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Abstract— A deep understanding of circuit behaviour is a pre-
requisitefor any validation process(simulation, formal verification,
test generation). We proposeto use a tool which gives complete
and optimized representationsof sequential circuits allowing the
designerto understand the accuratebehaviour of the circuit. A de-
tailed example is intr oduced to help reader’s understanding. For
obvious reasons,wechoosea small sizecircuit. The examplecomes
fr om our experience ([2]) in computer architecture and digital de-
signeducation.

Keywords—Finite StateMachines,sequentialcircuits, data-path
control part, FSM minimization.

INTRODUCTION

Before to designsequentialsynchronouscircuits, the
designershave oftento dealwith their representationsas
Finite StateMachines(FSM). A Finite StateMachine(or
Finite Automaton)canbe describedin several different
ways:� TheFSM is describedby a list of inputs(

�
), states( � )

andoutputs( � ) completedby thedescriptionof thetran-
sition ( �	� ��
 �� � ) andoutput( � ) functions.We
shallnamethis descriptionthespecificationof theFSM.
Generallythetransitionfunction � is describedby a kind
of table,giving the new stateasa functionof the inputs
andthepreviousstate.Representationsbasedon bubbles
andarrows arealsoused.It is well known [10] that this
descriptionis not unique: two FSMs canbe equivalent.
We alsoknow thata minimal form exists.� The FSM is describedby a list of gatesandflip-flops
with their interconnections.We shall namethis detailed
descriptionof the implementationat the logic level the
logic implementationof theFSM.
Herewe consideronly synchronousimplementation,as-
sumingtheexistenceof a CLOCK andof a RESET signal.
Thedescriptionis not unique: thedesigner(or theCAD
tool) canchoosedifferentbinary codesfor the informa-
tions (inputs,states,outputs)andthis will give different
implementations.� We must note that a FSM circuit can be describedas
a combinationof several sub-circuits. In the frame of
thispaperwerestrictourselvesto sub-circuitssharingthe
sameCLOCK signal.Dif ferentcombinationsexist : serial
combination(inputsof automaton2 aretheoutputsof au-
tomaton1), parallelcombinations(possiblysomeof the
inputsof automaton2 area partof outputsof automaton
1 andsomeinputsof automaton1 areoutputsof automa-
ton2). This ideais alreadypresentedin theconclusionof
1956Moore’s paper([12]) : Certain inputsof each ma-
chine are connectedto the outputsof others, and other

inputsandoutputsof theindividualmachinesareusedas
theinputsandoutputsof thecompositemachine. (p 153)� In many situationsthe circuit is describedasa setof
registers,multiplexors, arithmeticoperatorsandbusses.
This typeof description,oftenconsideredasbeingat the
Register TransferLevel (RTL) allows to dealwith com-
plex automatawith a simpledescription.Thecommands
of MUXes,ALUs aretheinputs,reports,suchasflagsare
theoutputs.Datainputsandoutputsplay anotherrole. A
simplecircuit with two 8 bits registers,anArithmeticand
Logic Unit, aninput from theexternalworld andabunch
of commandscanhave65536states(2 ��������� ) andatransi-
tion functionwhereeachstatecanhaveany of the65536
successors.A descriptionat the ”table” level would be
impractical. SuchRTL descriptionscanbe basedon ei-
therbooleanor integertype.
An exampleof descriptionby bubbles-and-arrows or in
RTL styleis givenin figure1.

The work presentedhere consistsin composingau-
tomataandexploring theresultof thecomposition.This,
as will be shown, allows the designerto deeplyunder-
standthesynchronisationaspectsin thecircuit. FSM min-
imization thenallows to dealwith abstractionin prepar-
ing theformal verificationof thecircuit.
The basicsof our approachare very simple : given a
circuit descriptionof a FSM logic implementationor a
booleanbasedRTL description,a tool first computesthe
specificationexpansionof the FSM andthendeliversthe
minimal FSM equivalentto thegivenone.
Obviously this is the reversetaskcomparedto the very
commonsynthesistools available in all standardCAD
packages.Soweshallhaveto explain theinterestof such
a task. This is donein a first section. A secondsection
shows the languageandenvironmentusedfor our work.
A lastsectioncontainsa detailedexample.

