.g., the HIOA
of Lynch et al. This allows us to use results from the previpags and keep the
proofs simple. In Sect. 8.2 we present the timed transitimtesn semantics. Since
we consider equivalence between the automata based onltfeion of variables,
we de ne hybrid labeled transition systems (HLTS) that irethe location/valuation
structure of hybrid automata. The semantics of a HIOA ara thigen as a timed
transition system (TTS), which attributes a HLTS to each AlI®he composition of
the TTS is different from the composition of the HIOA, whicteWlustrate with some
examples. Their relationship will be formalized in the nekapter with the help of
simulation relations.

8.1 Hybrid I/O-Automata

We extend the hybrid automata model from Part Il by diffeiatitig between state, in-
put and output variables. The output variables are a sub#®t control variables, and
can be declared as input in other automata. The controllgdblas of an automaton
cannot be changed by another automaton, which will re edhanparallel composi-
tion of automata. We proceed with our de nition of hybrid Hgitomata and their
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trace semantics. The relation to other existing work wilblderessed in Sect. 8.3.

De nition 8.1 (Hybrid I/O-Automaton) A hybrid input/output-automaton (HIOA)
H = (Loc, Vag, Var, Varp, Lab,! , Act, Inv, Ini) consists of the following:

A nite set Loc of locations.

Finite sets ofcontrolled variables Vag, input variables Var, Varc\ Var = 0,
and output variables Vap Varc. Let Var= Varc[ Van and let theexternal
variables be Vat = Var [ Varp. A pair (I;v) of alocation and a valuation is a
state of the automaton and thetate spacas Sy = Loc V(Var).

A nite set Lab of synchronization labels.

A nite set of discrete transitions Loc Lab 2V(Van V(Van | oc. A tran-
sition(I:a;m19 2! is also written asl®"™ 1 1°

A mapping Act Loc! 2AVa) from |ocations to activities.
A mapping Inv Loc! 2V(Va) from locations to sets of valuations.
AsetlInit Loc V(Var) of initial states such thail;v) 2 Init) v2 Inv(l).

As before, the semantics of a hybrid I/0O-automaton is capltby the concept of a
run, which is any admissible sequence of changes in the stabe@futtomata, and of
anexecutionwhich is a run that starts in of the initial states. We coesithe inputs
for the automaton open, i.e., possibly changing spontastg@und arbitrarily within
the invariant, and account for them with environment triémss that have a dedicated
labele

De nition 8.2 (Run, Execution)Arun s is a nite or in nite sequence of state; vi)
and labelsa; 2 Lab[ e[ R ° AtgVar) ,

s =(lovo)!™ (Iv)!™ (i)™ i (8.1)
satisfying that for alli 0 holds y 2 Inv(l;) and either
aj 2 Lab and there is a transition e H li+1 With (vi;Vi+1) 2 m or

ai= eand | = li+1, Vitar.= Vi+ 1#varc, Of

aj =: (t; f;) and £ 2 Act(ly), i = li+1, fi(0) = w; fi(t}) = vi+1 and for all 2
0 t% t,holds f(t9 2 Inv(l).

1These are similar to the stutter transitions in [AC35], where they are included in the syntactic
de nition of automata. We feel they should be part of the setiea, but see no tangible difference.
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An executionis a run s that starts in one of the initial states, i.€lp;vo) 2 Init. A
state(l; V) is calledreachableif there exists an execution with;v) = ( Ij;Vv;) for some
i 0.

In the 1/0O-setting we can differentiate between behavioamfautomaton that is
visible to the outside world, i.e., inputs and outputs, artdrinal behavior that is con-
sidered invisible to the outside world. Since the focus afiauestigation is the con-
tinuous interaction, we have no such distinction for syonaofmation labels. In general,
we are interested in the output a system produces for a gnpart,iand also decide
equivalence between systems based on the outputs theycprémuthe same input.
We therefore consider sequences of inputs and outputshiergas the externally vis-
ible behavior of the system. Formally, the continuous elotuof the in- and output
variables and the sequence of labeled transitions de nexea

De nition 8.3 (Trace) Atracet (s) ofaruns = (lo;vo)!®® (I1;v)!™ (Izvo)! 2 oo
is the sequence of labetg2 Lab] e[ R ° AtgVarg) de ned by

bi = aj whena; 2 Lab[ e, and
bi = (t; fivare) whena; 2 R ©  AtgVar), wherea; =: (;; f;).

We say that is a trace of P if it is a trace of any execution of P and denotegét of
traces of P by tracd®).

The projection operator extends to traces in the straighitfl way:t 0= t #yq/is
the trace with the same labels the same timess andg?z Oi#var, Wherei ranges over
the length of the trace.

Hybrid automata are combined by a parallel composition atperwhich enables
the modular modeling of complex systems. For I/O-autonmatagtion of compatibil-
ity is needed. In the following, ldtl, = ( Log, Vargj, Var, Varg;, Laby, ! i, Act, Inv;,
Initj), i = 1;2, be hybrid I/O-automata.

De nition 8.4 (Compatibility) Hybrid I/O-automata H;H, are compatible if their
control variables, Vag; and Vag,, are disjoint, and any inputs from each other's
variables are part of the output variables, i.e., ¥ak Varc, = 0 and Vai;\ Varg;j
Varoj for (i; j) 2 (1;2);(2; 1) 9.

The parallel composition operator determines how two aatanmteract. Changes
in the continuous variables must be matched in both, andcaadiéstransition can only
change a variable if the automaton, who has it as a contr@hiat agrees.

De nition 8.5 (Parallel Composition of HIOA)Given compatible HIOA Ij Hy, their
parallel composition H; jj Hy is the HIOA H with

Loc= Loc; Loo,
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Varc = Varcy[ Varcy, Varp = Varpy [ Varg, Van = ( Var1[ Var2) nVarg,
Lab= Lab[ Laby,
f 2 Act(ly; 1) iff f#yar2 Act(li),i= 1;2,

v 2 Inv(lq; 1) iff vvan 2 Invi(li), i = 1,2, and
(1512 ™ 1 (1%19) with m= (v, VO (Vhvan; V¥var) 2 m;i = 1;2g iff for i = 1;2:

—a2Laband " ;19 0r
—a2zlaband}=I2 m=f(w\Ojvivag= Va0,

((13;12);v) 2 Init iff (Ii; Vvag) 2 Initi, i = 1;2.

8.2 Hybrid Labeled Transition Systems

We usehybrid labeled transition systenas a formal model fotimed transition sys-
tems which will provide the semantic basis for hybrid automataey preserve most
of the structure of the hybrid automaton while abstractiogrf the continuous activ-
ities and invariants. In contrast to the LTS of PRart I, th&ir a location/valuation
structure that will simplify many proofs and allow us to de requivalence directly
based on valuations. The separation of input- and outpidhles is preserved to ob-
tain consistent semantics. For shared variables, we nea#tédnto account that the
input variables can change arbitrarily at any time. Theretee introduces-transitions
that will represent such a change in the semantics of Hfoese transitions will be
of vital importance in the proofs on compositionality andcalar assume-guarantee
reasoning.

De nition 8.6 (Hybrid Labeled Transition Systemj hybrid labeled transition sys-
temL=(Loc, Vag, Varn, Varg, S,! (, Init) consists of

a nite set Loc of locations,

nite disjoint sets Var, Varc of input and control variables, and a set Var
Varc of output variables; let Var Var [ Varc, Varg = Var [ Varg,

a setS of labels that contains a special labelkalled environment label,
a transition relation! Loc V(var) S V(var) Loc,and

a set of initial states Init Loc V(Var).

2The environment label is closely related to the stutterllabpACH* 95], see Seci. 8.3.
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Similarly to hybrid automata, HLTSs interact by synchramizon common labels,
and control variables can only change if the automaton thatsahem participates
in the transition. However, contrary to the parallel compas used in for LTS in
Partg | and I, transitions with non-common labels are n@é&rindependent. They
must synchronize with environment transitions, which W# used in the semantic
de nition of HIOA to preserve the invariants through simiiden.

De nition 8.7 (Parallel Composition of HLTSE Given HLTSs L= ( Log, Varg;,
Varni, Varg;, Si,! i, Init;), 1= 1; 2, with disjoint sets of control variables, theparallel
compositionL,jj Ly is the HLTS L= ( Loc, Varc; Var; Varg; S;! | ;Init) with
Loc= Loc; Loo,
Varc = Varcy[ Varcy, Varg = Varp: [ Varg, Van = (Van1[ Var2) nVarg,
S=S5[ Sy,
(1129 P L ((1%19; W iff fori = 1and i= 2:
— a2 S and(li;Viivar) 1”1 (I2V%¥var) or
— a2 and(li;Wvar) I L (I2V¥var), and
Init = £ ((12:12);V)j(li; Vivar) 2 Initj;i = 1;2g.

The behavior of a hybrid automaton is associated with a byladdeled transi-
tion system, itdimed transition systefTTS). Such TTSs were already introduced in
Sect! 5.3 to de ne the semantics of the hybrid automata dflPavhose focus was on
compositional reasoning with disjunct variables.

De nition 8.8 (Timed Transition System)rhetimed transition systemof a HIOA H
is the HLTYH] = ( Loc; Varc; Var; Varo; S;! - uy; Init), whereS= Lab[ R O eand

(V) 12 gy (0D i 1571418 (v VD) 2 mv 2 Inv(1);V02 Inv(19
(discrete transitions),

(B g (189 iff | = 19and there exists 2 Act(l); f(0) = v; f(t) = V0 and
8t%0 t9 t:f(t9 2 Inv(l) (timed transitions),

(159) 1 g (10D ifF 1 = 19 Viivae= Vhvar; v V02 Inv(l)

(environment transitions).

3This de nition of parallel composition is similar to that [Aen96], where independent transitions
must synchronize with transitions of zero time elapse awstef the environment transtitions we use.



116  Modeling with Hybrid I/O-Automata

The loss of information about the activities of the hybridcamaton can lead to a
different behavior when comparing the composition of tintreghsition systems with
the timed transition system of the composed hybrid autonités will be discussed
in more detail in Sect. 9, when the comparison of systemsimdtized by the notion
of simulation relations.

We now show that the timed transition system semantics arsistent with our
run-semantics. The proof is straightforward, since thesterice of a run segment
immediately corresponds to the existence of a transitiohénTTS, and vice versa,
because their de nitions are practically identical.

Proposition 8.9. In any HIOA H there is a rurs = polao pl!"’11 p. if and only

if there is a runs %= py! o [H] p1!b1 i P2 in [H], whereb; =:t; 2 R Ciff a; =:
(ti; f) 2 R © AtgVar), anda; = b; otherwise.

Proof. Both directions follow immediately from the de nitions ofmg and the timed
transition system. Any transition in a runtdfalso ful lls the de nition of a transitions
in [H]. Conversely, any transition ifH] implies either a discrete or environment
transition inH, or the existence of an activitfy such that a timed transition exists in
H. O

Corollary 8.10. A state p is reachable in H if and only if it is reachablefid].

We end this section with examples that shall illustrate tiffergénce between the
composition of two HIOA and the composition of their TTS.ditively, a HLTS only
carries information about which states can transition tictyhand whether by time
elapse or by a discrete transition, but not about the trajesst taken to get there. Con-
sequently, the composition of two timed transition systerhbybrid automata with
shared variables is an overapproximation of the hybridesystbehavior because non-
matching trajectories in the systems can be paired. As dstrated by the following
example, a continuous input is completely abstracted away:

Example 8.1. Consider hybrid automata;Rand B, both with a single location k, re-
spectively I, no labels or discrete transitions. Lettfave a state and output variable
u, and activities de ned implicitly by = au, a constant & 0, no invariant, and an
initial state (I;up). Let B have a control variable x and activities= u, i.e., unre-
stricted activities for u, an invariant u ¢ with a constant ¢ and an initial stafé; xo).

Then[[P.]] has timed transitiongk; u) ! ey (K €®u), and those of -] are given by

Z
of(t) 2 Ats(u); F(t)  ¢: (1 (W) gy (1 (x+ Otf(t)dt;f(t)»;

which corresponds to

(;cW) ' grg (1508W9) foranyt> 0,63 u) 2 R x+ e’
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The timed transitions dfPjj P.] are

(1;06WY e (K1 (xH (€4 Dusetu));

with (@ 1)u ctand &u c. The timed transitions ¢P.]ljj[P-] are

(kD WY gegimg (k1); 0 etu))

foranyt> 0;x°2 R;x° x+ ct;e®u c. The value of x became dissociated from the
value of u in the target states. While the latter is certailyross overapproximation,
we can still deduce some properties @jj P, from looking at[Pi]ljj[P:], €.9. a check
for simulation with a parameterized speci cation could vi¢hat x Xp+ ct,c u<

Up for allt > 0.

Another example shall illustrate how the composition ofdthtransition systems
does not respect a non-convex invariant of the composeddcsystems:

Example 8.2. Consider automatajRand B with invariants shown as hatched regions
in Figs. 8.1(a) and 8.1(b). The shaded regions show whiclestate in the timed
transition relation with the initial state, represented bylat. While the TT§P;] and
[P.] respect the invariants of;Prespectively B their composition Fig. 8.1(d) shows
a spurious set of states that does not exist in the TTgjj#hbPshown in Fig[ 8.1(c).

8.3 Related Work

The theory of hybrid I/O-automata has been developed extndy Lynch, Segala
and Vaandrager [LSVW96, LSV01, LSV03]. Their framework iswpowerful and
general, and based on practically arbitrary trajectorfesset of variables, which can
have different dynamic types. Since our focus is on obtgirirsimple, computable
framework for compositional reasoning, we propose a siropieept of I/O-automata
that, while not as powerful as the one of Lynch et al., allowsaireuse many results
of the previous parts of this thesis, and admits simple grolbfis an extension of the
hybrid automata of Part/ll in the direction of [LSV03]. Moreegisely, it is related to
the pre-HIOA in [LSV03], since we do not impose enabling giubhactions or input
trajectories. It differs in that we allow the set of initightes to be empty, do not
impose axioms on the set of trajectories and do not imposeatgsns on the discrete
transitions. Moreover, we do not differentiate betweenrimal and external actions.
Since the basic components of our hybrid automaton modebWweady discussed
in Sect. 5.4, we only discuss the extensions. In our modebtitygut variables are part
of the controlled variables, while in [LSV03] they are pafttioe external variables.
The hybrid automata in [ACH95] also have controlled variables, but have no distin-
guished output variables. The parallel composition of lyautomata in [ACH 95]
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Figure 8.1: Composition of timed transition systems with4gonvex invariant
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is semantically but not syntactically identical. It aclgs\wthe effect of constant con-
trolled variables in independent transitions using stutensitions The stutter label
t in [ACH™ 95] is part of their syntactic de nition of hybrid automata/e have moved
this label to the semantic of hybrid automata, i.e., the @&®n of runs — through
which it nds its way into trace-simulation — and hybrid Idbd transition systems
(HLTSs), along with a corresponding de nition of paralledraposition for HLTSs.
There is essentially no difference, and one could rewriteghrt of this thesis with the
syntax of hybrid automata of [ACHD5]. Note that the parallel composition of HLTS
would still have to keep its present form. Also note that theimnment labele is
different from a silent label, which are considered indisitvith respect to simulation
— then called weak simulation. For compositionality to halde must use strict sim-
ulation with the environment label, while it might still desble to have in addition a
silent label with respect to which weak simulation is apli®ur parallel composition
operator for HLTS is similar to that for LTS in [Hen96]. Thesx independent transi-
tion must synchronize with a transition of zero time elajgs&tead of the environment
transitions that we use.

4A stutter transition in [ACH 95] is a self-loop with a dedicated labelfor which the controlled
variables remain constant while the others can changeanibyit






Chapter 9

Simulation Relations for Hybrid
I/O-Automata

A simulation relation between automd®aandQ relates states iR to states of) that
show the same, or more, behavior. The autom&as considered to contain the be-
havior of P, in the sense of an overapproximation, if every initial staf P nds a
corresponding initial state d in the relation. This is denoted & Q. We will
introduce two de nitions of simulation: simulation thatl&sed on traces, and simu-
lation based on the timed transition system (TTS) semantiiace based simulation
is compositional but has no nitary representation, whicblpbits its algorithmical
implementation. Simulation based on the TTS semantics @wotier hand is compo-
sitional only in special cases. We identify two importamstsdes: hybrid automata with
unrestricted inputs, and linear hybrid automata with carimeariants.

In the following section, we give de nitions for trace- and $-simulation, and
discuss their relation. In Sect. 9.2, we give a weak comijoositity rule for TTS-
simulation, and identify classes of hybrid systems for Wwhid S-simulation is com-
positional. The chapter concludes with Sect. 9.3 on relateartt.

9.1 Trace- and TTS-Simulation

In Part/ Il, we determined which variables in a system showlidespond to which
variables in a speci cation by an equivalence relation. Cosifonality was only
given if the equivalence relations agreed on the relevatgst For HIOA, we consider
input- and output variables equivalent, and to obtain caitjpmality we impose that
a system and its abstraction must have the same output keami@nd the abstraction
can not have more inputs than the system. Also, their alghabest range over the
same labels. To accommodate differing alphabets, we caal8-simulation as in the
previous parts. We do not do so for the sake of clarity, aswloisld unnecessarily
complicate the formalism. If the above conditions are figld, we call the automaton
comparabléo its abstraction. In the following, I&andQ be HLTSP =( Loce, Varcp,
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Varp, Varop, Sp, ! p, Initp) andQ = ( Locy, Varcq, Varq, Varog, Sq. ! q. Initg).
We de ne formally:

De nition 9.1 (Comparability) For HLTS P,Q, P isomparablewith Q if Sp = Sg,
Varg Varp and Vapg = Vargp. For HIOA Hy,Ho, H1 is comparable with K if
[[H1] is comparable wit{H2]].

The externally observable behavior of a hybrid I/O-autamat de ned by its
traces. We de ne simulation based on traces and will latenpare it to a de nition
based on TTS-semantics. The following de nition is an madition of the one given
in [LSV03], see Sect. 9.3 for details.

De nition 9.2 (Trace-Simulation for HIOA) (adapted fron{LSV03]) Given compa-
rable HIOA H,Hp, arelation R &4, Sy, is atrace-simulation relation for Hy, Ho

if and only if for all (p;q) 2 Rarunsy= g & plin Hy implies a runs, = d b q°
in Hp with t (S1)#vare,= t(S2)#vare, and(p® 9 2 R. We say that pitrace-simulates
H; if there exists a trace-simulation relation R for HH, such that for all p2 Inity,
there exists someZ2jInity, such thai(p;q) 2 R, writtenas H ¢ Ha.