THE GOALS AND PRINCIPLES

Let us recall briefly what is compositionof automata
and what kind of exploration we want to do with this
composition.

What is compositionof automata?

At anabstractlevel, thingsarequitesimple.Let� A= ������� � ����������������� ����!#"�%$ anautomaton,��� is thesetof states,
� � thesetof inputs, ��� thesetof

outputs,� � thetransitionfunction, � � theoutputfunction
and !#"� theinitial state,
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Fig. 1. Structureof thedatapathandstatediagramof theautomaton
for a 2 bits size. The numberingof the statescorrespondsto the
valuesin the Accumulator. In the automaton,”Progress1” means
”progress”andaddthe value 1. Output Z is true for 3 combina-
tions : state0 andno Progress,state3 andProgress1 andstate2
andProgress2.

� B= �&�(')� � '*����'*����')���+'���!#"' $ anautomaton,
The composition C= ���,� � ���-���.������!#" $ is defined as
such:� �0/	� � 
 � '� !#"1/0�2!#"� ��!#"' $� �

is given;
wedefine 34� �5
 ��'�6 � � �� we define78� �9
 � � 6+� � '� � is given; we define:;����� 
 ��'<6+�=� .
Compositionof two Moore automatais different from
compositionof aMooreautomatonandaMealy automa-
ton :
A : Moore, B : Moore�>�?�A@B�C�2@B' $ ��D $ / �2���C�E@+����3F�2D����+')�E@+' $?$�$ �� ' �A@ ' �G7H�2D���� � �E@ � $?$�$?$�I���A@ � �2@ ' $?$ / :I��� � �E@ � $ ��� ' �E@ ' $?$
A : Moore, B : Mealy�>�?�A@B�C�2@B' $ ��D $ / �&���C�A@B�C��3F�&D����+')�E@+')�G7H�2D����+�C�A@B� $?$?$�$?$ ��J')�E@+'��G7H�2D����+�C�A@B� $?$�$?$�I���A@+�>�2@+' $ ��D $ / :K�&�+�>�A@B� $ ��� 'J�?�E@+' $ �?7B�&D����+�C�A@+� $�$?$
Let usnoticethatMealy-Mealycompositioncouldbeun-
safe,introducingcombinationalloops.Shiple& al. pro-
poseamethodto solve theproblem[13].

What is exploration?

Ourtechniqueis basedonexplorationof thecircuit be-
haviour. Explorationmeansthatadesigneris notalready
completelycertainaboutWhatmustbe done? It is too

early to give any kind of implementation,formal spec-
ification or any similar description.Explorationis what
youdoondraftpaper, with apencil.Youareenteringinto
your designandyou needto dig into it. You try, in fact,
to understandwhat your circuit will be (or would be ?).
Explorationis certainlynot for a full circuit but for apart
of circuit, for a mechanism,for a hardwaretrick. As an
examplewecouldbeinterestedin thegoodsynchroniza-
tion betweenacontrolpartandadata-pathpart.Compos-
ing Moore-Moore,or Moore-Mealytypesdoesnot give
equivalentresultsfrom thetemporalpoint of view.
Weshallthenexploretheresultof thecompositionof the
two automata.
Thetoolsusedin this phasehelpyou to getall theinfor-
mationsfrom a roughdescription.They make a kind of
ComputerAided Draft. But your draft paperdealswith
formal calculationsor proofswhenneeded.In a further
section,anexamplewill bepresentedto make clearthis
approach.