While trace simulation is compositional [LSVO03], it is forelgeneral case com-
putationally intractable, since functions are comparegt @ in nite number of time
points. One has to reduce the problem to a nitary form, t@a set of nitely many
values that are to be checked. This could be achieved, g.tmiting the set of activ-
ities to a parameterized family of functions. Symbolic aitions can then be applied
if the symbolic sets of valuations can be described by sonite representation such
as polyhedra, possibly in the form of an overapproximatiGuowr approach abstracts
even further: We de ne simulation between hybrid I/O-auttenbased on their timed
transition system semantics. That way the information eir tontinuous evolution is
lost, but we obtain a computable framework for an intergstiiass of hybrid systems
— mainly, linear hybrid automata.

De nition 9.3 (TTS-Simulation) Arelaton R S Sy is asimulation relation for
a pair of HLTS P,Q if and only if for al{p;q) 2 R;a 2 Sp; p°2 S holds:

Uvareo= Vvareo where p= (k;u) and g=(1;v) and

P p°) 9 ¢°2S9: (" ¢ (P2 2 R).

A state gsimulatesa state p if there exists some simulation relation R Wiig) 2 R,
which is written as p g. QsimulatesP, written as P Q, if and only if there exists
a simulation relation R such that for all § Initp there exists a @ Initg such that
(p;g) 2 R. For HIOA H,Hp, let Hy  Hy if and only if[H1] [H2]. We call this
TTS-simulation.

We de ne similarity and bisimulation, as before in Parfts Hdf as equivalence
relations based on asymmetric and symmetric simulation:
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De nition 9.4 (Similarity, Bisimulation) Given HLTS P,Q Q isimilar to P, written
asP' Q,ifandonlyifP QandQ P. ArelatonR & & is abisimulation
relation if and only if R witnesses P Q and R ! witnesses Q P. Q isbisimilar to
P, written as P= Q, if and only if there exists such a relation. For HIOA ,H,, let
Hi' Hzifand only if[H1] ' [H2]] and H = Hy if and only if[H1] = [H2].

We now show that TTS-simulation is consistent with tragatdation in the sense
that it is implied by it.

Proposition 9.5. For any comparable HIOA IHHy, Hy ¢ Hy impliesH  Ha.

Proof. Let R be a witnessing trace simulation relation betwegrandH,. We show
that for all(p;g) 2 R, wherep = (k;u) andq = (I;v), the conditions of Def. 9.3 are
ful lled.

We start with the equality of the external variables. Conséay (p; ) 2 R. There
is always arursy = p © pPpossible inH;, whereu= ° Becausd, trace-simulates
Hj, this implies a rurs, = d € a%in Hy, with t(s1)#varg,= t(S2)#varg,. It imme-
diately follows thatv#yar.,= VO#VarEzz Ufvarz,, Which fullls the rst condition for
TTS-simulation.

We now show that a transition in the TTSIdf implies a transition in the TTS of
H,, with both target states iR. Consider a transitiop & [H] p2in [H4]. It follows

0
directly that there is a rus, = p!'® p%in Hy, wherea®= a if a 2 Lab,[ e, and
a%=(a;f)ifa2 R ° wheref is some activity oH;. Becausé, trace-simulatebl,

0
this implies a rurs, = ¢ b a®in Hp, with t (S1)#vare,= t(S2)#vare, and(pgd) 2 R

It follows from the de nition of the TTS that there is a tratish d b [H21 q® where

b = blif b%2 Lab,[ e, andb = t if b%=(t;g) for some(t;g) 2 R O Aty(Var).
Fromt (s1)#vare,= t(S2)#varg, follows thatb = b%= aifa2Lab[ e,andb=t=a
otherwise. So from a transition [fH1]] we have deduced the existence of a transition
in [Hz] with identical label, and their target states lieRnConsequenthyRis a TTS-
simulation relation, and from the de nition of trace simtidm it follows that it is also

a witness, which concludes the proof. O

In the following section we will examine how HLTS-based slation can be ap-
plied in compositional reasoning.

9.2 Compositional Reasoning

In order for the simulation concept to be applied in a contpmsal analysis, it must

hold under different contexts, i.e., when the automata amposed with other au-

tomata. This is captured by the concept of a precongruertuehvnas also been used
extensively in Parts | arid 1l. Before we can show that HLT Sesation is a precon-

gruence, we need the following lemma:
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Lemma 9.6. Given HLTS P,Q,S, S compatible with P and Q, let R be a simulation
relation for P Q, and let((k;u);(l;v)) 2 R. For every X V(Varp[ Vars) with
XHvar,= U there exists a stated/V (Varg[ Varg) with Yar,= v and Yars= X#vars.

Proof. Consider a staté(k;u);(l;v)) 2 R and an arbitrary valuatior 2 V(Varp [
Vars) with x#yar,= U. By the de nition of simulationVargg = Varop andVarg
Varp, andufyarg,= VoHvargp: Uvano= Vivaro- Consequently, it holds that

XO#Varop: VO#VaI’op: VO#VaroQ (91)
XO#VanQ: VO#VanQ (92)
Lety be a valuation inV(Varg[ Vars) such thaty#yargvar,= X#vargnvar, and

YHvarg= V. It must be shown from the latter term the/arq Varg= XHvarg Varg- Then

|t fOIIOWS thaty#\/arsz X#Vars. |t h0|dS thaly#\/arlQ\ Varsz V#\/arIQ\ Varg» and W|th ,@2) |t
follows thaty#VanQ\ Vars= X#\/anQ\ vars: From the de nition of compatibility it follows
thatVarsg\ Vars= Varpg\ Vars. It holds thaly#VaroQ\ Vars= Vvaroo\ Vars, and with

(9.1) it follows thaty?"'/'LVaroQ\ Varg™ X#VaroQ\ vars- Thereforey#yarg Varg= X#vars\ Vargs
which concludes the proof. O

Proposition 9.7. Simulation of HLTS is a precongruence with respect to paratien-
position, i.e., for any HLTS P,Q,S holds

re exivity: P P,
transitivity: P Q*Q S) P S,and
invariance under composition: P Q) PjjS QjjS.

Proof. Let p=(k;u), g=(1;v), s=( m;w) denote the states & Q andS.

Re exivity: Pistrivially comparable t&. R= f (p; p)gis awitness that is re exive,
sincep!® p°) (p!® p (p®pY 2 R). For all (k;u;K%uY 2 R; Uthvar,= Uyar, and
Uvarop= UHvare- FOr any initial statep in P there is a state®= po with (p; p9 2 R.

Transitivity: First, we show thaP is comparable t&. SinceP is comparable t&)
andQ is comparable t&, we have

Varps= Varpg = Varop and Vans Varg Varp; (9.3)

as well asSs= Sg = Sp, and thereford is comparable t&.

LetRy be asimulation relations f&t Q, andR; forQ S We show by structural
induction thatR= f (p;9)j9q: (p;a) 2 Ri” (¢; ) 2 Regis a simulation relation. Since
Q S there exists an initial statg for any initial stategy of Q. Similarly, there exists
an initial stateqgp for any initial statepy of P. Therefore, any initial statpy of P has
a corresponding initial statg in R. Consider a statép;s) 2 R. Then there exists a
q=(1;v) with (p;d) 2 Ry and(q;s) 2 Ry. Therefore it holds thatit/an,= VAvang
N Utvarog= Vvargg aNdVivans= WHvans ™ Vvaros= WHvargs: With (9.3) follows that
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Uvans= Whvans ™ UBvargs= Whvargs: SiNCERy is a simulation relation, a transition
d ? pPimplies that there exists @ with q!° ¢®and(p®c® 2 Ry. Similarly, there
exists as’with (g% s 2 Ry, and therefor¢p®s) 2 R.

Invariance under Composition: Let P, Q andSbe hybrid labeled transition systems,
and letp=(k;u), g=(I;v), s=( m;w) denote their respective hybrid states. First, we
show thatPjj Sis comparable tQ)jjS. SinceP is comparable t@), it holds that

Varpg = Varop and Varg Varp, ©4)

as well asSq = Sp. ThereforeVarog[ Varos= Varop[ VargsandVarg[ Vars
Varp[ Vans. SinceVarg\ Varog= Vans\ Varos= 0,Vargjs=(Vargq[ Vans)n
(Varog[ Varos) = (VargnVarps) [ (VansnVarpg). Similarly, Varp;js= (Vane [
Vars) n(Varop[ Varpg) = (Vanp [ Vars) n(Varog[ Varos) = (Vanp nVargg) [
(VansnVarpg). Consequentlyarqjjs Varpjjs, andPjjSis comparable tQjj S

Consider a simulation relatioRy for P Q. Let a state inPjjS be denoted by
(k;m;x), wherek 2 Locp, m2 Locsandx 2 V(Varp[ Vars). Similarly a state irQjjS
is denoted by(l; m;y). We show by structural induction that

R=f((kymx);(I;my) jou;v: ((k;w); (I;v) 2 Ry;
Xtvarp= U YHvarg= Vi Xfvars= Yfvarsd

is a simulation relation.

It must be shown that for any initial staf&; mp;xg) there exists an initial state
(lo; mo; yo) with ((ko; mo;Xo); (lo; mMo; Vo)) 2 R. By the de nition of parallel composi-
tion, it holds for(ko; xo) that there exists &g with (Ko; Up) 2 Initp andup = Xo#vare.-
SinceP  Q, this implies that there exists some initial st@ligvo) 2 Initg for which
it holds that((ko; Ug); (lo; Vo)) 2 Ry. From Lemma 9.6 it follows that there exists a
Yo 2 V(Varg[ Vars) such thatyp#yars= Xo#varg and Yotvarg= Vo. Consequently,
((ko; Mo; X0); (lo;Mo; Yo)) 2 R, and furthermorélo; yovar,) 2 Initq and(mo; yovarg) 2
Inits, which by the de nition of parallel composition implies thdo; mo; Yo) 2 Initg;js.

Now we show that for any(k;m;x);(I;m;y)) 2 R holds Xtvan g™ Yvan ojs
andx#Varo(ijf y#Varo(ijs). Since((k; m;x); (I;m;y)) 2 R, there existai = x#yar,, and
V= y#vary With ((kiu);(1;v)) 2 Ro. Consequentlyxtvargg= Vivarg= Y#varn, and
XHhyanorvaroe™ Vvangnvarog™ Yvangnvargg: SINCeX#yars= Y#vars it follows directly

that)(1fJ:¢Valr05: y#Varos andX#\/anSnVaroQ: y#\/anSnVaroQ-
Consider somd(k;m;x);(I;m;y)) 2 R It must be shown that for any transi-

tion (k;m;x) !an:HS (KmPx9 there exists a transitiofi;my) * gjs (1%my9) with
(KCm%x9;(19my9) 2 R
(i) a 2 Sp: Then by the de nition of compositiortk;m;x) 1* pjjs (K3 X9 im-
plies (k;u) 1 p (K3 U9 with u= xtar, andu®= x%yar,, as well as a transition
(m; w) X s (MEwO with w = X#yarg, W= x%yars andb = a if a 2 Sp\ S,
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and b = e otherwise. With((k;u);(l;v)) 2 Ry the transition inP implies a
transition (1;v) 1 o (1V9 such that((k%u9;(1%V9) 2 Ry. From Lemma 9.6
it follows that there exists §°2 V(Varg[ Vars) such thaty®#ars= x%vars
andyo#VarQ= V2 By de nition of parallel composition, there exists a tratin

(1;my) 1 s (19m%y9). Consequently(K3mx9; (1%mPy9) 2 R

(i) a 2 SsnSp: Then by the de nition of compositiorik; m;x) 1* (K2 mex9 im-
plies(m;w) 1* (m%wd with w= X#yars, WO= XHyare andxvare,= X*varce, and
an environment transitiotk;u) !° p (K39 with U= xth/ar, andu®= x%yap.
Therefore((k; u); (I;v)) 2 Ry implies that(l; V9 exists with(I;v) I° o (19 and
((K%u9; (1;¥) 2 Ry. From Lemma 9.6 it follows that there existg®® V (Varg[
Varg) such thaty%yars= X%vars andy%var,= V2. Consequently, it holds that
(km®xd; (1;m%y9) 2 R

O

Corollary 9.8. From Prop.9.7 and the de nition of HLTS-simulation of HIOAat-
lows that HLTS-simulation of HIOA is a preorder, i.e., re egiand transitive.

The composition of two HIOA has a semantics that differs fittve composition
of their TTS, which is why invariance under composition doesapply to simulation
between HIOA. This also voids compositionality as it waslaaple to LTS in Pari |
and hybrid automata without shared variables in|Part IIh&following we will obtain
a weaker compositionality rule by showing that there is autation relation between
the two.

The composition of TTS is a conservative abstraction of thlerid automaton
behavior, i.e., if there is a transition in the composed liyautomaton then there is
also one in the composition of the TTS:

Lemma 9.9. For any compatible HIOA It H, and labela 2 Lab, [ Lab,[ e holds:

(CHDRY) Ry (1 R B ((CHPY Y R R N (A Py RV

andforalla 2 R 9holds:

(512 ? gy AZIDNVD ) (12 ? pgiigrsg (1551950

Proof. We show that the transitions are identical for all exceptithed transitions, in
which case there is only implication.

discrete transitions with = Lab;\ Laby:

112V 2 vy (%19, (Def. of TTS)Om (11:12)! 5™ wjim, (1219)
with (v V9 2 mv2 Inv(lg;12), V02 Inv(1$;19)
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. (Def. of PC of HIOA)9ny: 1% H 12 (Vvar; V¥van) 2 m and Vivar 2
Invi(li), V¥var 2 Invi(19, i = 1,2

. (Def. of TTS)(li;ivar ! @ grig (10 V¥var), i = 1,2

. (Def. of PC of HLTS)((I1;12);v) @ [ TH ((|%|3);V()

discrete transitions with 2 LabynLab, (a 2 LabpnLab; is symmetric):
12V ® vy (%199, (Def. of TTS)Om (1:12)! 5™ wjim, (1219)
with (V9 2 mv2 Inv(ly;12), V2 Inv(1$;19)

. (Def. of PC of HIOA)9m: 14 *™ i 19 (Vvar,; V¥var,) 2 m andviya, 2
Inva(l1), Vq#Varl2 |nV1(|8), Vivare,= VO#Varczl V#VarziVO#Varz2 Inva(l2), 12 = |8

. (Def. of TTS) (I Viivar, ) * gy (% V¥Hvan,), (12:V#var,) © g (19 Vovar,)

. (Def. of PC of HLTS)((13;12);V) ? g priag (1199

environment transitiong = e:
e
(CHRR) TR ((CHPYRY)
0
,  (Def. of TTS)Viyare,[ vare,= V¥varey[ varees V2 1nV(11;12), V02 Inv(12;19)
, (Def. of PC of HIOA and associativity of projectionfyar,= VP#var, and

VAvar, 2 |nVi(|i)vVO#Vari2 |nVi(|iC)v i=12
. (Def. of TTS)(li;Vivar) © gug (lisV¥var), i = 1,2
(Def. of PC of HLTS)((I1;12);V) € [HaTii [H2] (CHBRYS

timed transitionsa = t 2 R:

(112:V)  pgineg (%19:9)  (Def. of TTS)9F(t) 2 Act((I1;12), f(0) =
v, f(t)= Vand8t80 0 t:f(t) 2 Inv(I;12), (I1;12) = (1%19)

) (Def. of PC of HIOA) f#yar, 2 Act;(I11) and f#yar,2 Ack(l2), f(0)= v, f(t) =
Wandst®o 0 t: f(t)#van2 Invi(l) " f(t)#var2 Inva(ly)

) (Def. of TTS)(li;Vtvar) * grg (12 V%var)

) (Def. of PC of HLTS)(112);V) * pruggii g (121930
O

Lemma 9.9 prompts a simple corollary to identify HIOA for whithe HLTS se-
mantics and parallel composition are commutative. Sinteithmediately leads to
compositionality on the HIOA level, we call automata thdtlfthis condition TTS-
compositional

Corollary 9.10. For any compatible HIOA It Ho holds[[H1 jj H2]l = [ H1]ljj TH2] if for
any t2 R the existence of transitior{$; Viar) ! 1 (li; Vivar,) fori = 1;2 implies a
transition ((11;12);V) * grgirsg (119):V9).

The overapproximation that results from composing the Tdé@sbe formally ex-
pressed as a simulation:
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Proposition 9.11. For any H;;Hy, [HajjH2]  [Halljj [H2]-

Proof. From the de nitions of parallel composition it follows dicy that variables,
alphabet and states are identical. With Lenima 9.9, a tiansit [HyjjH] also is
a transition in[H4]ljj[H2ll. ThereforeR= f (((11;12);V);((I11;12);V)) g is a witness for
simulation. O

Recall that the compositional rule for systems without stharariables, Theo-
rem 6.9, was given by

Hi Gi"Hx Gz ) HijjH2 GyjjGo:

With the shared variables in HIOA, this implication is no ¢ valid, and we must
show in addition that the right hand side supports the oyergmation introduced
by the HLTS-simulation. This leaves us with a weaker form afpositionality for

HIOA:

Proposition 9.12 (Weak Compositionality) For any HIOA H,H»,G1,G, with Hy
G1, Hy Gyand[[Gi]lji[Gall [Gsijj Gl it follows that HjjH2, — Gijj Go.

Proof. According to Prop. 9.7, all the precongruence propertied, therefore com-
positionality, hold for the TTS, which leads fitd1]ljj[H2]  [Gallii[G2]. With the
hypothesis and transitivity we g§H1]ljjTH2 [G1ijj Gz]l. According to Prop. 9.11
holds[[H1jjH2l  Halljj MH2] and with transitivity follows[[HyjjHol  [G1jj G2l
O

We will now use Corollary 9.10 to identify classes of HIOA for ish TTS-
simulatin is compositional. The de nition of HIOA permits1idHIOA to restrict and
change input variables. In seeking strong compositionalé de ne what it means
for an HIOA to have no in uence on a set of variables, e.g.infsuts:

De nition 9.13 (Unrestricted Variables)A hybrid I/O-automaton has anrestricted
invariants with respect to a set of variables \f for all v 2 Inv(l), W2 V(Var),
V¥ armvar™= Vvamvare: V02 Inv(l). It hasunrestricted activities with respect to Vet
if any activity over VaPis accepted, i.e., for all § AtgVar), f 2 Act(l) there exists

a 92 Act(l) with gta0= %m0 and fhama= f%amvae If both conditions are
ful lled, it is called unrestricted in Var®

The rst condition prevents the variables to trigger anyrége Changes in the
system must be caused by other variables, such as a samfailg cThe second
condition effectively prohibits the use of the variableghia de nition of the activities.
For unrestricted inputs, this prevents inputs of the form f(u). In such a case, the
only way for the automaton to react to its inputs is by an mady triggered discrete
transition, whose guard can depend on the inputs. Obvipushgstricted inputs are
a severe restriction to make, but it also has a high meritr&tgeno excess behavior
when composing the TTS, and so the system is fully open to ositipnal reasoning:
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Theorem 9.14. For any compatible HIOA K H,, where for(i; j) 2 (1,2);(2;1)g
holds that H has unrestricted variables Viah Vargj, it also holds thaf[H1 jj Ho]| =

[H11jj [H1.

Proof. We show that,H, ful Il conditions of Corollary|9.10. Since for botl; the
activities for the common input variables are unrestrieed the control variables are
disjoint, there exist activitie§®2 Act(l;) with fi(#varcj: fithvarc; and fHvare,= fithvarg,

for (i;j) 2f(1;,2);(2;1)g. Therefore we can pick the activities from the variables
of both and obtain a joint activity:Leg 2 AtgVar) be such thab#var.= fithvar.,
Fhvarnvare;= fithvannvarg; for (i; J) 2 (1,2);(2;1)g. For all variables, the activity is
either identical with the activities df;, or H; has unrestricted activities and invariants.
Thereforeg 2 Actyj,(l1;12) and for allt30 % t holdsg(t) 2 Inviyjjp,(11;12).

Consequently, there is a transitit(y;12);v) [HaiHap ((1219):9. O

A class of HIOA with unrestricted input variables is given diigitally controlled
processes. The continuous inputs are unrestricted ande#nsp that the change of
the inputs in between sampling points is irrelevant. If thatooller has continuous
outputs they usually change only at discrete samplingvatsr These can by modeled
by a zero-order-hold element. If this zero-order-hold rlte included in the process
model, both inputs and outputs of the controller are samplBde following is an
example of a controller with unrestricted inputs:

Example 9.1. Consider a tank level monitoring system consisting of a tark @on-
tinuous out ow, a discrete inlet valve (modeled as part & thnk), and a controller.
The tank is modeled as a HIOA,Rshown in Fig! 9.1(b). Its inlet valve is operated
by the controller via the labelspenand closethat represent the opening and closing
of the inlet valve. The level x of the tank changes at a ratex 1; if the valve is
open, and atarate of rg x rq if it is closed. The location “unde ned” repre-
sents states that were excluded from the model and are onthabte by transitions
with label “error”. P, has the state and output variable x, and no input variablee Th
controller, modeled by Pin Fig. 9.1(a), is triggered by the timer d evedyseconds
to check the level of the tank, and instantly decides whethepén the valve, close
it or do nothing, and returns to the idle state; Ras the input variable x, the control
variable d and no output variable. The goal of the veri catiwill be to show that the
tank level stays within the limitsx x  xyv and that the model remains within the
modeling bounds, i.e., produces no “error’-transitions.

Example 9.2. Consider the tank level monitoring system from|Ex. 9.1. Tkeis@a-
tion Q for the tank-controller system is that the level in thek stays betweenyand
xm. This invariant can be speci ed using a single location, bswn in Fig{9.2. Self-
loops allow the labelg, “open” and “close” at any time. The label “error” never
occurs, so that states that are beyond the model boundatiss mot be reachable. Q
has the state and output variable x, and no input variables.
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unde ned

draining

Iq

(a) TankP,

t
X < X< Xp

close
X Xh

checking
d=1
d=0

(b) ControllerP,

Figure 9.1: Tank level monitoring system

Figure 9.2: Speci catiorQ of the composed system
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There is another interesting class of TTS-compositionhtidysystems: the Linear
Hybrid Automata from Sect. 5.6, as long as they have convesediricted invariants
with respect to their common variables. The reason is ttecthss of activities of
LHA allows us to generate an activity once the existence pfaativity is guaranteed:

Lemma 9.15. (adapted from [Ho95]).et | be a location of any linear HIOA with a
convex invariant In¢l), and yv°2 Inv(l) be any valuations inside it. If there exists an
activity f 2 Act(l) and a durationd 2 R © such that {0) = v; f(d) = Wand8t®0

t® d: f(t9 2 Inv(l) then there also exists{t) = v+ t=d(\° V) 2 Act(l) and8t®0

t% d: 99 2 Inw(l).

Simply put, a straight line between two points is always aivig as long as the
invariant is convex. The necessity of convexity was alreéidgtrated by EX. 8.2.
Lemma 9.15 allows us to infer an activity of a hybrid autonmafimm the mere exis-
tence of a transition in its TTS. We can use this in compasitioeasoning to conclude
that if the TTS of two LHA have transitions with the same seurad target valuations,
then both share a common activity that connects the vahstand therefore this ac-
tivity also exists in their parallel composition:

Theorem 9.16.For any linear HIOA H; H, with convex invariants holds that

[Hajj Hzl = [ Ha]jj [H2]:
Proof. We show that the conditions of Corollary 9.10 are ful lled. Bg dition of the
TTS, the transitiongl;; vi) d [H] (Ii;vf) imply that there exists activitief that respect
the invariants. With Lemma 9.15 it follows that

fqt) = v+ t=d(\° v); fori= 1;2;

are also valid activities. Sincéf#\/arl\ Var,= fZO#Varl\ var,, there exists an activity
f 2 AtgVari [ Var) with f#,,,= fj for i = 1;2. By de nition of parallel compo-
sition, f respects the invariant df,jjH, in the location(l1;12) and f 2 Act((11;12)).

Consequentlyf is a witness for the transitioffl;12); V) d [HiiHal ((11;12);V9. O
We can now show that linear HIOA with convex invariants arspositional:

Corollary 9.17 (Compositionality) For any HIOA R,P, and linear HIOA Q,Qo,
Q1,Q, with convex invariants, for which holdg P Q1, B Q5 it also holds that
PijP2  QujiQe.

Proof. The conclusion follows directly from Prop. 9.12 and Theo@i®. O

Given that any HIOA can be approximated arbitrarily close¢hwinear HIOA
[HHWT98], linear HIOA allow us to perform compositional reeng for any HIOA.
This even motivates the use of hybrid automata in the arsabyfspurely continuous
systems: They can be approximated with linear HIOA, whi@hthen analyzed com-
positionally.
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9.3 Related Work

Simulation While simulation that abstracts from internal actions, likdLSV03],

is useful in practise, it renders the analysis more dif auiid complicates the proofs.
Since our focus is on the continuous interaction, we keesitnple concept of syn-
chronization labels that are accessible to all automatarral actions, which are not
restricted by the speci cation, can be modeled by addinfjlseps to the speci cation

for those labels.

Compositionality A compositional framework for abstraction of hybrid contgs-
tems was presented [TPLO4]. Abstraction is de ned as thetemce of a mapping
between sets of generalized action maps over the statesr bootext it corresponds
to trace inclusion. The authors show that simulation andrhiktion is composi-
tional. A very general discussion about compositionaktyarried out in [dAHO1].
The authors separate the interface of modules from the tiemof its behavior and,
using game theory, infer general properties that abstrastmust ful Il in order to
support compositional reasoning. In [BS98] the authorsudisdifferent composition
operators and their effect on deadlock-freedom and maxpnagress. Compositional
re nement is shown for the hierarchical modeling languageaoN in [AGLSO01].
Re nement is de ned as trace inclusion. The structure andaseios of the hierarchi-
cal constraints on ows are de ned in a way that compositiitydas guaranteed. The
existence of continuous dynamics in the composition of ldybystems is examined
in [SLO2], where a procedure for computing theer viability kernelis presented that
allows one to conclude that the activities of the composeatesy are non-empty. The
inner viability kernel has to be non-empty for the approactvork. Our de nition of
unrestricted inputs is closely related to the notiombliviousHIAO in [LSVO03].



Chapter 10

Assume-Guarantee Reasoning

Assume-guarantee reasoning aims at deducing the behdvaocomposed system
from an analysis of parts of the system under assumptiong #erest of the system.
Consider a system with hybrid automd®a Py jj P, with speci cationQ = Q1 jj Qo.
The goal is to show th@, jj P,  Q1]jj Q2, which by de nition is equal to showing that
[PjiP] [Qujj Q2 for their timed transition systems.

In Sect! 4 we introduced non-circular and circular assunme-antee rules for la-
beled transition systems, which we will in the following atigo hybrid systems with
shared variables. As in the previous chapter, we must opevith timed transitions
systems since TTS-simulation is not compositional for gaineybrid 1/0-automata.
While in cases with continuous input this can lead to a praividy large overapprox-
imation, it does enable the proof for some interesting exasnand applications. No
overapproximation takes place in the special cases idethiin Sect. 9.2, i.e., hybrid
automata with unrestricted inputs and linear hybrid autarmmath convex invariants.

In the following section, we formulate a rule for non-cirauteasoning. It uses the
weak compositionality rule from Sect. 9.2. In Sect. 10.2, wepose an adaptation
of the assume/guarantee rule of Part | to HIOA. The assuraedgtee conditions are
enhanced to ensure that independent transitions of onmataa do not violate the in-
variants of the other automata. A summary of related workbeafound in Sect. 1013.

10.1 Non-circular Assume-Guarantee Reasoning

Non-circular assume-guarantee reasoningrurs if the abstraction of one automaton
serves as the guarantee to another, yielding a trianguiaitste:

[P [Qall
[Qu1jj P21 Q1] QI
PiiP,  Quji Q2 '
The proof is straightforward using the precongruence pitase of simulation for

HLTS and Prop. 9.11P;, Qq implies[[Pi]ljj[P.]1  [Q4lji [Pl due to the invari-
ance of the simulation of HLTS under composition. Througnsitivity it follows

(10.1)
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from[Qu]lji [Pl [Qujj Qzll that[Pilljj [P-]  [Qujj Q2Jl. With Prop! 9.11 and apply-
ing transitivity we gef[P.jj P]]  [Qujj Q2], which by de nition of simulation yields

PijiP. Qujj Qa.

10.2 Circular Assume/Guarantee Reasoning

As discussed in the previous parts of this thesis, a circagaume/guarantee proof
is only sound if additional conditions, in the following tad A/G conditions ensure
that Q; andQ» do not block transitions in their composition that are eadldbr the
composition ofP, andP.,. We recall the basic structure of a circular assume/guaeant
proof:

[P.]ji [Q21 [Q1jj Q-]
[Qa1ii [P0 [Q1])j QI
AJ/G conditions

Pijj P Qi Q2

(10.2)

The following example shall illustrate how ef ciently agsa/guarantee reasoning can
simplify proofs by reducing the number of continuous valeaband abstracting from
dynamic details if only the range of variables is of impodan

Example 10.1. Consider the tank level monitoring system from/Ex. 9.1. Tdywtre
global speci cation Q from Fig. 9.2 using assume-guarangssoning, Speci cations
Q; are created manually for each subsystem. It is then chetladheir composition
guarantees Q, i.e., thatf)Q> Q. The speci cation Qfor the controller, shown in
Fig.|10.1(b), simply requires that the controller keepstiduek level inside the bounds
Xm and %y. Q2 has no state variables and x as an input variable. Note thatere-
sents the function of the controller, and is a proper spediian, i.e., it has nothing to
do with the controller implementationy PApart from allowing to abstract from imple-
mentation details such as the timer d, a proper speci catias the advantage that it
doesn't have to be reinvented whenever the implementatimmgels. The speci cation
Qs for the tank, see Fig. 10.1(a), is a simpli ed version @f Phe in ow and out ow
rate are overapproximated and the invariants as well as tloation “unde ned” are
omitted. The essential information that guarantees thetfaning of the controller
within the A/G-reasoning is that the level rises after opgniri the valve, and falls
after closing. The label “error”is in Lalg, , but is never allowed. Qhas the state and
output variable x, and no input variables. Note that neithemn@r Q, are conservative
overapproximations ofPand B.

To simplify the notation, we write for valuation#p instead oii#ar,, Utip instead
of U#var, etc. The A/G-conditions for HIOA are given by the followirfgeorem:
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close

open close

open

draining
rq x O

open
(a) Tank specQ1 (b) Controller specQ;

Figure 10.1: Modular speci cations for A/G-reasoning

Theorem 10.1(A/G-simulation) Consider hybrid I/O-automata RQ;, R comparable
to Q, fori= 1;2 and with

[Pjj [Q [Quii Q2] and (10.3)
[Qu1jj [F.I [Qujj Ql: (10.4)

If there exist simulation relations;Ror (10.3) and R for (10.4), the relation
R= f((kukeX); (11512:2)i9yi 155201 (s w)s (s 1552)) 2 Ry
ViR = Xin Yittq= Zq;; 4itiq= g for (i7]) 21 (1,2);(21)gg (10.5)
is a simulation relation for Bj P,  Q1]jj Q2 (but not necessarily a witness), if for all

((kg;k2;X); (11;12;2) 2 R, a transition(ky; ko; X) 1 piip, (K%k3;x9 implies that there
1jPe (K1 Ko
exists a transition

b -
(i) U fog (18 2¥): P¥ey o= X¥ep @i () 2F (1,2):(2)g  (10.6)
andb = eifa 2 Sp, NSk orb=aifa2Sp\ Sp,.

Proof. LetS; = Spj. The proof shows thaR is a simulation relation. Note that while
in (10.5) is uniquely de nedg;"is unde ned in the variablegarg nVarg, for (i; j) 2
f(12);(2 g

Comparability: SinceR andQ; are comparableyargpjip,) = Varor [ Varop, =
Varog, [ Varog, = Vargg,jjg,- Also, it holds that
Varnpjpy = (Vane[ Vang,)n(Varop [ Varop)
(Varp nVarop) [ (Varnp,nVarop)
(Varp, nVarpg,) [ (Varp,nVarog,):

Similarly, Varq,jiq,) = (Vang, n\Varog,) [ (Vang, nVarog,). WithVarq, Varp,
it follows thatVar qjo,)  Van(pjjp,), andPijj P, is comparable t@jj Qz.
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Equality of Inputs and Outputs: It is a prerequisite for simulation that the input
and output valuations dPijjP, and Q,jjQ> must be equal for all states iR. For-
maIIy, if (( kl; kz; X); (|1, |2; Z)) 2 R, it holds thab(#o(Hijj): Z#O(Qiijj) andx#|(Qiijj):
Zh(QiiQ)- Note thal\/ar,(plijj) =(Vanp nVarog) [ (Varg, nVarog). Also, it holds
thatVan(Qiijj) =(Varng nVarog)[ (Vang, nVarog). FromRjjQ;  QijjQj it fol-
lows that for an;((ki;lj;yi);(li;fj;Z)) 2 R holds:yi#op| or= Z#oq 0Q and

Yi#iQinogyI (1Q;no@)= 4#iqinoq)l (1Q;noq) (10.7)

Sinceyi#p= x#p, X#op= X#oq= Z#oqg. AlSOo, Zi#q= Z#qg, SO thatx#og= zHoq,
which shows fori = 1;2 that the output valuations are equal. Now we show that
the input valuations 0Q1jjQ- are input valuations ofyjjP. SinceVarg, Varp,
Yi#ta= x#p implies thatyi#q= x#q,. It holds thatyi#q,= z#q;Z#q= z#g. With
(10.7) it follows thatz#qnoq)= Yi#1qnog,) and therefore it holds that;qnoq,) =
Yi#uqinoqn= Z#1qinoQ)= Z¥1qinogy)- Fori = 1;2 this shows that the input valuations
are equal.

Simulation: Consider a statéki; ko; X); (I1;12;2)) 2 R. We show that for any transition
(kikaiX) % pjp, (K35 K39 (10.8)

there exists a transitiofy;12;2) 1* o0, (13132 with (k9 k3;x9; (13,13, 5) 2 R By
the de nition of parallel composition] (10.8) implies trsitions

(kixtin) (o (€%R)  and (ko) P, (K x%R);

wherea; = a if a 2 S andaj = e otherwise foli = 1;2. Under the hypothesis (10.6),
there exists a transition i@, or in Q2 with a corresponding labed;. We assume
ai; = a and a transition irQ, and show that there exists a transition[i]jjj [Q2ll,
which entails a transition ifiQ4jj Q2]] and whose target states lieRa. Afterwards we
must show that they lie also IR,. An analogous argument can be madaJjf= a and
there is a transition Q1.

We assume a transitidihy; zto,) 20, (19; 24o,) with
Z%Pl\ Q= X%Pl\ Q2 (10.9)

so that the transitiotks; 12 y1)! @ gpigo, (K 13:Y9) exists with

Y#e, = X and (10.10)
Yo, = Zo,: (10.12)

Then((ky;l2;y1); (I1; fz;zl)) 2 Ry implies that there exisﬁ; ﬂg;fg and a transition

A a Af
(I17220) ¥ gpjq, (I3 2)
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with ((K%13;y9); (19:19: 2)) 2 Ry, which implies(l1; 21#0,) @ o, (1%; 2#0,). We now
demonstrate that the target states of the transition ligxiby showing that there is
a transition in[P.]ljj[Q2]l, which entails a transition iiffQ1jj Q2] and whose target
states lie irR,. This creates a transition [{iP:]ljj [Q1] if Z2#o,\ p,= X%o,\ p,- Note that
Varg,\ Varp, Varng,[ Varog, Varp,. With R; and{(10.10) follows thatd#o,\ p,=
Y3#on p= x%q, p,. Therefore the transitiotkz; 11;Y2)! @ rifo,g (K1%Y3) exists
with

Yote, = x%p, and (10.12)

Yoto, = Lo, : (10.13)

Then((kz;11;y2); (I1;12;22)) 2 Ry implies that there exidP; 19; 23 and a transition
(11:12:22) ¥ g, (112 B)

with ((k3;19;y9); (1%19;29)) 2 R,. Note thaVarp, \ Varg, Vanq,[ Varog, Vare,.
With Ry and (10.12) follows thatd#p,\ o,= Y3#p) 0,= X3#p\ o, Becausel (10.9) is
the only restriction or{l9; 2%o,), we are free to chodd = 19 and2%q,= B#q,. This
ful lls the conditions of (10.5) and concludes the proof. O

Note that ifR, Q; are TTS-compositional HIOA, (10.3) and (10.4) in Theoref®9.
take the simpler but equivalent form

[Pjj Q2] [Q1jiQ] and
[QujjiP1 [Qujj Q2

The A/G-condition is trivially ful lled if for every label h Labgi\ Labg eitherQq or
Q2 is non-blocking, and that in each location@fjj Q. either one has no invariant, so
that in at least one of them timed transitions are alwaysledab

The A/G-condition|(10.6) looks similar to the requiremefitsomulation for the
composed automata, but differs in two important pointssthjr the target states are
not required to lie within the relation, so there is no xedmaomputation necessary.
Secondly, itis only required that either one@f or Q» has a corresponding transition.