Comparisonof explorationwith other approaches

Let uscomparetheprinciplesof this techniqueto other
approaches.L

A first characteristicof our approachis its relation to
simulation.
- In a first step,simulationallows the designerto check
consistency betweenthe implementationand the inten-
tion. This part is known to be difficult andunsafe.The
behaviour of the implementationis seenby timing dia-
gramsandtheinformationsobtainedaredependentupon
the testbenchprepared. The problem of elaboratinga
goodtestbenchis highly difficult. Explorationcangive
somecompleteinformationswhile simulationcannot.In
exploration,wedonotneedto giveatestbench.Wehave,
in acertainway, ALL thepossibletestbenches.Obviously
it canbe too much. But the behaviour obtainedby this
techniqueis complete.
- In asecondstep,simulationcantake into accountsome
informationsextractedfrom layout steps.Our approach
cannotreplacethesecomputationsmanagingthe wires
andgatesdelay. Explorationis not usefulat this level.L

A secondcharacteristicis therelationto modelcheck-
ing. We usea formal approach,and associatedtools.
TheLUSTRE compileris in facta modelchecker. It con-
tainsthefunctionalitiesto build andminimizeanautoma-
ton. Generally, the peopleinvolved in model checking
useequivalencerelationson thestatesto avoid combina-
torial explosion([5]). For exampleHerbrandAutomata
have beenintroduced([6]) to model the samekind of
compositionof automata.The authorsusethemto ver-
ify somepartsof complex micro-processors.Oneof the
authorsof theseHerbrandAutomata,A. Pnueli,explains
the differencebetweenexploration andmodelchecking
(of software) in the foreword of [5] : While simulation
and testingexplore someof the possiblebehaviors and
scenariosof thesystem,[..], formal verificationconducts
an exhaustiveexploration of all possiblebehaviors. Ob-
viously testingof hardwarehasothergoals.
In our approachthesecompleteFinite State Machine
structuresare theusefulinformation.



node mux1bit (i, t, e: bool) returns (s:bool);
let

s = (i and t) or (not i and e);
tel;

node add1bit (a,b, ret_in :bool)
returns (som, ret_out: bool);

let
som = a xor b xor ret_in ;
ret_out = a and b or a and ret_in or

b and ret_in;
tel;

node addNbits (const N: int; a, b: boolˆN)
returns (r: boolˆN);

var carry : boolˆ(N+1) ;
let

carry[0] = false ;
(r[0..(N-1)], carry[1..N]) =
add1bit (

a[0..(N-1)],
b[0..(N-1)],
carry[0..(N-1)]);

tel;

node B_mealy_gene (const N: int; p,u: bool)
returns (z: bool);

var
b,r : boolˆN ; -- adder inputs outputs
newacc , acc : boolˆN; -- inp_out accu
cumuland : boolˆ(N+1); -- "and" test zero

let
b[0] = u; -- plus 1
b[1] = not u; -- plus 2

-- extension to N bits
b[2..(N-1)] = falseˆ(N-2);

r = addNbits (N , acc, b);
newacc = mux1bit(pˆN, r, acc) ;
cumuland [N] = true;
cumuland[0..(N-1)] = not newacc[0..(N-1)]

and
cumuland[1..N] ;

z = cumuland [0];

acc[0..(N-1)] = edgeDflip
(newacc[0..(N-1)]);

tel;

const width = 3;
node B_mealy_3_i (p,u: bool) returns (z: bool);
let

z = B_mealy_gene (width, p,u);
tel;

Fig. 2. Lustredescriptionof adata-path

A work basedon”Parallelcompositionof FSM” ([17]) al-
lows to solve somekind of equationsin automata.Com-
monauthorsinvestigatea kind of ”decompositionof au-
tomata”([7]).

THE LANGUAGE AND TOOLS

In this section,we givesomedetailson thetechniques
usedto describethe sourceFSMs and aboutthe results
givenby thetoolswe use.

How do we describe?

All thedescriptionsaregivenin thelanguageLUSTRE

([8] and[9]). LUSTRE is closeto Lola, thelanguageused
by N. Wirth in hisbook. ([16])
Descriptionmaybeof differenttypes:� Circuits describedasa setof nodes: the nodescon-

tain logic gates and edge-triggeredD-type flip-flops.
The only datatype is boolean. (Cf nodemux1bit or
add1bit figure2)
Let usnoticethat thesedescriptioncantake into account
differentcodesof thestates.� Circuits describedas a hierarchicalor compositional
setof nodes. The nodescan be different (cooperating)
automata.Thelanguageis suchthat,basically, all theau-
tomatasharethesameclock. Dueto this feature,LUSTRE

is oftenreferedto asa synchronouslanguage.� Genericcircuits of sizeN, dealingwith booleanvec-
tors of size N. Registershave N flip-flops. Adder can
be N bits wide. (Cf nodeaddNbits hereafter). No-
ticethe”implicit” repetitionof add1bit in addNbits .
N must be instanciatedbeforeeffective use. (Cf node
B mealy 3 i ) This allows us to have a samedescrip-
tion for any N-bits circuits,we only needto changeone
constant.Thesamefeatureexistsin VHDL.

The examplein figure 2 is given for illustration, it cor-
respondsto the circuit drawn in figure 1. It will be ex-
plainedin a furthersection.

What do we obtain ?

We shallcompilethecircuit description.Thecompiler
delivers a descriptionof the automatongiven in input.
Thedescriptionis basedon thesetof statesandthe two
functions: transitionfunctionandoutputfunction. If the
input descriptioncontainedseveral automata,the com-
piler computesthe productautomaton.The description
of theresultautomatonis giveneitherin an internaltex-
tual form, or in C language,readyfor compilation,or in
agraphicalform. It couldaswell begivenin VHDL or an
otherHardwareDescriptionLanguage.Theexecutionof
theC versiongivesthesameresultsthanasimulator.
Anothertool allows to minimizethis automaton.It gives
theminimal automatonequivalentto theproposedone.
What uses can be done with the result of this
composition-expansion-minimization?L

A first useis to checkthecircuit obtainedby a classic
synthesistool : all the commoncommercialCAD tools
containa packageimplementinga Finite StateMachine
by flip-flops andgatesfrom a descriptionof theautoma-
ton by statesandtransitions.Our tool contains,in a cer-
tain form, thereversetool.L

A secondveryimportantuseis allowedby this tool, but
we shallnot enterinto thedetailsin theframeof this pa-
per : if we describetwo logic implementationof a same
FSM, basedondifferentcodesof thestates,andif weadd
a comparatoron the outputs,we can checkthe equiva-
lenceof the two FSM (Let us noticethat the comparator
is virtual in this case). They areequivalent if the com-
paratordeliversalways”True”. This is computedby the
compiler. We usethisapproachin education[3].L

In thispaperwedealwith athirduse,exploration,based
on thecarefulmanualanalysisof theresultof theexpan-
sion process.For instancewe shall study the synchro-
nizationaspectsof a compositionandthesignificationof
a formal minimization.
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THE EXAMPLE

We presentin this sectionan examplecomposedof a
controlleranda data-pathpart.
To makethepaperasself-consistentaspossible,wemade
drastic simplificationsand limited ourselves to a very
simpleexample.

Control Part - Data-Path Part composition

Our exampleis a circuit composedof two parts : a
data-pathand a controller. This decompositionis well
known and allows descriptionat different levels. This
kind of specificationcanbe doneby a variety of Algo-
rithmic StateMachines.Thesedescriptionsfor synthesis
areavailablein VHDL or Verilog. Combinationalblocks
of the data-pathandtiming in the controllerarechosen.
The descriptionof the circuit canbe doneastwo Finite
StateMachines.For controllersa tableapproachis gen-
erally admitted(or bubblesandarrows). Theoutputsare
thecommandstowardsthedata-path.Data-pathesarede-
scribedat the RTL level. The designersprefer to speak
abouta 10 bits accumulatorandan adderthenaboutan
automatonwith thousandsof states. We shall conform
to this techniqueto describethe data-path,but we shall
explore the structureof the equivalentspecificationau-
tomaton.