10.2.1 Trimming

The A/G-condition (10.6) is nearly identical to the caseteel already in Part Il on
systems without shared variables, and a similar timminguggiested in Sects. 7.2.1
and 7.2.2 can be applied. On has to additionally take cate‘#pg o= x%pj\ o holds.
To operate on relations that referRpQy; Q2 instead ofR; Qj; Q1jjQ2, one can use the
following reIationsRiOfor ;D 2f(1,2);(2,1)0:

RO = f((kljy); (i vi))iony: 2 (ks lysy); (i Ti52) 2 R
Vi = Zi#g0: (10.14)
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Example 10.2.Consider the level monitor and its speci cations given infBEx.1. Let
the parameters beger= 200, Xn= 20, Xy = 180, x = 30, X, = 176, 1, = 2, = 5,
rq= 1,rg= 3,d= 1 Foraninitial set of stated0 x 160, d= 0, the veri cation
is successful. The sets of critical stateg ind Dg, are empty, and the condition of
Def.[9.3 for containment of the initial states is ful lled.

10.2.2 Checking the Initial States

To nalize the A/G-proof, it must be shown that all the initistates ofPjjP, have

a matching initial state 0B1jjQ> in R. For the simulation relation (4.10), it must be
shown that for al(ky; ko; X), (Ki;%#p,) 2 Initp,, (ko; %#p,) 2 Initp, there exist$j;yi;fj;2j
such that:

(ks 1syn)s (1 3:2)) 2 R,
Yifa= X#p,
yi#sz 2j#Qj’yi#Qj2 InitQj,

Z#Qiz InitQi.

Recall from Sect. 4.2.3 that there exist cases in whRghand R, exist, but no
simulation relation can be constructed frétn and R, that contains the initial states
appropriately, even though a glob@f exists andPjjP>  Q4jjQ> holds. A suf-
cient condition for the containment is that for @;12;y1) with (ki;y1#p,) 2 Initp,,
(I2:y1#q,) 2 Initg, and(l1;vy) 2 Initg, there exists(fz;il) with Z;#g,= vy such that
((kg;12;¥1); (I1;12; 4)) 2 Ry. Alternatively a symmetric argument is valid fBg.

10.3 Related Work

In [HMPO1], Henzinger et al. present an extension of thewgleage Masaccio and
show that it supports assume/guarantee reasoning foretiksand linear hybrid au-
tomata. Their frameworks includes hierarchical modeliagabilities as well as a
serial composition operator. However, the soundness oAtlerule is restricted to
certain cases, e.g., that the components cannot deadkeckatly. In our understand-
ing this corresponds to the case of unrestricted inputs @apiatienabledness, and is
contained as a special case in our A/G-conditions. The ebaprpvided in this pa-
per relies on periodic sampling of the states, which fulthe suf cient condition for
compositionality given by Theorem 9.14.



Chapter 11

PHAVer - A Novel Veri cation Tool for
Hybrid Systems

Systems with discrete as well as continuous dynamicshiybrid systems, are notori-
ously complex to analyze, and the algorithmic veri catidrhgbrid systems remains
a challenging problem, both from a theoretic point of viewedl as from the imple-
mentation side. Ideally, one would like to obtain either aaat result or a conservative
overapproximation of the behavior of the system, e.g.,@asétof reachable states. An
exact computation is possible with linear hybrid automatdA) [Hen96], which are
de ned by linear predicates and piecewise constant boundd@ derivatives. They
were proposed and studied in detail by Henzinger et al. é&sge,[Ho95] for an exten-
sive discussion) who presented in 1995 a tool called HyTeahdould perform vari-
ous computations with such systems [HHWT97]. It featuredvegptul input language
and functionality, but suffered from a major aw: its exacithmetic was using limited
digits, thus quickly leading to over ow errors. While it wasecessfully used to ana-
lyze a number examples, see, e.g., [HWT96b, Tom96, **®EFHPWTO01, CEGO01],
the over ow problem prevents any application to larger eyss.

The valuable experiences with HyTech have prompted a nuoflseiggestions for
improvement, a summary of which can be found in [HPWTO01]. Warasls the most
pressing ones with PHAVer (Polyhedral Hybrid Automatonifyer), a new tool for
analyzing hybrid automata with the following features:

exact and robust arithmetic with unlimited precision,
on-the- y overapproximation of piecewise af ne dynamics,
improved algorithms and termination heuristics,

support for compositional and assume-guarantee reasgning

INot addressed are more advanced input capabilities likaruiey, templates and directional com-
munication labels, since we consider these easily and nop®griately handled by a GUI-frontend or
editor. A simple procedure for modeling directional comeation with hybrid automata can be found
in [HLFEO2].
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PHAVer's extended functionality and computational roloests open up new applica-
tion domains as well as research issues that were abandenadde of the limitations
of previous implementations. Exact arithmetic brings, ddlition to the satisfaction
and beauty of formal correctness, the signi cant advantdgeseparation of concerns.
Problems of convergence, combinatorial explosion and et@mohinism can be identi-
ed as such, which is very dif cult if they are intertwined i numerical dif culties.
In our experience, this greatly aids in the understandirgysfems and analysis meth-
ods, since without exactness one can be quickly misled tibatid complications to
numerics. We give a brief overview of the functionality of R¥r, and illustrate
our on-the- y algorithm for overapproximating piecewiseng dynamics with LHA,
which partitions locations with user-speci ed constraiaccording to a prioritization
function. The applicability and competitiveness of PHAVeremonstrated with a
navigation benchmark proposed in [FI04].

Computations in PHAVer use convex polyhedra as the basicstlateture, and ap-
ply the Parma Polyhedra LibraryPPL) by Roberto Bagnara et al. [BRZH02]. The
PPL supports for closed and non-closed convex polyhedraract arithmetic with
unlimited digits. While oating point computations are inmeatly faster than exact
arithmetic, there is a considerable overhead and tweakimajied, e.g., to solve prob-
lems like containment and equality, that is unnecessarnnwbeputing exact. On the
other hand, exact computations usually lead to a signi ¢anbt exponential rise in
the length of the coef cients of polyhedra. To manage the potational complexity,
we propose overapproximating methods to limit the numbditsfin the coef cients
and to limit the number of constraints used to describe padyh. Experimental results
show that the overapproximation is negligible, and the dpp@mounts to more than
an order of magnitude for systems that are still computalitle @actness. For more
complex systems, where the analysis with limited compyestitl performs well, exact
methods very rapidly reach the computational limits.

In the following section, we present our experimental impdatation of simula-
tion and assume/guarantee reasoning in PHAVer and ilbestna PHAVer syntax with
some small examples. In Sect. 11.2 we give an overview onegaehability algo-
rithm implemented in PHAVer, and the operators involved. d&scribe the on-the-y
overapproximation of af ne dynamics, and give experiméngaults for a navigation
benchmark. In Sect. 11.3, we propose methods to reduce tinglexity of polyhedral
computations by conservative overapproximation. Expenital results for a tunnel-
diode oscillator circuit show the effectiveness of the ajpgh. The chapter concludes
with Sect. 11.4 on related work.
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11.1 Simulation Checking and Assume/Guarantee-Rea-
soning

We illustrate the simulation checking in PHAVer with the kaevel monitor exam-
ple from Chaptelr 8. It is a paradigmatic example for provingaitance of a system
with feedback controller with assume/guarantee-reagpimder the assumption that
the controller guarantees the invariant, the controllestesy remains in a restricted
operating region that corresponds to the invariant. Tharasfyuarantee conditions
break this circularity, which otherwise would be unsounc Y8t present a simulation
check for the composed system, and then verify the same pyopith decomposed
speci cations and assume/guarantee reasoning. An exderatsion of the tank level
monitor example will be used to present experimental redolt the computational
gains.

The system consists of two components, the tanknd the controlleP,, which
we model with linear hybrid automata. The hybrid I/O-autéomamodeling the tank
is shown in Fig[ 11.1(a), and the corresponding PHAVer mauélig.[11.1(b). The
tank has an inlet valve that can be opened and closed by theten and a constant
out ow that results in a net out ow if the inlet valve is clodeand a net in ow if it is
open. The model boundaries are marked with transitions aviétibelerror in order to
detect when the model runs the danger of surpassing them.

We give a brief summary of the syntax. The de nition of theauaton begins
with the declaration of the controlled variablend the synchronization labels. Then
the location lling is de ned with its invariant, and with $ttime derivative given as a
linear predicate over. Note that in the declaration of the derivativeit { ...}, the
derivative is simply written as. The transitions are de ned in the form

when guard sync label do { transition relatior} goto target location

The transition relation and guard are redundant predieaitesomewhat redundant, but
guards are often used in modeling hybrid systems and threrefmvenient to include.
The guards are combined with the transition relation by thesgr. The transition
relation is de ned as a linear predicate oweaindx' , wherex' denotes the value of
after the transition. Unrestricted predicates that ar@tbzhbyTrue . The initial states
are declared at the end with a comma separated list of lotatiames and predicates
adjoined to each location k8

A HIOA model of the controller and its PHAVer implementatiane shown in
Fig. 11.2. It has a timed, declared as a controlled variable, and measures the tank
level x, which is declared as an input variable. The controller damihe tank level
everyd seconds and decides instantly whether to open the vahag it|@r do nothing.
Itis the task of the controller to keep the tank lexalithin certain limits, i.e., to ensure
invariance of an intervdkmy; xu] for the variablex. This is a global speci cation for the
composed system, and is modeled by the HIQA&hown in Figl 11.3. The invariant
interval is speci ed as in the invariant @, and self-loops permit all labels except
error. The speci cation is therefore only ful lled if the systenemains within the
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unde ned

draining

(a) Hybrid automaton

automaton P1
state_var:  X;

synclabs: open,close,error;

loc filling: while 0 <= x & x <= x_over wait {r_il <= x & x <= r_ih}
when True sync close do {x'==x} goto draining;
when True sync open do {x'==x} goto filling;

when x==x_over sync error do {X'==x} goto undefined;
loc draining: while 0 <= x & x <= x_over wait {-r_dh <= x & x <= -r

when True sync open do {x'==x} goto filling;
when True sync close do {x'==x} goto draining;
when x==0 sync error do {x'==x} goto undefined;

loc undefined: while True wait {True};
initially: filling & x_0l <= x & x <= x_0Oh;
end

(b) Input le

Figure 11.1: Model of tank;
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t
X< X< X

t
d°=0

close
X Xh

checking
d=1
d=10

(a) Hybrid automaton

automaton P2

state_var: d;

input_var: X;

synclabs: open,close,tau;

loc idle: while 0 <= d & d <= delta wait {d==1};
when True sync tau do {d'==0} goto checking;

loc checking: while d == 0 wait {d==1};
when x <= x_| sync open do {d'==d} goto idle;
when x >= x_h sync close do {d'==d} goto idle;
when x_| < x & x < x_h sync tau do {d'==d} goto idle;

initially: idle & d==0;

end

(b) Input le

Figure 11.2: Model of controlle®,

automaton Q
state_var: X;
synclabs: open,close,error,tau;
loc always:
while x_ m <= x & x <= x_M
wait {True};
when True sync open do {True} goto always;
when True sync close do {True} goto always;

when True sync tau do {True} goto always;
initially:
always & x_m <= x & x <= x_M;
end
(a) Hybrid automaton (b) Input le

Figure 11.3: Model of speci catio®
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model boundaries, which were staked off by error transstion
We will rst verify the composed system by checking for siratibn, and then
check for assume/guarantee simulation. We de ne coefisen

x_over = 200; X_m = 20; X_M = 180;
x_ = 30; x_h = 175; rl = 2;

r_ih = 5; rd =1, r_dh = 3;
delta = 1; x_0l = 40; x_0Oh = 160;

PHAVer by default initializes the simulation relation witie convex hull of the reach-
able set. We turn this option off witBIM_PRIME_WITH_REACH=false; Then we
de ne the system witlsys=P1&P2; and compute the simulation relatiéhwith the
commandR=get_sim(sys,Q); This produces the following output:

Composing automata P1 and P2

Assigning discretely reachable states to simulation relat ion
Fixpoint computation on simulation relation

Simulation Relation converged after 5 iterations.
State relation size:4 loc pairs, 20 conv. polyh.
Ini states in simulation relation: yes

First, P, andP, are composed. Then the simulation relation is initializenwin-
constrained predicates for the locations that are reaelimbboking only at which lo-
cations are connected by discrete transitions. Then thalaiion relation is computed
with a standard xpoint algorithm similar to the one presshin Sect. 6.3. Finally, the
initial states are tested for containment. We can out putetagion withR.print;
and the output is shown in Fig. 11.4. For each location pailispinction of convex
linear predicates is shown. The conjunctions are repreddoy commata, and one
element of the disjunction per line is shown. We now demaistthe assume/guar-
antee veri cation of the speci cation. First, decompos@ea cationsQ; are chosen
for each component of the system. For the A/G-speci catiprof the controller we
chose the invariant set, and it is equal to the global spation Q except thak is an
input instead of a controlled variable. The A/G-speci catiQ; of the plant, i.e., the
component to be controlled, is its behavior restricted te tfivariant set. Both are
shown in Figl 11.5.

First we verify that the decomposed speci cations indeedrgntees the global
speci cation. Withspec=Q1&Q2; andis_sim(spec,Q); we get

Composing automata Q1 and Q2

Checking Q1~Q2 <= Q
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State relation:
[0,0]:
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Figure 11.4: Simulation relation f&@ Q

Priming simulation relation (convex hull reach)
Computing reachable states of Q1~Q2

Computing reachable states of Q
Fixpoint computation on simulation relation

Simulation Relation converged after 2 iterations.

Found no bad states.

State relation size:2 loc pairs, 2 conv. polyh.
Ini states in simulation relation: yes

We recall the structure of the assume/guarantee proofhatfar linear hybrid au-
tomata we need not differentiate between the TTS-semaatidgshe automata them-
selves:

Pij Qa2 Qujj Q2
Qi P Q1)) Q2
A/G conditions
PLjj P Qujj Q2
The reasoning is obviously circular: With the rst inequgliwe check whether the
plantP; restricted to the invariant s€, indeed exhibits the restricted dynam@s. In
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open close

draining
q X

(a) Hybrid automato,

open

close

(c) Hybrid automator®),

automaton Q1
state_var: Xx;
synclabs: open,close,error;
loc filling:
while 0 <= X & x <= x_over
wait {0 <= x & x <= r_ih};
when True sync close do {x'==x} goto draining;
when True sync open do {x'==x} goto filling;
loc draining:
while 0 <= x & x <= x_over
wait {-r_dh <= x & x <= 0};
when True sync open do {x'==x} goto filling;
when True sync close do {x'==x} goto draining;
initially:
filling & x 0l <= x & x <= x_0Oh;
end

(b) Input le for Q;

automaton Q2
input_var: X;
loc always:
while x_m <= x & x <= x_M
wait {True};
when
initially:
always & x_m <= x & x <= x_M;
end

(d) Input le for Q2

Figure 11.5: A/G-speci cations
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the second inequality, we verify that the controlReygiven the restricted plant dynam-
ics, guarantees the invariant. The assume-guaranteetiomsdwill ensure that this
circularity is broken, i.e., that both remain always in tlegion of their mutual guar-
antees. The assume/guarantee veri cation is implemergeadteybrid version of the
composite trimming algorithm in Fig. 4.5 of Sect. 4.2.2, Seet! 7.2.2 for the hybrid
formulation. We start the veri cation with the commaagdc_sim(P1,P2,Q1,Q2);

The simulation relation®; andR; for both inequalities are computed. First the one

for PjjQz  Qujj Qu:
Checking A/G-simulation P1&P2<=Q1&Q2

Composing automata Q1 and Q2

Getting simrel R1
Composing automata P1 and Q2

Priming simulation relation (convex hull reach)
Computing reachable states of P1~Q2

Computing reachable states of Q1~Q2
Fixpoint computation on simulation relation
Simulation Relation converged after 2 iterations.

Found no bad states.
State relation size:2 loc pairs, 2 conv. polyh.

Then the one foRP,jjQ1  Q1jj Q2:

Composing automata P2 and Q1

Priming simulation relation (convex hull reach)
Computing reachable states of P2~Q1

Computing reachable states of Q1~Q2

Fixpoint computation on simulation relation

Simulation Relation converged after 4 iterations.
Found no bad states.
State relation size:4 loc pairs, 4 conv. polyh.

Then the sets of potentially violating stat@8! for discrete transitions aril'® for
time elapse, are computed and subtracted fRemndR,, which must afterwards again

be subjected to a xpoint computation to turn them back intowdation relations. The
check concludes with testing whether the initial statesargained:

Getting Dtr and Dte
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Fixpoint computation on simulation relation

Simulation Relation converged after 2 iterations.

Found no bad states.

State relation size:2 loc pairs, 2 conv. polyh.
Fixpoint computation on simulation relation

Simulation Relation converged after 4 iterations.
Found no bad states.
State relation size:4 loc pairs, 4 conv. polyh.
Ini states in R1: yes
Ini states in R2: yes

Ini states in simulation relation: yes

The A/G-check came to the same result, albeit not with areas® in speed due to
the small size difference between the system and the A/Gi-spions. The simula-
tion check of the composed system took 1.9 s, while the A/Geation took 6.2 s in
total.

The tank level monitor in the above form is not large enougttie assume/guar-
antee reasoning to pay off. We extended both models withtiaddl locations to
obtain a parameterized result over the size of the model.cbh#&oller was extended
by nc locations and a min. and max. sampling time. The locatioaseatered after
the control decision, representing other tasks that magte up the controller's time.
The simple tank model was replaced by a LHA-approximatioa abnlinear model,
which was presented as Examiple 5.3. The square-root chestictof the out ow of
the tank was approximated oy intervals, resulting in &r locations, one each for the
draining and lling modes.

Table[11.1 show the results for an Intel Pentium 4M with 1.2GF68MB RAM.
With increasingn = nt = nc the A/G-reasoning (A/G-Sim.) shows a clear advantage
over simulation checking of the composed system (Sim.) exed over a convex-hull
reachability analysis (Reach.). This correlates with thke sif the simulation rela-
tions, jRj for the composed analysis aBdRij = jRyj + jRyj for A/G-reasoning, each
measured in the number of locations. For both analyses Wilttbmposed system,
i.e., simulation and reachability, the composition costdmees the dominating factor.
However, even the net time of the reachability analysisfliesh = 80 at over 60 s,
which clearly demonstrates the superiority of the assunaeimtee approach.