The circuit data-path

The data-pathis a simpleadder+ accumulatorstruc-
ture. (Cf. figure1) It hastwo commands:
The first commandprogress or P allows the addition.
Whenunactive,theaccumulatorremainsunchanged.
Thesecondcommandvalue or U selectsa valueto add:
we madeour choicebetweenadding1 or 2. Any other
couplesof valuescouldhavebeenchosenaswell.
The circuit deliversa booleanoutputZ true if f the new
valueof theaccumulatoris Zero. (Theautomatonwill be
of Mealy type)
The circuit is describedasa genericN bits wide thing.
Thetext presentedpreviously is for N = 3. A restriction

T
Zero Z

Progress P
Controller

Value UAdvance A

Part
Data path

Fig. 4. Compositionof thecontrollerandthedata-path.

to N = 2 givesthe automatonin figure1. For N = 3 we
would obviously have 8 statesinsteadof 4. Thereis a
combinatorialexplosionin thenumberof states.We are
awareof this fact.

The circuit controller

Our controlpart is a simple4-statemachine.It is de-
scribedby figure 3. The input a comesfrom external
world. In states1 and3, a allows advanceof the con-
troller. In states1 and3, if a is zero, the controller re-
mainsin the samestate. The outputT is a simple test.
TheotheroutputP will betheProgressioncommandto-
wardstheaccumulator. TheinputZ is boolean(it will be
theoutputof thedata-path).

Composition

We linked thesetwo parts accordingto the scheme
given in figure4 andasked the Lustrecompilerto com-
putethe automatonequivalentto the productautomaton
so obtained. The compiler first gives the full automa-
ton, then it is possibleto minimize it. Let us examine
(figure 5) andcommentthe two versionsof productau-
tomata: minimizedor not minimized.
In both descriptionwe are invited to considermacro-
statesnamedPC=0,. . . , PC=3. They correspondto one
stateof thecontroller. PC=0meansthat thecontrolleris
in state0. For onestateof the controller, therecanbe
differentvaluespossiblesin the data-path.They appear
on thediagram.A ”state” of thedata-pathis thecurrent
valuein theaccumulator. It appearsasAcc=1or Acc=2.
Figure 7 gives the completeproduct of thesetwo au-
tomataasa setof couples.The compositionfirst shows
that synchronisationbetweenthe two parts is correct.
Specifically, thevalueof Z testedby thecontrolleris the
valuecomputedin thedata-pathat thepreviousclockcy-
cle.
Another information is obtained: only 15 amongthe
16 possiblestatescanbe obtained. Careful analysisof
automatonsuggeststhat it is impossibleto have a state
whereControl part could be in statePC=2 while data-
pathwouldbein astatewith Acc=0.
Anotherpropertycanalsobe expressed: ”Once the ac-
cumulatoris differentof 0 in thecontrollerstate(PC=2),
it will becomedefinitively impossibleto changethe ac-
cumulator.

Inter pretation of minimization

An understandingof the meaningof minimization is
givenfor this example.
- in the non-optimizedversion,the valuesof the accu-
mulatoris alwaysmeaningfull,whatever thestateof the
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-a-u -au a-u au
0,0 0,1 0,1 0,1 0,1
”14” ”1” ”1” ”1” ”1”
1,0 1,2 1,1 2,2 2,1
”1” ”5” ”4” ”3” ”2”
2,1 3,1 3,1 3,1 3,1
”2” ”6” ”6” ”6” ”6”
2,2 3,2 3,2 3,2 3,2
”3” ”7” ”7” ”7” ”7”
1,1 1,3 1,2 2,3 2,2
”4” ”9” ”5” ”8” ”3”
1,2 1,0 1,3 3,0 2,3
”5” ”1” ”9” ”10” ”8”
3,1 3,1 3,1 0,1 0,1
”6” ”6” ”6” ”11” ”11”
3,2 3,2 3,2 0,2 0,2
”7” ”7” ”7” ”12” ”12”
2,3 3,3 3,3 3,3 3,3
”8” ”13” ”13” ”13” ”13”
1,3 1,1 1,0 2,1 3,0
”9” ”4” ”1” ”2” ”10”
3,0 3,0 3,0 0,0 0,0
”10” ”10” ”10” ”14” ”14”
0,1 2,1 2,1 2,1 2,1
”11” ”2” ”2” ”2” ”2”
0,2 2,2 2,2 2,2 2,2
”12” ”3” ”3” ”3” ”3”
3,3 3,3 3,3 0,3 0,3
”13” ”13” ”13” ”15” ”15”
0,3 2,3 2,3 2,3 2,3
”15” ”8” ”8” ”8” ”8”
2,0 3,0 3,0 3,0 3,0
”..” ”10” ”10” ”10” ”10”