11.2 Reachability Analysis

A reachability analysis computes all states that are cdedeo the initial states by
a run. PHAVer enhances the standard xpoint computatiooritigm for reachability
with operators for the partitioning of locations and the glinration of sets of states.
The partitioning of locations is used when af ne dynamios averapproximated with
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Table 11.1: Analysis of extended tank level monitor model

n Sim.  Reach. A/G-Sim. jRj 4]jRij

1 0.46 s 0.30s 121s 4 6
10 10.67s 3.67s 528s 183 42
20 33.70s 14.49s 9.76s 490 82
40 197.53s 109.07s 19.44s 2030 162
80 1826.59s 1217.35s 43.13s 9312 318

LHA-dynamics, where locations are split into smaller paotémprove the accuracy.
The simpli cation operator ful lls two purposes: Firstlythe overapproximation of
sets of states with a simpler representation keeps the eaitypfrom growing beyond
computationally manageable limits. We propose methodsrtib the number of bits
and the number of constraints used in describing sets @&sst&econdly, since termi-
nation is not guaranteed for linear hybrid automata, oya@pmation of the sets of
states as well as the set of derivatives can be used to aaeetemnvergence and possi-
bly force termination by reducing the model to a class wheaghability is decidable.
The challenge lies in trading speed, termination and resocmnsumption against the
loss of accuracy.

The algorithm used in PHAVer for computing the set of reatdalates is shown

arbitrary sets of states, each described by a set of convglguira for each location.

Post-Operators: The operatotime _elaps€X;Y) computes the successors of a set
of statesX by letting time elapse according to a ¥ethat attributes a set of derivatives
to each location. The successors of discrete transitiangiaen bytrans pos{X). A
detailed description can be found in [Ho95].

Overapproximating Operators: The operatocheap differencéX;Y) computes a
overapproximation oK nY by returning the polyhedra i that are not individually
contained in some polyhedraXf The gain in speed usually far outweighs the fact that
more states are iterated than necessary [Ho95]. Mvitbn approxX;Y), the union of
new stateX and old state¥ can be overapproximated, e.g., by using the convex hull.
This must take place before thiene elapseoperator in order to be sound. For exact
computation, the operator is skipped. If there are no netest®r a location then
the operator returns the empty set for that location. 3ihgplify operator is used to
reduce the complexity the representation of states by ppeoaimation. It can also be
applied to the set of derivatives in the location. Currentasin PHAVer forsimplify
include a bounding box overapproximation, limiting the menof bits used by the
coef cients of constraints, and limiting the number of ctrasts.
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procedure GetReach
Input: a set of initial state§
Output: the set of stateSg reachable frong
(S;fS0) := partition_loc(S;f S9);
W, KR = time_elaps€s);
while W 6 0 do

N := trans pos{W);

(N (S; SR;W)) := partition_loc(N; (S ; Sg;W));
cheap differencéN; &R);
union_approXN; R);
simplify(N);
t|me_pos(N simplify(time_deriv(N; Inv))) ;
SR[ N;

Hpzzzz7
qoi i

o)
o

Figure 11.6: Reachability Algorithm in PHAVer

Partitioning Operators: The operatompartition_loc(X; (Y1;:::;Y,)) partitions the
locations with states iX as described in Se¢t. 11.2.1 and maps the statés:in;Y;

to the new set of locations. Witlime deriv(X;Y) the set of derivatives is computed
that any state iX might exhibit, provided that the states are con ned'to

time deriv(X;Y) = f(I; f(1))j9(I;v) 2 X; f 2 Act(I);t 2 R 0.
(f(0)= vr8t%0 t° t:ft92VY)g (11.2)

In the following two sections we propose methods for lingtihe number of bits
and constraints in polyhedral computations. The pariitigiof locations and the over-
approximation of af ne dynamics with LHA dynamics are dissed in Sect. 11.2.1.

11.2.1 On-the-y Overapproximation of Af ne Dynamics

While PHAVer's computations are based on linear hybrid aatiammodels, it also
accepts af ne dynamics, which are then overapproximatatservatively. The ap-
proximation error depends on the size of the location andiyfmamics, so PHAVer
offers to partition reachable locations during the analy$he partitioning takes place
by splitting locations recursively along user-de ned hgglanes until a minimum size
is reached or the dynamics are suf ciently partitioned.

Therelaxed af ne dynamicsare given by a convex linear predicate for its deriva-
tives, i.e., a conjunction of constraints

alx+ a'x/ i by a:&422"b22z;/i2f<; ;=gi=L::m (11.2)
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for each location. In the following, we assume the equalit® be modeled using
conjuncts of pairs of inequalities. In a locatitot, the constraints (11.2) are overap-
proximated conservatively with constraints of the foam /  b;, aj 2 Z";b; 2 Z, by
nding the in mum of (11.2) inside the invarianinv(loc). Let
=q= inf &'x q2 Z:
P x2|nv(|oc)a1 P4

If p=q exists, the set ok that ful Il (11.2) is bounded bya/x / i b  p=g, otherwise
the constraint must be dropped. The linear constraint isnthen given bya; = ga;,

bi=qb p.

The resulting overapproximation error depends on the sizbeolocations and
the dynamics but can be made arbitrarily small by de ningahly small locations.
PHAVer does so by recursively splitting a location along iedile hyperplane chosen
from a user-provided set. The splitting is repeated in rablghlocations until a certain
threshold, e.g., a minimum size, is reached. We accourtiéodynamics of the system
using the spatial angle that is spanned by the derivativaddcation. Let thespread
" (X) of a set of valuations be de ned as

(X) arccos i y=jxjjyig

and the spread yeriv(loc; X;Y) of the derivatives of states con ned to states in
locationloc as

" ger(loc; X;Y) = ~ (fvj(loc;v) 2 time deriv(X;Y)Qg) :

The spread of the derivatives is used in two ways: The pamiiig of a location is
stopped once the spread is smaller than a given minimumeardhstraints are prior-
itized according to the spread of the derivatives in thetiooaafter the splitting.
Recall that a hyperplaneis de ned by an equatioaﬁx = by, where the normal

vectoray, determines its direction and the inhomogeneous teyits position. Let the
slackof hin a locationloc be de ned by

— T ; Ty

= max a,X min X:

D(ah) x2|nv(|oc)ah x2|nv(|oc)ah

In PHAVer, the user provides a list of candidate normal vescag; and the minimum
and maximum slack that the hyperplanes will have in the fiamgd locations, i.e.,

Cand= f (an:1; Dmin1; Dmax1), -2 (8n:m; Dminym; Dmaxm) 9:

This allows the user to include expert knowledge by choogilages and location
sizes suitable for the system. The candidate hyperplaegsriaritized according to a
user-controlled list of criteria. We consider the critdnde a map

split_crit:fa'x/ bja2 Z"b2Zg Loc 2% 7! (R[ ¥[ ¥)?
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that attributes &-tuple of prioritizing measures, evaluated lexicographyc to each
constraint, and takes into account set of valuations censttof interested. Two spe-
cial symbols are included¥ voids the constraint, but it can be overruled b¥,
which takes precedence over all other factors. The cuyrémiblemented measure
split_crit(a™x/ b;loc;N), whereN is the set of reachable states in the location, takes
into account the following:

1. Prioritize constraints according to their slack:

i ; =Dminn If > h
Pl crity = S(ah) o oa(srvzliselémm’h

2. Prioritize constraints that have reachable states anbyne side:

1 ifoxx’2N:a'x< bra'™x’> b
split_crit, = 0 otherwise.

3. Prioritize constraints according to the spread of thévdives. Discard con-
straint if a minimum spreafi min is reached and the slack is smaller thgyn:

< Mdenv(locNsInv) if A geriy(loc; Ny Inv) A min
split_critz = _ D(@n) > Dmaxh;
¥ otherwise.

4. Prioritize constraints according to the derivative aprafter the constraint is
applied:

split_crit;=  max " geriv(loc;N; f(1;X) 2 Invj a'x bg);
A geriv(loc;N; F(1;) 2 Invja'x  bg)g:

For ef ciency, the partitioning is applied on-the- y as sl in the reachability
algorithm of Fig/ 11.6. The algorithms for splitting a loicat, and partitioning the
location with the prioritized candidate constraints arevahin Fig. 11.7 and Fig. 11.8.
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procedure SplitLocation
Input: Hybrid I/O-automatoH = ( Loc, Vars, Var,, Varp, Lab,! , Act, Inv, Init),
locationloc, constraimafx/ i bi, splitting labelty,

Output: Hybrid I/O-automatorH with split locationloc
Loc=fl 2 Locjl & locg[f (loc; );(loc; )o;
Po=f(l,aml920j 16 loc” 196 locy
[f (basm(loc; ));(l;asm(loc; ) j (I;a mloc) 2!g
[f ((loc; );a;ml9;((loc; );a;ml9 j (loc;a;ml) 21g
[f (;tn:fx%= xjx2 Varg;19 j 1:1°2f (loc; ):(loc; )gg;
Act=f1 7! x(t) 2 Actj | 6 locg
[f (loc;/ ) 7! x(t) jloc7! x(t) 2 Act,/ 2f ; gg ;

S=f(1:x) 2 Sj | 6 locg
[f ((loc;/ );x)j(loc;x) 2 S~ alx/ by;/ 2f ; gg
od.

Figure 11.7: Splitting a location along a hyperplane

procedure partition_loc
Input: Hybrid I/O-automatod = ( Loc, Vars, Var,, Varp, Lab,! , Act, Inv, Init),
set of investigated stat®§ set of candidate constraints

Output: Hybrid I/0O-automatorH with locations inN partitioned

for loc2f12 Log9x: (I;x) 2 Ng do
do

e—]— T i T .
bl. 1=2 Xva%)c()c)ah;ix+ x2|rrr1v(?oc)ah;ix '
ci:=split_crit(af;x = bi;loc;N)

od;

k:=argming;;

i=1;:::m

od
while k exists and¥ 2c¢,_ ¥ 2 ¢cod
od.

Figure 11.8: Partitioning states with a set of candidatestraimts
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11.2.2 Example: Navigation Benchmark

We illustrate the reachability analysis of PHAVer with a blemark proposed in [F104].
It models an object moving in a plane, and following dynarhjca set of desired

unit square in the plane by a given mdp A special symboAdenotes the set of target
states, and denotes the set of forbidden states for the object. We vérifeat the
forbidden states are not reachable for the instances shoWwigi 11.9, whose maps
are given by:

0 1 0 1
B2 4 B2 4
Mnavor = Mnavoz = Mnavos = @2 3 4A ;Myavos= @2 2 4A:
2 2 A 1 1A

The dynamics of the 4-dimensional state ve¢tarx,;vi; Vo) are given by

1:2 01
01 1.2

X 0 I X 0 0 L _
v =~ 0A v A vg(i) with A=
The initial states for for NAVO1-NAV03 are de ned by 2 [2;3] [1;2], for NAV04
by X 2 [0;1] [O;1], and

Vonavor 2 [ 0:3;0:3] [ 0:3;0]; Vonavoz 2 [ 0:3;0:3] [ 0:3;0:3];
Vonavos 2 [ 0:4;0:4] [ 0:4;,0:4]; Vonavos 2 [0:1;0:5] [0:05;0:25):

As splitting constraints we uséand= f (vq; di;¥); (vo; tb; ¥ )0, where appropriate
were established by some trial-and-error runs, @miit_crit;) as splitting criterion.
Note thatxy, X, need not be partitioned, since they depend only.drhe other analysis
parameters were left at their default setting. While we neespecify bounds for the
analysis region, we can handle the unbounded case by clggbkitithe reachable state
space is strictly contained in the analysis region. Allanses shown were obtained
with a-priori bounds of 2;2] on the velocities, and the reachable velocities remained
within an interval[ 1:1;1:1], which con rms our a-priori bounds as valid. Figure 5.2
shows the set of reachable states computed by PHAVer asla @smputation times
and memory consumption are shown in Tdble 11.2, and werénebtan a Pentium
IV, 1.9GHz with 768 MB RAM running Linux. For the instances NBY—NAVO03, the
analysis was fairly straightforward, witth = 0:5. For the instance NAV04 we had to
setd = 0:25, and the analysis did not terminate at rst. We applied ariséic: The
convex hull was computed for the rst 20 iterations for spagéeén switched to normal
reachability, and at iteration 40 a bounding box simpliicatwas triggered manually.
In comparison, for a predicate abstraction tool the follgyvtimes were reported in
[lva03]: For NAVO1-NAV03 34, 153 (68MB) and 152 (180MB), respectively, on
a Sun Enterprise 3000 (4 x 250 MHz UltraSPARC) with 1 GB RAM.
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Figure 11.9: Reachable states of the navigation benchmajgqped to thex; xo-plane
(initial states darkest, arrows show terminal velocityl@mration)
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Table 11.2: Experimental results for the navigation beratkm

Automaton Reachable Set
Instance Time Memory lter. Loc. Trans. Loc. Polyh.

NAVO1 34.73s 62.6MB 13 141 3452 79 646
NAVO2 62.16s 89.7MB 13 153 3716 84 1406
NAVO2 41.05s 53.7MB 13 148 3661 84 84
NAVO3 61.88s 90.0MB 13 153 3716 84 1406
NAVO4' 225.08s 116.3MB 45 267 7773 167 362

i convex hull,i convex hull up to iter. 20, bounding box at iter. 40

11.3 Managing Complexity

A set of symbolic states is described by a linear predichtecbnvex sub-predicates
of which de ne convex polyhedra, which in turn are descrilbgch set of constraints.
In exact xpoint computations with polyhedra, the size ofmoers in the predicate as
well as the number of constraints typically increases willes structure of the hybrid
system imposes boundaries, e.g., with resets or invariafdskeep the complexity
manageable, we propose the simpli cation of complex potireein a strictly con-
servative fashion by limiting the number of bits, i.e., tlwesof coef cients, and the
number of constraints. We reduce only inequalities to presthe af ne dimension of
the polyhedron. In practice, both simpli cations are apglwhen the number of bits
or constraints exceeds a given threshold that is signilgamgher than the reduction
level. The resulting hysteresis between exact computaiio overapproximations
gives cyclic dependencies time to stabilize.

11.3.1 Limiting the Number of Bits

We consider thé&h constraintafx/ i by of a polyhedron of the formAx+ b/ 0, where

a; is a vector of the coefcients;; 2 Z of A, i= 1;:::;m, j= 1;:::;n, / is a vector

of signs/ ;2f ;<; =g, andbis a vector of inhomogeneous coef cieris2 Z. We
assume that the;; andb; have no common factor and that there are no redundant
constraints. The goal isto nd a new constra.iaﬁx/ i bi with coef cients ajj having

less thare bits, i.e.,

jaijiibi 28 1 (11.3)
with the least overapproximation possible. Expressingitve coef cients in terms of

a scaling factof > 0, rounding errors;j, jrijjj 0:5 and an error; for the inhomoge-
neous term we get

ajj
b

fayj + rij;
foj+ ri:
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procedure LimitConstraintBits

indexi to constraint to be limited, desired number of lats
Output: new constrainaiTx/ i bi
success= false
f:= minf (22 3=2)Fajj;(2* 2)5bijj j= 1;:::;ng;
while : successlo

q:= minax;

x2P
if ag= 0org= ¥ then abort ;
b; := ceil(g);

if jbij 2% 1thensuccess= true
elsef := minf =2 3=(4jay;j);(2* 2)Fbijj j= 1,::5;ng ;
od.

Figure 11.10: Algorithm for limiting the number of bits of armstraint

There is no a-priori bound am, since it depends on the new directi@nand the other
constraints that de ne the polyhedron. With the bounds aartjy we getjfajj +

rijji 2* 1, and get upper bounds dnusingjrijj 0.5 and, in the best case, we
expectb; to be close tofb;. Sinceb; must be rounded strictly upwards to guarantee
conservativeness, we geff 1 as an estimate:

f (2% 3=2)Fajj; (11.4)
f (22 2)5bij: (11.5)

To predict the effects of rounding precisely is dif cult amebuld lead to a mixed
integer linear prograrﬁ, so we employ a heuristic algorithm, shown in Fig. 11.10. Let
round(xX) be a function that returns the next integer betwremd zero, andeil(x)

be a function that rounds to the next larger integer. Firgt,estimatef based on
(11.4),(11.5), then we compute a néyvusing linear programming. 1B has more
thanzbit, we decreasé and start over. The procedure is repeated until all coefitse
ajj = 0, in which case the problem is infeasible. Note that it is guoéranteed that
the new polyhedron is bounded. Figlre 11.11 illustratedésic scheme. The normal
vectorg; of the constraint, shown in (a), is approximateddpyas shown in (b). Linear
programming yields the inhomogeneous teythat makes the constraint tangent to the
polyhedron, as in (c). Rounding gfyields b;, and the polyhedron outlined in (d).

2The problem is much simpler if the polyhedron is given as aégertices instead of constraints,
since the vertices only have to “snap” to the next points wWithrequired number of bits. However, we
try to avoid enumerating vertices since this is generallgrg expensive operation in higher dimensions.
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Figure 11.11: Scheme of limiting the number of bits

11.3.2 Limiting the Number of Constraints

A set of symbolic states is described by a linear predichtecbnvex sub-predicates
of which de ne convex polyhedra, which in turn are descrilbgda set of constraints.
The number of constraints usually increases with the numhiegrations of a xpoint
computation, which forces us to limit this number to remaithim a computation-
ally feasible complexity. This reduction has been impletadnn literature by means
of, e.g., bounding boxes [BM99], or oriented rectangulatsh|$K03]. Instead, we
propose to simply drop the least signi cant of the constimims this seems a good
compromise in terms of accuracy and speed. In addition, dinstraints in our ap-
plications are, as a whole, invariant with respect to theoixpp computation. This
invariance has a greater chance of being preserved as gpodsible if we keep con-
straints instead of drawing up an entirely new set. As wittiting the number of bits,
we usually chose to not limit equalities in order to preséhesaf ne dimension of the
polyhedron. If an equality is to be limited, it must be regddy two inequalities.

We measure the signi cance of a constraint based on a aniterit that measures
the the difference between the polyhedron with and withbatdonstraint. LeP be
a set of linear constraints describing a convex polyhedsadpP" = Pnfa1-Tx/ i big
be the polyhedron without it'gth constraint. Then the difference between the points
containedP andP" is the polyhedro® ' = PV [f alx75 big, where(/ i;77) 2
f(<; );( ;<)g, obtained by simply replacing thith constraint with its complement.
It has less non-redundant constraints tRaand is therefore preferable in the formula-
tions below. We consider three methods:

1. volumetric: LetV(P) be the volume of the points contained”®n Thencrit =
V(P"™) V(P)= V(P'"). Requires ' to be bounded.

2. slack: Letnax= max a1-Tx s.t. x2 P 1. Thencrit = (bmax bi)=jajj, i.e., the
distance, measured in the direction of the constraint, etwhe points farthest
apart inP-'. Requires- ' to be bounded in the direction &f.

3. angle:crit= max;g;i aJ-Ta;. Measures the negative cosine of the closest angle
between the normal vector of th constraint and all others.
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We consider two general procedures of selectingthest important out ofn original
constraints:

1. deconstruction: Starting from the entire set of constsaidrop then zcon-
straints with the least effect accordingdot.

2. reconstruction: Starting from an empty set of constsaiatld thez constraints
with the greatest effect accordingdat.

While deconstruction is more likely to preserve as much asiptesof the original
polyhedron, construction requires less iteration® # 2z The criteria based on vol-
ume and slack require the initial polyhedron to be boundedwhich one could use,
e.g., the invariant of the location. The following examphaltillustrate the difference
between volumetric and angle criteria, and its potentibloumdedness.

Example 11.1.Consider the polyhedron shown in Fiffl.12(a). It has 6 constraints
A-F, whose angles with the neighbors are noted in the graph. ¥wolame based
deconstruction with 5 constraints, constraint A is removadesthat causes the small-
est change in volume. The resulting polyhedron is shown ldagh€&ig.|11.12(b).
The angle based reconstruction with 5 constraints resulteénshaded polyhedron in
Fig.|11.12(b), where the constraints are labeled in the ordheyy are chosen: First,
an arbitrary initial constraint is chosen, say constraint The second choice is the
constraint that has the largest angle with C, i.e., that is maygtosed to it. In this
case, this is constraint F, since it has an anglel80 with C. The third choice is the
one that is most opposed to both C and F, here constraint Buseca has an angle
of 90 with both C and F. The fourth constraint is A, with minimum asg@#5 , and
the fthis D with a minimum angle a80 . Figure/11.12(c) shows the reduction to 4
constraints. Here the angle based method results in an umiedipolyhedron because
constraint D is not chosen. An algorithm should take thissgmkty into account and
test for boundedness.

The construction method with an angle criterion was thes&ish our experiments.
The angle calculations can be sped up by using a look-up &lg) that maps an
angle to every pair of constraints. This yields an algoritiittomplexity O(nn? +
m?), shown in Fig. 11.13, wher€ is the set of candidate constraints drds the
set of chosen constraints. It includes a test that preséineeboundedness &f. H
is initialized with the set of equalities, which are not redd to preserve the af ne
dimension of the polyhedron, and an arbitrary initial coaist. Here we choose the
one with the smallest coef cients. In a while-loop, the cwaBt is chosen based on

the best of the worst-cases, i.e., the smallest angle wethdhstraints it. Sinceaj a;

is the cosine of the angle, choosing the smallest anglelatasdinto maximizingajTai.
The constraint is added té and removed from the candida@&sand the procedures
is repeated untijHj  z and the boundedness Bfimplies boundedness ¢f. This
algorithm is in our implementation 1000 faster than a slack based deconstruction
for limiting 400 constraints down to 32 in 4 dimensions.
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Figure 11.12: Example for limiting the number of constraiby volumetric decon-
struction (hashed) and angle based reconstruction (shaded

procedure LimitConstraintsByAngle

desired number of constrairgs
Output: PolyhedrorH
fori=21;:::;m j=1;::;m j>ido
a(i;j) = a'q
od;
H:=falx/ by j k= argmin(maxjaj)g[f a'x/ ibj/i2f=gg;
C:= PnH;
while (jCj > 0~ (jHj < z_ (boundedP)~: boundedH))) do
j = argmin (maxa(i; j)) s.t.a'x/ b 2 H;a/x/ jbj 2 C;
H:=H[f aJx/ | bjg;
C:=Cnfalx/ jbjg
od.

Figure 11.13: Reconstructing a polyhedron with a limited hamof constraints by
angle prioritization
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Figure 11.14: Reachable states of tunnel diode circuit inMHeplane, invariants
dashed

11.3.3 Example: Tunnel-Diode Oscillator Circuit

Consider a tunnel-diode oscillator circuit as describedGIKIRO4]. It models the
currentl and the voltage droly of a tunnel diode in parallel to the capacitor of a
serial RLC circuit, which are in stable oscillation for thegn parameters. The state
equations are given by

Y 1=C( Ig(V)+ 1);
| 1=L( V 1=G |+ Vin);

whereC= 1pF,L= 1nH,G=5mW 1, Vi, = 0:3V, and the diode current

8

< 6:0105/3 0:991W2+ 0:0545/ if V 0055
lg(V)=  0:0692v3 0:042V2+ 0:004V + 8:957% 4 if 0:055 V 0:35

T 0:2634/3 0:2765/2+ 0:0968/ 0:0112 if 035 V:
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Figure 11.15: Reachable states of clocked tunnel diodeitircu

The dynamics were approximated with LHA, similar to the ajgmh in Sect. 11.2.1.
Figure 11.14 shows the convex hull of the reachable stateirgf from states de-
ned by V 2 [0:42V;0:52V], | = 0:6mA It also shows the invariants (dashed) gen-
erated by the partitioning algorithm using constrai@end= f (V;0:7=128 0:7=16),
(1;1:5=128 1:5=16)g, i.e., max. 128 partitions in both directions, and spldgturite-
rion (split_critg; split_crit;) with * nin = arcco$0:99). The analysis with PHAVer took
52:63sand 55MB RAM, with the largest coef cient taking up 7352 bitsdeat most 7
constraints per polyhedron.

A stopwatch was added to the system to measure the cycleiténeéhe maximum
time it takes any state to cross the threshiokl 0:6mA;V > 0:25V twice. For the
clocked circuit, the number of bits and constraints growsdigt and a more precise
analysis, such as shown in Fig. 11.15 is only possible witfitéi on both. We compare
the exact analysis for constrainBand= f (V;0:7=32,0:7=16), (I;1:5=32;1:5=16)g
with an analysis limiting the bits to 16 when a threshold o0 &ts is reached, and
a limit of 32 constraints at a threshold of 56. Figures 11a)@hd 11.16(b) show a
polynomial increase in the number of constraints, and aommsmtial increase of the
number of bits in the new polyhedra found at each iteratidme analysis takes 979s
(210MB) when exact, and 79s (39.6MB) when limited. At a moratigafold increase
in speed, the overapproximation is negligible and resules ¢ycle time estimate that
is only 025 percent larger.
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Figure 11.16: Reduction in bits and constraints for the adctunnel diode circuit,
exact (dashed) and with limits on bits and constraintsq3oli
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11.4 Related Work

Earlier attempts to improve over HyTech started with an@lgm specialized on rect-
angular automata, which are LHA whose linear predicatesiéenulti-dimensional
rectangles, was proposed in [PKWTH98] and implemented basdtle HyTech en-
gine. The set of reachable states is represented by thed Btiites and the intersection
of the reachable states with the faces of the invariants. sEhef reachable states in
a location is then the convex hull of the faces and the inggl The post operator is
simpli ed by computing the minimum and maximum time it takies a state to leave
the invariant. A computation of these bounds can be donééasi conservative way
with limited precision, and allows the complexity to rembw. The successor sets on
faces are overapproximated with hyperrectangles. Whiteapproach has been suc-
cessfully applied in the two-dimensional case [PSK99], diierapproximation with
rectangular regions can become excessive for higher diorens

An improvement of this face-based approach was proposdtt@®p], by general-
izing from rectangular regions on the faces of invariantartitrary convex sets. The
algorithm exploits the fact that the faces of invariantsestangular automata are in the
directions of the axes and orthogonal. The precision of tietp de ning the convex
region is limited conservatively by replacing each vertigethe 2' vertices ( being
the number of dimensions) resulting from the possible coations of component-
wise rounding to the next lower and higher value. The algoribperates solely with
the vertices of polyhedra, whose number can increase erpialig with the dimen-
sion of the system, in addition to the increase introducelinbying the precision.

A later improvement over HyTech by Henzinger et al. usedriatiearithmetic to
speed up computations and reduce the complexity [HHMWTOOvéVer, the use of
interval arithmetic can quickly lead to prohibitively l&rgverapproximations.

While tools for timed automata usually use exact computatititere are no tools
for hybrid systems apart from HyTech known to us that do see Tt HyTech pro-
totype was based Mathematica and did not have any numeeistaiations, but it also
was a factor 50—1000 times slower than the later versionchvivas written in C++
[HHWT95]. Our on-the-y overapproximation essentially p@ms a partitioning of
the automaton similar to the approach in [HHWT98], where higger et al. approxi-
mate arbitrary nonlinear hybrid automata with LHA. We uséared passed and wait-
ing list in the reachability computation, a method proposedBDL* 01]. A detailed
overview on algorithmic veri cation of hybrid automata cha found in [SSKEO1].

The partitioning of hybrid automata according to the dyrenhias been applied in
literature to simplify the veri cation problem in variousays, although with different
criteria. The formal foundation for such partitions wasaétished in [HHWT98] by
showing that a timed bisimulation exists under very genesaditions. In [HHB0Z2],
hybrid automata are discretized completely, and discretgetnchecking is applied to
the discrete abstractions. In [SK99], nonlinear hybricbedta are approximated with
rectangular automata.
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To our knowledge, the only other tool with algorithmic suppf@r circular as-
sume/guarantee reasoning is Mocha [HLQR99], see p. 62. # ngsective modules,
which can be used to approximate hybrid systems by disat&iiz






Chapter 12

Conclusions

The veri cation of hybrid systems suffers greatly from thate explosion problem,
more so than discrete systems because of the drastic irdreasmplexity with the
number of continuous variables. The best known solvers éotdan operations on
linear predicates, which are interpreted as polyhed®"inare limited to around 20
variables for non-trivial problems, with computation tisngf several days even when
using oating point arithmetic. This warrants the applicatof compositional meth-
ods, such as the well established framework for compositi@asoning based on sim-
ulation relations by Grumberg and Long, which we revisitad anhanced in Part I.
As the main contribution of this thesis, we proposed its rsiten from discrete to hy-
brid automata, which required a new semantics to be ableridl@ahared variables.
This extension takes two forms, presented in Parts Il anof this thesis:

In Part Il we follow a de nition of simulation for hybrid autoata given by Hen-
zinger [Hen96], using an equivalence relation to connextestand variables in the
comparison. E.g., a variableiri a speci cation might represent a physical quantity
with an identical representation in a varialilef the system, while another varialile
in the speci cation might model timing properties that a@ explicit in the system.
An equivalence relation can be used to require ¥vatxin all states of the simulation
relation, so that any property expressed in termg whplies that the same property
holds forx. This concept is very general in that arbitrary combinatiof locations
and variables can be related, and other properties, sudirasds, can be included in
the equivalence relation. However, the structural infdiomaseparating locations and
variable valuations is lost during the composition of sggeso that arguing about
shared variables is not possible on the semantic level. ppiecation of this approach
is therefore limited to systems without shared variables.

In Part lll, we retain the separation of discrete locationd eontinuous variables
in a novel semantics for hybrid systems basechghbrid labeled transition systems
We impose an Input/Output structure on the system and deguévalence based on
the values of input- and output-variables. The semantissrerthat automata control
the evolution of their output variables and encode the iavés of hybrid automata



in stutter transitions, thus making invariants expressiblsimulation. Compared to
Part I, we lose the ability to restrict the equivalence afdtions, and only consider
identity as equivalence of variables. Most importantly, ee& show with these se-
mantics that simulation based on timed transition systamas¢ics is compositional
for hybrid automata with unrestricted inputs, and for thedamental class of linear
hybrid automata, which can be used to approximate any hyhridmata arbitrarily
close, and are accessible to algorithmic veri cation.

The results from applying simulation relations in composial reasoning, and the
above extensions to hybrid systems, are summarized in tlog/fog sections.

12.1 Discrete Systems

Simulation relations are an intuitive concept for comparaystems. They are read-
ily and intuitively applicable in compositional reasonjrags proposed by Grumberg
and Long [GL91]. Originally, simulation was de ned only eten automata with
identical alphabets. We propose an extension of this stial@oncept to arbitrary
alphabets calle@-simulation. It is consistent with the classic de nitiorinee it co-
incides with simulation in the case of identical alphab&tsst importantly, it retains
the precongruence properties of simulation and we showatdttrs the largest such
extension of simulation. The freedom to compare automagatifrary alphabets en-
ables simpler proofs and slightly smaller models for speaiions. Convenientlys-
simulation can be implemented effortlessly in classic $ation frameworks and tools,
since simulation an&-simulation easily transpose with the helpGiiaosautomata,
which simply introduce self-loops in every location. Thigrtslation has inspired more
compact simulation proofs and tautologies and should beepégl relevance to the
veri cation of discrete systems.

Our compositional framework follows in its basic structtinat of Grumberg and
Long. It differs through the use @@haosautomata and-simulation, and extends
it with some stronger theorems, such as the decompositidineo$peci cation. For
circular assume/guarantee-reasoning, we propose a hm@ qule. Contrary to a
rule by Henzinger et al. proposed in [HQRTO02] we do not regjuiceptiveness. We
believe it to be the most permissive rule possible in a sitrardramework, although
this is yet to be proven.

12.2 Hybrid Systems with Discrete Interaction

Thomas Henzinger proposed in [Hen96] to de ne simulatiartigbrid systems based
on their timed transition system (TTS) semantics, and ttude an equivalence re-
lation for that identi es which states in the system shouttrespond to which in
the speci cation. We were able to show that, if the systenmereimo variables, the
TTS-semantics and the parallel composition operator caimnand all properties of



labeled transition systems can be transferred directlytoith automata. As a con-
sequence, TTS-simulation for such hybrid systems is coitipoal, and the com-

positional framework of Part | can be applied as long as thmikition relations are

contained in the equivalence relations associated withdh@parison of automata. We
extend the major rules for compositional reasoning front Pand obtain the restric-

tions imposed by the equivalence relations.

12.3 Hybrid Systems with Continuous Interaction

In the TTS-semantics of Part Il, locations and variablesaanalgamated to a state
of a labeled transition system, and it is impossible to extvariable valuations from
states of a TTS. This prompted us to introduce an extensitabefed transition sys-
tems, called hybrid labeled transition systems (HLTSs)ctinetains the structure of
locations and variables. We use HLTSs to de ne semantichybrid input/output-
automata (HIOAS), and require in simulation that input- aatput variables of the
same name in automata under comparison must have the sames.véiternal vari-
ables of the systems in the comparison are considered torblated. We also propose
a corresponding path semantics, and show consistency WBasEmantics.

Simulation is de ned based on the TTS-semantics, and we ghaithis de -
nition is consistent with and weaker than simulation basedraces. Because the
TTS-semantics abstract from the continuous activitiesaofbles by existential quan-
ti cation, TTS-simulation is in general not compositional the presence of shared
variables. We show that compositionality holds for two intpat classes of hybrid
systems: hybrid automata with unrestricted inputs, anelalirhybrid automata with
convex invariants. Since any hybrid automaton can be appaird arbitrarily close
with a linear hybrid automaton, this opens a way to verify ynaybrid systems com-
positionally by approximating the components and the spatodn with linear hybrid
automata. Our de nition of unrestricted inputs impliestttfee inputs can not directly
affect the activities of the controlled variables, and teusludes dynamics such as
x= u. They can, however, be used to model sampled feedback systémee for
those the value of the input is relevant only at discrete fimstants.

For other classes, the TTS-semantics must be applied inasitiqmal reasoning
before the composition operator, which introduces an abttm from the continuous
interaction of the components. With respect to the contisudynamics, this corre-
sponds to assuming open inputs, and can also lead to a giolatinonconvex invari-
ants. E.g., a differential equation= u with open inputu means thak(t) can take
arbitrary values fot > 0. This is a gross overapproximation that prevents the cempo
sitional analysis of, e.g., systems with continuous feekbd his overapproximation
can be remedied to an extend by assuming bounds on the inptitsioderivatives
(especially in A/G-reasoning).

Assume/Guarantee-reasoning seems particularly wadante useful when deal-
ing with hybrid systems. For one, even if the abstractiornt@ios just one continuous



variable less than the concrete system, it can cut the catipntcosts by several
orders of magnitude. Secondly, since the continuous spateeshas a metric, proper-
ties like invariants often nd a compact representationisTi particularly interesting
when one is able to give proper speci cation, i.e., one that is independent of the
actual implementation.

12.4 PHAVer

The computational complexity of hybrid systems remainsallehging problem, and
is hard to predict. In the general case, neither reachalnitt simulation are guar-
anteed to terminate in nite time. This prompted us to obtexperimental results
as early as possible during the work on this topic. Starte@dtober of 2002, the
algorithms have evolved into a tool called PHAVer (Polytedidybrid Automaton
Verifyer). It was, to our knowledge, pioneering in two resfze and was initially more
a proof of concept than a full- edged implementation of adg#o-use tool. Firstly, it
was the rst application of exact arithmetic with unboundegresentation in hybrid
systems veri cation, and it was totally open how the compiataengine — the Parma
Polyhedral Library (PPL), which had been released only arfeaths earlier — would
compare to other tools or be useful at all. Secondly, it wasrst implementation for
checking simulation for hybrid systems, as well as assuosantee reasoning, and
we chose to rst implement a simple but rigorous approachhtaio sound results,
rather than optimizing algorithms and data-structuresftioe start.

The results with respect to the performance of exact ariticyrezre rather positive,
in no small amount thanks to the quality of the PPL. The apfibo of exact arithmetic
and not-necessarily-closed polyhedra has paid off notloykide-stepping numerical
problems, but with a separation of concerns: Phenomenawecgence, overapprox-
imation and termination can be clearly identi ed and couatéed correspondingly,
rather than being intertwined beyond recognition througherical limitations. On
several occasions, we would have wrongly identi ed proldeémbe of numerical ori-
gin, and consequently might have given up on solving theimerathan tracing their
roots. Naturally, the complexity of linear predicates Uluiacreases drastically dur-
ing the course of a computation. Similarly to a limited-psém approach, we have to
resort to overapproximation in those cases, but have thensalge that we can do so
intelligently and with guaranteed conservativeness. Rigrwe proposed algorithms
for limiting the number of bits and coef cients of a converdiar predicate.

The results with our crude implementation of simulationaitieg are mixed. On
the bright side, the simulation check is actually fastentheachability for a few ex-
amples, and sometimes it terminates quickly while exadhahility (without limiting
bits and constraints) does not terminate at all. On the dage) sur implementation
suffers greatly from the complexity of computations witlgliner dimensional poly-
hedra, and is orders of magnitudes slower than a reaclyahililysis of the same
property. To check simulation f&* Q, the current, simple, version computes a sim-



ulation relatiorRin the state space & o, i.e., over the product of the state spaces
of PandQ. A transition inP is checked by intersecting the target states with the simu-
lation relationR, which yields an operation i S . Thisis dramatically more
expensive than a computation in the state spadealbne. A further limitation is the
costly difference operation in the course of the xed-paatmputation of a simulation
relation. It requires very expensive simpli cation procees for the polyhedral sets
to keep the number of convex polyhedra at an acceptable [&d simpli cation is
implemented very crudely, and could probably be much imgdoun Sect. 6.3.2 we
mentioned a number of improvements to alleviate these pnob| but their implemen-
tation was beyond the timeframe of this thesis.