Fig. 7. Completecompositionof the automata.In couples,the first
componentis thestateof ControlPart, thesecondoneis thestateof
theData-Path Part, (thevaluestoredin theaccumulator).For each
statethenumber, asin figure5, is givenbetweenquotes.Thefour
next states,for thefour combinationsof booleanvaluesM and N are
given.State(2,0)hasnonumber, it doesnot exist.

controller. Thereaderwill however noticethat thevalue
cannotchangewhile theautomatonhasenteredin oneof
the states11, 12, 15, 2, 3, 8, 6, 7, 13. (top right of fig-
ure5) This is normal,progressionof Accumulatoris only
possiblein statePC=1of thecontroller. And whenPC=2,
Accumulatordoesnotchange,andZ cannotbemodified.
It is soimpossibleto go backto statePC=1.
- in the minimizedversion,this valueis usefull only in
statePC=1.This informationis usefullbecausethecon-
troller forcesProgressin theaccumulator. Theaccumu-
latorwill progressof 1 or 2, dependingonaconditionun-
known from thecontroller. Theresultof theprogression
is necessaryto establishthe next stateof the controller,
accordingto thevalueof Z (Accumulator= 0).
The samekind of structurecan easily be obtainedfor
more than2 bits wide data-path.We generatedthe au-
tomata,minimizedor not, for 2, 3, and4 bitsandweeas-
ily checkedtheregularity in thestructure.Obviously this
circuit is stronglysensibleto arithmeticfacts. Figure6
shows thecombinationof a4 bitswide data-pathandthe



controller. TechniquessuchasMcMillan’s uninterpreted
functions[11] couldnot beapplied.” A commonreason
for the ”non-essential” growth of the statespaceis the
presenceof a significantdata path componentin a cir-
cuit. [ ] Thus,it is oftenpossibleto abstract the large
setof values2O in an n-bit data path to a small set for
the purposesof analysis. (Note that this is not directly
feasiblefor arithmeticcircuits)” [15]

CONCLUSION

The kind of exploration presentedin this paper is
basedon humanunderstandingof computergenerated
automata.This approachis a complementof simulation
or formal validation. It is very fruitfull becauseexplo-
ration gives,in a certainway, all the behaviors of a cir-
cuit, while simulationgivesonly theoneschosenby the
benchmak’s designer. Let us remainawarethat this ap-
proachis alsoverydifficult.
Our otherexperiments,not presentedherebecausethey
weretoobig, show that100statesis amaximalcomplex-
ity. It meansthat we mustsimplify drasticallya mech-
anismto studyit. For instance,the sizeof the automa-
ton obtain in figure 6, with only 21 statesis discourag-
ing. The non-optimizedversionhad64 states. We did
not draw it in this paper. For anotherstudy([4]) we ob-
taineda 6500statesautomatonandit wasimpossibleto
manageit by hand.
Themaingoalof this techniqueis to studya mechanism,
in thispresentpapersynchronizationbetweencontroland
data-pathparts.Ourexampleshowsalsosomearithmetic
regularities. But our techniqueis not aware of this fact.
Othertechniqueshave to beusedto take this kind of as-
pectsinto account([1], [5],...).
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