12.5 Future Research

Simulation Recall that we could show witB-simulation that the parallel composi-
tion of two speci cations corresponds to their logical aamgtion. It should be pos-
sible to also de ne disjunction and complement operatonsl, taus obtain a boolean
algebra. Such a construction could be applied, e.qg., integusolving, controller syn-
thesis, and to generate assumptions for assume/guaraagsning algorithmically.

We did not take into account weak simulation, i.e., sileahsitions that are un-
detectable through simulation relations. This, howeveheé essential to compare
approximations of hybrid automata with linear hybrid autathat have not the exact
same state partitioning. According to our formalism, thesak simulation should still
be strong with respect to environment labels, and only comxariants should be par-
titioned with silent transitions. This does not preventplaetitioning of the automaton
with labels with respect to which the simulation is strongt, prevents the speci cation
from having partitions that are not in the system.

Compositional Reasoning The successful application of compositional reasoning
to a more general class of hybrid automata requires a moagetbtmodel of the inter-
action than the TTS-semantics used in this thesis. Furtbet should try to establish

a simulation concept that also describes the trajectagigs, by providing bounds for
the derivative. This can be generalized to a paradigm of aunged states, in which
the trajectories are described by bounded parameters damnilg of functions.

PHAVer Onthe implementation side several possible improvements aglined in
Sect. 6.3.2, and they can be expected to yield several asfieragnitude improvement
over the current simulation algorithms.

To be able to check simulation between LHA-overapproxioretiof nonlinear
hybrid automata, silent transitions, i.e., checking of kv&@aulation, should be imple-
mented. While this is straightforward if done in a naive waig & challenge to devise
an ef cient implementation that avoids the redundant cotafon of time elapse sets
over several locations connected with silent transitions.



In applying our on-the-y overapproximation to hybrid sgsts with af ne dy-
namics it has become evident that an effective partitiorsrige key factor to success.
Currently, all reachable states are partitioned, indepathdef whether they are rel-
evant to the speci cation or not. Signi cant advances intbotachability and simu-
lation checking should be possible by iterative re nemémthe case of reachability
with respect to a set of forbidden states. Initially, we asswa coarse partitioning. A
rst analysis identi es which states are violating the speation or are forbidden in
this coarse partition. Through backtracking or backwagedhability analysis, one
can identify a subset of the reachable states that contaéngalating runs, and re ne
the partition only for this subset. The analysis is repedatetthe forward direction,
this time restricted to the runs that are violating, and witbmaller partition in only
those states. In this manner, the number of partitions uexEmination can decrease
as the partitions get smaller, while in a conventional asialythis is never the case.
This approach is closely related to Counter Example GuidestrAbtion Re nement
(CEGAR) in [CFH 03].



Appendix A

PHAVer Language Overview

We have tried to construct a textual input language that issas friendly as possible,
while keeping the parser simple. In the syntax, we have badoextensively from

the creators of HyTech [HHWT97], since their language isitively understandable.
The following sections describe the syntax of PHAVer's esggntation of automata,
states, relations etc., and brief descriptions of the amlyommands, followed by a
section on the user-de nable parameters.

A.1 General

Comments are preceded by eitlier, -- , or enclosed iri = ::: /. Anidentier is

a letter plus any combination of letters, digits and the ab&rs_ (underscore) and
~ (tilde), where~ is designated for joining the identi ers of locations of cposed
automata. A number can be given in oating point format, €3dl4 or 6.626e-34

or as a fraction, e.g9/5 . Note that numbers are internally represented as exact rati
nals, and no conversion to binary oating point format tagésce (which would lead
to rounding errors). E.g., the inpatl is parsed and represented in PHAVer a&q,
while a 64-bit oating point representation of 0.1 would aally be the number

0:1000000000000000055511151231257827021181583404582851

Commands, constants, parameters and automata can occlarisitaary sequence. A
command is terminated hy(semi-colon).

A.2 Constants

Constantsare de ned in the fornmidenti er := expression whereexpressioris any
combination of expressions, identi ers and numbers with/ ,« () .



A.3 Data Structures

There are four types of data structures that can be assignddriti ers: linear pred-
icates, sets of symbolic states, symbolic relations andnaatia. Alinear expression
is speci ed over an arbitrary set of variables, numbers antstants that can be com-
bined using+,- / ,*,(,) as long as it yields a linear expression as de ned in Def. 5.5.
l.e., itis not allowed to multiply two variables, or dividg h variable, and the attempt
to do so will result in an error message. A linear constrairda combination of two
linear expressions with one of the signs,<=,>=,==. A convex linear predicatés
given as a conjunction of linear constraints that are joimeé (ampersand). Ainear
predicateis a disjunction of convex linear predicates joined byBrackety,) can be
used to avoid ambiguities. A linear predicate can be asdigma variable in the form
identi er = linear predicate .

A symbolic statés a combination of a location name and a linear predicailee¢b
byg&, e.g.start & x>0 & y==0 . A setof symbolic statas a list of symbolic states,
joined by, (commata). A set of symbolic states of an automatonis assigned to a
variable in the formdenti er = aut{ set of symbolic statgs Symbolic relations are
returned by the simulation relation algorithms. There angently no provisions for
specifying relations. Identi ers can be assigned to otdenti ers simply using-.

In the following, letvar_identbe an identi er de ning a variableloc_identa name
for alocationJabel_identan identi er de ning a synchronization label. An automaton
with identi er autis speci ed in the following form:

automaton aut

state_var: var_ident var_ident :::;
input_var: var_ident var_ident :::;
parameter:  var_ident var_ident :::;
synclabs: lab_ident lab_ident :::;

loc loc_ident while invariant wait f derivative g;
when guard sync label_ident do { trans_re} goto loc_ident
when :::
loc loc_ident while
end

Theinvariantand theguard are linear predicates over the state and input variables
and the parameters. Thlerivativede nition depends on the dynamics:

For “linear” (LHA) dynamics, it is a convex linear predicaieer the state vari-
ables. E.g.0 <= x & x < 1 forx2 [0;1).

For af ne dynamics, it is a convex linear predicate over thagables and their
derivatives. The non-differentiated variables are indideéby' (single quote),
e.g.x == -2 * x forx= 2x

Note that parameter uncertainties can be incorporated img usequalities. A lin-



ear predicatérans_relspeci es the continuous transition relation where the post-
transition value of the variable is indicated bysingle quote). State variables that are
not changed by the transition must be speci ed, exg=x & y'==y . The reset of

a variable to 0 would be de ned, e.g., == 0. Automata are composed usigg
(ampersand), e.gcpmp_aut = autl & aut2;

A.4 Commands

PHAVer provides commands for computing reachable setsatéstnd simulation re-
lations, plus a number of commands for the manipulation anput of data structures.
In the following list, square brackets [] are used to indécaptional argumentsden-

ti er is used to denote the identi er for an arbitrary objgoedicate_idenfor a linear
predicate,state_identfor a set of symbolic statesel _identfor a symbolic relation
andaut_identfor an automaton. Ledtate_or_rel _idenstand for either a set of sym-
bolic states or a relation. Letate_listbe an explicit comma separated list of symbolic
states, e.gstart & t==0, stop & t==1 . Recall that objects can be copied with
an assignmemtew_identi er= old_identi er;

A.4.1 General

echo " text’
Displaystextand starts a new line.

who;
Displays a list of identi ers currently in the memory.

identi er.print( [ le_namg|[, method);

If le_nameis speci ed, writes a representationidenti er to the le le_name
otherwise to the standard output. An optional integethoddetermines the
format:

— 0: (default) Location names and linear predicates are prdiirc textual
form.

— 1: Output the linear predicates as a sequence of linear eomistin oat-
ing point form. Equalitiesd = 0, wheref is some linear predicate, are
convertedtd O~ f 0. The coef cients of a constraidtax+ b/ 0
are output separated by spaces, one constraint per line e€pnedicates
are separated by a blank line. No location information i€givThis form
can be used for output with polyhedral visualization paesagrhe order
of variables is the same as in the list provided by the automaititput.

— 2: Output the linear predicates as a sequence of verticesdting point
form. The vertices belonging to a convex predicate are s¢géby a blank



line. No location information is given. This form can be udedoutput
with plotting tools likegraph . If 2-dimensional, the points are in counter-
clockwise order and represent a closed line for each cormediqate, i.e.,
the last point is equal to the rst. The order of variableshs same as in
the list provided by the automaton output.

A.4.2 Reachability Analysis

state_identaut_identreachable;
Returns the set of states reachable in the automatbridentfrom the initial
states.

state_identtaut_identreachable(  state_ident®
Returns the set of states reachable in the autonaibridentfrom the states in
state_ident2

state_identtaut_identreachable_stop( state_ident®

Computes the set of reachable states, but stops as soon tesia state_ident2
is found. Returns the states gtate identZhat were found to be reachable
before termination, i.e., the ones of the last iteration.

A.4.3 Simulation Checking

rel_identget_sim( aut_identlaut_ident,
Returns a simulation relation faut_identl aut_ident2

is_sim( aut_identlaut_ident2;
Computes a simulation relation and displays whethdr identl aut_ident2

is_bisim( aut_identlaut_ident;
Computes a simulation relation and displays whethdr identl aut_ident2

ag_sim( aut_identlaut identaut_ident3aut_idents;
Computes a simulation relation using assume/guaranteeniegsand displays
whetheraut_identljj aut_ident2 aut_ident3j aut_ident4

A.4.4 Re nement

aut_identset_refine_constraints(( lin_exprl,dimin,thimax)

(lin_expr2 tbmin,Cbmax),\dots);

De nes the re nement constraints used in subsequent aaaly& location will
be split by a constraint of the fortm_exprl c, wherec is the center of the
location with respect to the linear expressiaimin and dhimax de ne the min-
imum and maximum extent of every location in the re nementgass. The
constraints are prioritized according to the re nemengpagters.



A.4.5 Manipulation Commands

identi er.remove( var_identvar_ident...);
Existential quanti cation over the speci ed variables.

identi er.project(  var_identvar_ident...);
Existential quanti cation over all except the speci ed iatles.

identi er.get_parameters( bool);
Performs existential quanti cation over state and inpuialales, i.e., non-para-
meters. A boolean parametsool speci es the quanti cation over locations:

— false : Disjunction, the parameters are common to all locationsy.,E
compute the set of reachable states, intersect it with &f skfsired states,
and get the parameters for which all desired states areabkivith option
false

— true : Conjunction, the parameters occur in any of the locationg., E
compute the set of reachable states, intersect it with afskrisidden
states, and get the parameters for which any of the forbidtities are
reachable with optionue .

predicate_identstate_or_rel_idenkoc_union;
Returns the states uni ed over the locations.

predicate_identstate_or_rel_idenloc_intersection;
Returns the states intersected over the locations.

identi erl.contains(  identi er2);
Writes whether the objeddenti er2 is contained in the objeddenti erl of the
same type to the standard output.

identi er.is_empty;
Writes whether the objeadenti er is empty to the standard output.

rel_identErel_ident2inverse;
If rel_ident2is a relationR, thenrel_identlis assigned 1.

rel_identErel_ident2project_to_first;
If rel_ident2is a relationR(p;q), thenrel_identlis assigned the relation de ned
by R°= f pi9q: R(p; a)g.

aut_identadd_label(  lab_ideny;
Adds the labelab_identto the alphabet of the automatawt_ident Can be
used to add dedicated labels for re nement to an existingehod



A.5 Parameters

The following is a summary of the parameters used in PHAVgrarameter is de ned
in the formidentifier = value . The default setting is given in brackets, and the type
is boolean unless speci ed otherwise.

A.5.1 General

ELAPSE_TIME(true): Can be used to switch off the time-elapse operatorfulse
for the analysis of purely discrete systems, but the spged-onodest.

A.5.2 Reachability Analysis

REACH_MAX_ITERO): Integer specifying the maximum number of iterations
used, i.e., the number of discrete transitions exploredy @xtive if > 0.

CHEAP_CONTAIN_RETURN_OTHEf®®Ie): Determines the type of containment
test used:

— false: exact, i.e., a convex polyhedrpris considered contained in a non-
convex polyhedrom if the differencepnq is empty.

— true: a convex polyhedropis considered contained in a non-convex poly-
hedronq= qi[ :::[ dn (a union of convex polyhedra) if there is a convex

This method is generally faster than exact testing, althatigesults in
more polyhedra.

REACH_STOP_AT_FORalse): When checking for reachability of a set of for-
bidden states, stop as soon as a forbidden state is encedinter

USE_CONVEX_HUL(false): Use convex-hull overapproximations. Highly rec-
ommended when using on-the- y re nement, and usually a gioiegh.

REACH_STOP_USE_CONVEX_HULL_ITERO00000000): Integer specifying the
maximum number of iterations for which the convex-hull amroximation is
used. Can be set to a lower value to improve termination.

REACH_USE_BBOffalse): Causes the overapproximation of the post-tramsiti
states with a bounding box. Can be used to force terminatigdrydually leads
to excessive over-approximation.

REACH_USE_BBOX_ITERLO00000000): Integer specifying the frequemcfa
number of iterations) with which the bounding-box overapimation is used.
It is only applied at one iteration, then followed hyterations with the normal



setting. Can be set to a lower value to improve termination. eNbat it is
independent oREACH_USE_BBOX

REACH_ONLY_EXPLORfalse): Toggles a specialkplorationmode: There is
no testing if newly reached states are contained in previmes. Terminates
only if the number of iterations is set WIREACH_MAX_ITER

CONSTRAINT_BITSIZE (0): Integer specifying the number of bits used in con-
straints, i.e., in the polyhedral computations. Equalitee not affected. If a
constraint can not be speci ed with that amount of bits, aeis thrown. Only
active if> 0.

REACH_BITSIZE_TRIGGER(0): Integer threshold for limiting the number of
bits used. The bits are reduced as speci e®NSTRAINT_BITSIZE only if
they exceed this threshold. Can signi cantly improve teration and reduce the
overapproximation, usually setto 10 30 the limit.

REACH_STOP_USE_BITSIZE1000000000): Integer specifying the maximum
number of iterations for which the number of bits are comséd. Can be set to
a lower value to improve termination.

LIMIT_CONSTRAINTS_METHOM1): Integer specifying the method with which
the number of constraints is reduced:

— 0: those constraints are preserved, whose extent is maxirhedy were
omitted (slow).

— 1: those constraints are preserved that maximize the angfealiiother
constraints (very fast).

REACH_CONSTRAINT_LIMIT(0): Integer specifying the maximum number of
constraints allowed in a convex polyhedron. Exceedinglpsdya will be over-
approximated as speci ed byIMIT_CONSTRAINTS METHOD When using
convex-hull overapproximations, the limiting is perforirigefore the time-elapse
operator, so that the resulting number of constraints camdieer. Usually set
to at least 2if nis the number of variables. Only activesif0.

REACH_CONSTRAINT_TRIGGHR): Integer threshold for limiting the number
of constraints. A convex polyhedron is reduce®EACH_CONSTRAINT_LIMIT
constraint once it exceeds this threshold. Can signi caintlgrove termination,
usually set to 2—3 the constraint limit. Boundedness of the polyhedron is pre-
served, with more constraints if necessary. Only active (.

TP_CONSTRAINT_LIMIT (0): Integer specifying the maximum number of con-
straints used for describing the derivative. Exceedingvdtive predicates will



be overapproximated as speci ed byMIT_CONSTRAINTS_METHODBound-
edness of the polyhedron is preserved, with more constrdinecessary. Only
active if> 0.

A.5.3 Simulation Checking

PRIME_R_WITH_REACHKtrue): Initialize the simulation relation with the reach-
able states oPjj Q.

USE_CONVEX_HULL_FOR_PRIMINBue): Use convex-hull reachability for the
initialization if PRIME_R_WITH_REACIs true.

PRIME_R_WITH_DISCRETE_REAC(true): Overapproximating initialization of
the simulation relation with the locations BjjQ that are reachable by discrete
transitions.

STOP_AT BAD_STATE@rue): Stop as soon as bad states are encountered. Only
useful if PRIME_R_WITH_REACH-=true.

SHOW_BAD_STATHS$alse): Output bad states as they are encountered.

SIM_SIMPLIFY_R (true): Simplify the simulation relation, i.e., remove oed
dant polyhedra and join convex unions where possible, &beh difference
operation. Costly, but usually indispensable.

A5.4 Re nement

TIME_POST_ITER (0): Integer specifying how many iterations are performed
between reachable states and restricting the derivatitheoge reachable states.
Higher numbers improve the accuracy of re ned dynamics, rauhbers > 0
require that the derivative is re-computed every time tilecexamined, which
signi cantly slows down the analysis.

REFINE_CHECK_TIME_RELEVANQEue): Eliminate re nement transitions that
are never crossed by timed transitions and are therefaievant.

REFINE_DERIVATIVE_METHORO): Integer determining how the set of deriva-
tives is determined:

— 0: convex hull of the derivatives occurring in the location,

— 1: bounding box of method 0 (faster),

— 2: center of method 0. This method is useful for creating damms of the
system for a single state. The reachable set for a singkecatusually be
determined very fast, and can be compared with resultsgf,®mulation
tools.



REFINE_PRIORITIZE_REACH_SPLIT (false): Prioritize constraints that have
reachable states strictly on both sides.

REFINE_PRIORITIZE_ANGLE (false): Prioritize constraints according to the
maximum angle spanned by the derivative in the resultingtlons.

REFINE_SMALLEST_FIRST(false): Prioritize constraints according to their ex-
tent in the location. True corresponds to smallest rst.

REFINE_DERIV_MAXANGLEL): Floating point numbegimax A location is only
re ned if anax> coqamay, Whereamay is the max. angle between any two
derivative vectors in the location. A value smaller thanduits in a re nement
based loosely on the “curvature” of the derivative, tydichbtween @5 0:99.
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Samenvatting

Ten gevolge van de hand over hand toenemende integratie iaopmocessoren in
bijna alle elektrische apparaten, toepassingen en tettimgocessen, speelt software
een steeds belangrijkere rol bij de besturing van fysiektesyen. De interactie tus-
sen software en fysieke apparaten en processen kan leidsmtplex, gecombineerd
continu-discreet gedrag dat de analytische mogelijkheadvan zowel de klassieke
regeltheorie, die zich primair richt op systemen met zuieettinue tijd en waarden, als
van de technieken uit de informatica, die betrekking heldyediscrete tijd en waar-
den. Systemen met gecombineerd continu-discreet gedredpwbybride systemen
genoemd. Veel veiligheidskritische toepassingen, zgadtemen voor luchtverkeers-
leiding en “drive-by-wire”, vertonen hybride gedrag. Hetellvanformele veri catig
dat wil zeggen het wiskundig modelleren van een systeem tfohmeel bewijzen
van zijn eigenschappen, is op ontwerpniveau te garandexeaeth systeem voldoet
aan zijn speci catie (en dus veilig is). Terwijl formele veatie een standaardgereed-
schap is geworden bij het ontwerp van discrete systemes dagitale circuits, wordt
de toepassing voor hybride systemen gehinderd door deeinteecomplexiteit van
discreet-continu gedrag. Veri catie is slechts toepasibgaelatief eenvoudige syste-
men omdat de rekenkosten exponentieel toenemen met hat eamiponenten en toe-
standsvariabelen. Dit fenomeen wordt aangeduid alsdestandsexplosie-probleem
Alhoewel toestandsexplosies zich ook voordoen bij zuivecréte systemen, hebben
hybride systemen bovendien te kampen met de complexiteiheger dimensionale
continue dynamica, die dramatisch toeneemt met het aaastiindsvariabelen.

Om de veri catie van grotere systemen mogelijk te makeniderewe in dit proef-
schrift abstractie en compositioneel redeneren, tweedunahtele benaderingen die
succesvol worden toegepast in het discrete domein, uit d@avereld van hybride
systemen. In eeabstractievan een system wordt informatie weggegooid die irrele-
vant is voor het bewijzen van gewenste eigenschappen. Heteeende vereenvou-
digde model dient de geldigheid van deze eigenschapperhtautien. Eercompo-
sitionele analys&an een systeem onderzoekt de delen van een systeem opgemdani
wijze dat eigenschappen van het gehele systeem kunnen nvafdeleid uit eigen-
schappen van de delen. Een bijzonder effectieve manieraapasitioneel bewijzen
is aanname/garantie-redeneren (assume/guarantee,Hig#)ij wordt de speci catie
van een deelsysteem gebruikt als een aanname die het gagragdere deelsystemen
beperkt, hetgeen leidt tot circulaire of kettingregelaghbewijzen.
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Om formeel aan te tonen dat een model inderdaad een absiisagdin een ander
model, construeren we esimulatierelatietussen de toestanden van de modellen. Een
toestandsimuleerteen andere indien hetzelfde (of meer) gedrag mogelijk tsiitiaf
is dit behoudend in de zin dat als iets niet kan plaatsvindetfei abstractie, het ook
niet kan plaatsvinden in het concrete systeem. Dezelfdpakakan gebruikt worden
om een systeem en zijn speci catie te vergelijken; hierbirespondeert het systeem
met het ver jnde model en de speci catie met het abstractel@hoOf een composi-
tionele analyse altijd geldig is hangt af van de manier waa® notie van simulatie
is gede nieerd. Niet alle soorten simulaties zijn berekagabvoor hybride systemen.
Het voornaamste doel dat met dit proefschrift wordt beosgebmpositionaliteit aan
te tonen voor een notie van simulatie die berekenbaar ise@orelevante klasse van
hybride systemen. Het proefschrift is onderverdeeld ie dglen. In het eerste deel
wordt een uitbreiding beschreven van de theorie van simeslabor discrete systemen
van Grumberg and Long [GL91] met een verbeterde notie vanlatie en additione-
le bewijsregels voor compositioneel redeneren. In het deekeel wordt aangetoond
dat dit raamwerk direct toepasbaar is op hybride systemederajedeelde variabelen
door gebruik te maken van gelabelde transitiesystememblijdzpar met die van Hen-
zinger [Hen96]. In het derde deel worden hybride systemengedeelde variabelen
in een invoer/uitvoer setting behandeld. We introducessngewijzigde semantiek die
ons in staat stelt om compositionaliteit aan te tonen voaetfundamentele klassen
van hybride systemen: die met onbeperkte invoer en die mksgéwijze constante
begrenzingen van de afgeleiden en lineaire beperkingetadigte klasse is in het bij-
zonder relevant aangezien ieder hybride systeem met elkergge nauwkeurigheid
benaderd kan worden door systemen uit deze (beslisbassgekla

Hieronder geven we een meer gedetailleerde samenvattindeveesultaten in de
drie delen van het proefschrift.

Discrete Systemen Simulatierelaties vormen een intuitief concept voor hegek-
ken van systemen. Zoals aangetoond door Grumberg and Lar8i]@ijn ze gemak-
kelijk en intuitief toepasbaar ten behoeve van compoggbredeneren.
Oorspronkelijk waren simulaties alleen gede nieerd tusaetomaten met dezelf-
de alfabetten. Wij stellen een uitbreiding voor van dezéenatn simulatieS-simulatie
genaamd, naar willekeurige alfabetten. Deze uitbreidirmpnsistent met de klassieke
de nitie, aangezien ze overeenstemt met simulatie in hedlgle alfabetten gelijk zijn.
De belangrijkste verdienste is dat de precongruentiersigfeappen van simulaties ge-
handhaafd worden; we laten zelfs zien dat het de grootdteciding van simulaties
is die hier aan voldoet. De vrijheid om willekeurige autoerate vergelijken leidt
tot eenvoudiger bewijzen en kleinere speci caties. Ergdiguis datS-simulatie pro-
bleemloos geimplementeerd kan worden in klassieke raakewemn gereedschappen
voor simulaties: simulatie e8-simulatie kunnen eenvoudig getransponeerd worden
met behulp varChaosautomaten, die simpelweg zelf-lussen introduceren ieried
locatie. Deze vertaling leidt tot meer compacte bewijzemsianulaties en tautologie-
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én, en is derhalve van algemeen belang voor de veri catiedisgrete systemen.

Ons compositionele raamwerk volgt in zijn basisstructuatr whn Grumberg en
Long. Het verschilt door het gebruik v&haosautomaten es-simulaties, en breidt
het uit met enkele meer krachtige stellingen, onder andeze de decompositie van
speci caties. Voor circulair aanname/garantie-redenstellen we een nieuwe bewijs-
regel voor. Een aanname/garantie-regel is een composigidrewijsregel die meer
stringente speci caties toelaat door de modules van hdeeys te combineren met
aannames over het gedrag van hun omgeving, en levert daarmetalgemeen een
kleinere verzameling problemen. Indien deze aannamesropieilaire manier af-
hangen van de speci catie, is de regel alleen geldig indeemadditionele voorwaar-
den is voldaan die deze circulariteit doorbreken. Wij pnésieen aanname/garantie-
condities voor simulatierelaties en laten zien dat dezelities noodzakelijk en vol-
doende zijn voor het bestaan van een simulatierelatie. gentgelling tot een regel
die door Henzinger et al. is beschreven in [HQRTO02] eisergegn ontvankelijkheid
(“receptiveness”).

Hybride Systemen met Discrete Interactie Thomas Henzinger stelde in [Hen96]
voor om simulaties voor hybride systemen te de niéren opsean hun getimede
transitiesystemen (Timed Transition System, TTS) seralpén met een equivalen-
tierelatie aan te geven welke toestanden van het systeemmdie corresponderen met
welke toestanden in de speci catie. Wij laten zien dat, @mdile systemen geen vari-
abelen delen, de TTS-semantiek en de parallelle compagiteator commuteren en
datin dit geval alle eigenschappen van gelabelde trasg#iemen direct overgedragen
kunnen worden naar hybride automaten. Als gevolg hiervai &-simulatie compo-
sitioneel voor zulke hybride systemen, en het compositioreamwerk voor discrete
systemen kan toegepast worden, mits de simulatierelatieg bijn in de equivalentie-
relaties die geassocieerd zijn met de te vergelijken autemalNe breiden de belang-
rijkste regels voor compositioneel redeneren uit van diecnaar hybride systemen
en leiden beperkingen af die opgelegd dienen te worden a&gjulealentierelaties.
Het concept van simulatie met equivalentie is zeer algenmeea zin dat willekeurige
combinaties van locaties en variabelen kunnen wordenaessd en andere eigen-
schappen, zoals fairness, opgenomen kunnen worden in deleqtierelatie. Indien
echter normale gelabelde transitiesystemen gebruikt evoeds semantische funde-
ring, raakt de structurele informatie die locaties en vidisavan variabelen scheidt
verloren bij de compositie van systemen, waardoor reden@rer gedeelde variabe-
len niet mogelijk is op semantisch niveau. De toepassingleae aanpak is derhalve
beperkt tot systemen zonder gedeelde variabelen.

Hybride Systemen met Continue Interactie In de TTS-semantiek van Henzinger
worden locaties en variabelen samengesmolten tot toesiarah een gelabeld tran-
sitiesysteem, en is het onmogelijk om valuaties van valgmbte extraheren uit de
toestanden van een TTS. Dit bracht ons ertoe een uitbretdiimgroduceren van gela-
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belde transitiesystemen, hybride gelabelde transitiesyen (HLTS) genaamd, die de
structuur van locaties en variabelen behoudt. We gebruikdr5s om de semantiek
van hybride invoer/uitvoer-automaten (Hybrid Input/Quttputomata, HIOA) te de -
niéren en eisen in de de nitie van simulatie dat de invoeruigévoervariabelen van de
automaten onder beschouwing gelijk zijn. We nemen aan Katggregelde variabele
die geen deel uitmaakt van de uitvoer niet in relatie staatdmeariabele van het an-
dere systeem. We de niéren ook een corresponderende saeantiek en tonen de
consistentie hiervan aan met onze TTS-semantiek.

We stellen een notie van simulatie voor die gebaseerd is Ao @&esemantiek, en
tonen aan dat deze consistent is met en zwakker dan simogebi@sis van traces. Aan-
gezien de TTS-semantiek abstraheert van de continuetaitivan variabelen door
existentiéle kwanti catie, is TTS-simulatie in het algeameniet compositioneel in aan-
wezigheid van gedeelde variabelen. Het is ons echter getalktompositionaliteit aan
te tonen voor twee belangrijke deelklassen van hybrideesysh: hybride automaten
met onbeperkte invoer, en lineair hybride automaten meteaninvarianten. Aange-
zien iedere hybride automaat met elke gewenste nauwkeidigpenaderd kan worden
door een lineair hybride automaat, opent dit de weg om veel hgbride systemen
compositioneel te veri éren door zowel componenten alsspatie te benaderen met
lineair hybride automaten. Merk op dat onze de nitie van epérkte invoer impliceert
dat de invoer niet direct invloed kan uitoefenen op de gddegeariabelen, waardoor
een dynamiek alg = u uitgesloten is. Deze automaten kunnen echter wel gebruikt
worden om bemonsterde systemen met terugkoppeling te fapgtelaangezien voor
deze systemen de waarde van de invoer alleen relevant isoetd tijdstippen. Voor
andere klassen dient bij compositioneel redeneren de Efgustiek te worden toege-
past voér de compositie-operator, die abstraheert vanmteninteractie tussen com-
ponenten. Dynamisch correspondeert dit met het aannemespem invoer en kan het
leiden tot een schending van nonconvexe invarianten. Zkbat een differentiaalver-
gelijking x = u met openu datx(t) willekeurige waarden kan aannemen voor O.
Dit is een drastische overapproximatie die de composikioaealyse van bijvoorbeeld
systemen met continue terugkoppeling verhindert. Dezeappeoximatie kan tot op
zekere hoogte worden ondervangen door aan te nemen datade wivde afgeleide
daarvan begrensd is (in het bijzonder bij aanname/garegdieneringen). Het gebruik
van aanname/garantie-redeneringen voor hybride systéjkteronder meer gerecht-
vaardigd en nuttig. Allereerst kan de abstractie van zelfsankele continue variabele
de rekenkosten met diverse ordes van grootte reducerentwbemle, aangezien een
continue toestandsruimte een metriek heeft, kunnen eipappen zoals invarianten
vaak compact gerepresenteerd worden. Dit is met name $stameindien men in staat
is om eemettespeci catie te geven, dat wil zeggen een speci catie diefbaakelijk
is van de feitelijke implementatie.

Experimentele versies van algoritmen voor het checken waulaties en aanna-
me/garantie-redeneringen, alsmede voor het uitvoererbeagikbaarheidsanalyses,
zijn geimplementeerd in een software tool genaamd PHA&rydj beschikbaar is
[Fre05].



Zusammenfassung

Mit dem Einzug von Mikroprozessoren in nahezu alle ele&lvés) Apparate und tech-
nischen Prozesse spielen auch Software-Regelungen vowdta-®ystemen eine zu-
nehmend wichtige Rolle. Die Interaktion von Software mit gikglischen Elemen-
ten und Prozessen kann ein komplexes, gemischt kontiruhietiskretes Verhalten
hervorrufen, das sowohl die analytische Kapazitat dersidaben, kontinuierlichen,
Regelungstheorie als auch die der klassischen, diskrettarmatik Gbersteigt. Sol-
che Systeme werden digbrid bezeichnet. Viele sicherheitskritischen Anwendungen,
z.B. Flugsicherungen oder Drive-by-Wire-Systeme, weiserselches Verhalten auf.
Es ist das Ziel deformalen Veri kation d.h. einer mathematischen Modellierung des
Systems und eines formellen Beweises, die Sicherheit eiyster8s auf der Entwurfs-
Ebene zu garantieren. Wahrend formale Veri kation sich @ 8ardwerkzeug in der
Entwicklung von diskreten Systemen etabliert hat, so z.Bdigitalen Schaltkreisen,
steht der Anwendung bei hybriden Systemen die inherentepfdatat kontinuierlich-
diskreten Verhaltens im Weg. Veri kation ist in der Anwerathkeit auf relativ einfa-
che Systeme beschrankt, da der Berechnungsaufwand exidimaittder Anzahl der
Komponenten und Variablen ansteigt. Dieses Phanomen Jgrdustandsexplosion
bezeichnet. Bei hybriden Systemen ist sie besonders drtastia die Komplexitat der
Analyse kontinuierlicher Dynamik dramatisch von der Arnizdér Zustandsvariablen
abhangt.

Um die Veri kation grosserer Systeme zu ermdglichen, eteréidiese Disserta-
tion zwei fundamentale Ansatze aus dem Bereich der diskf&yeteme, Abstraktion
und kompositionelle Beweise, auf den Bereich der hybriderte®ys aus. In einer
Abstraktioneines Systems wird versucht, Information, die fir den BeweisSicher-
heit unwesentlich sind, zu vernachlassigen, und so eiahnafres Modell zu erhalten.
Ein derart vereinfachtes Modell muss also konservativ inugezuf diese Eigenschaf-
ten sein. Ein&kompositionelle Analysentersucht Teilsysteme derart, dass daraus auf
Eigenschaften des Gesamtsystems geschlossen werderEkammesonders effekti-
ve Form der kompositionellen Analyse ist d&nname/Garantie-Beweif dem die
Spezi kation eines Teilsystems als Anhnahme das Verhalematideren Teilsysteme
berlcksichtigt wird, und so zu einem zirkularen oder kettégen Beweis fuhrt.

Um formal zu zeigen, dass ein Modell tatsachlich eine Alisima eines anderen
ist, konstruiert man einBimulationsrelatiozwischen den Zustdénden der Modelle. Ein
Zustandsimulierteinen anderen wenn von dort aus das gleiches, oder sogarVeehr
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halten moglich ist. Intuitiv ist dies konservativ in Bezud &icherheits-Eigenschaften,
da Verhalten, das im abstrakten Modell nicht mdglich isthamicht im konkreten Sy-

stem auftreten kann. Ob eine kompositionelle Analyse kois¢, hangt davon ab, wie
man Simulation de niert, und nicht alle Arten von Simulatitassen sich fiir hybride
Systeme ef zient berechnen. Das zentrale Ziel dieser BlisSen ist, Kompositiona-

litét fuer eine einfach berechenbare Art von Simulation filvceine relevante Klasse
von hybriden Systemen zu zeigen.

Die Arbeit gliedert sich in drei Teile: Im ersten Teil wird d&nsatz der kom-
positionellen Simulation fur diskrete Systeme nach Grumled Long [GL91] ver-
allgemeinert, und zusatzliche Beweisregeln fuer die kottipoglle Analyse aufge-
stellt. Im zweiten Teil wird gezeigt, dass sich dieser Angiitekt auf hybride Syste-
me anwenden lasst, wenn die Teilsysteme keine gemeinsaar@abln haben. Als
Semantik werden dazu beschriftete Transitionensysterok Hanzinger eingesetzt
[Hen96], die sogenannte TTS-Semantik. Im dritten Teil veartiybride Systeme mit
gemeinsamen Variablen betrachtet. Dazu wird ein Modellhfilride Systeme mit
Ein-/Ausgabe-Verhalten erarbeitet, und die Semantikgyeimodi ziert. Damit lasst
sich zeigen, dass sich zwei relevante Klassen an hybridee®gn kompositionell mit
TTS-Semantik analysieren lassen. Bei den Klassen handsitiesm hybride Syste-
me mit unbeschrankten Eingdngen, und um hybride Systemstinckweise konstant
begrenzten Ableitungen und linearen Beschrankungen.dretitlasse ist besonders
relevant, da sich damit nach Henzinger et al. jedes hybrydees beliebig genau kon-
servativ approximieren lasst [HHWT98]. Somit 6ffnet diesedertation den Weg zu
einer algorithmischen kompositionellen Analyse beliebigybrider Systeme.

Algorithmen fir die Berechnung von Simulationsrelation@mpositionellen Be-
weisen und fuer Erreichbarkeitsanalyse wurden in einenk¥éely namens PHAVer
implementiert, dass Offentlich verfligbar ist [Fre05]. Rté¢A benutzt exakte Arith-
metik, und kann damit Simulationsrelationen und Erreickéia fir Lineare Hybri-
de Automaten exakt berechnen, und fir hybride Systeme miéraDynamik eine
garantiert konservative Uberapproximation erzeugen.Kdenplexitatszuwachs wah-
rend der Analyse wird mittels Limitierung der Anzahl der Bitsh Koef zienten und
der Anzahl der Beschrankungen in linearen Pradikaten kiiettoDieser Ansatz zur
Erreichbarkeitsanalyse hat sich an einem Benchmark-Systéimet gegenliber nicht-
konservativen Methoden als vorteilhaft erwiesen, und tedamit gelungen, Systeme
zu analysieren, die bislang von keinem anderen Werkzeugrigeit werden konnten.
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