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1 Introduction

Model checking is a powerful technique for the automatic verification of finite-state sys-
tems [10, 13, 8]. A model-checking algorithm determines whether a finite-state system,
represented by its ‘'state-transition graph, satisfies its specification given as a temporal
logic formula. For speed independent or delay insensitive systems, the correctness can be
proved by abstracting away real-time retaining only the sequencing of state-transitions.
For such systems, model checking has a long history spanning over ten years, and has
been shown to be useful in validating protocols and circuits [7]. Only recently there have
been attempts to extend these techniques to verification of timing properties that explic-
itly depend upon the actual magnitudes of the delays [15, 4, 2, 1, 18, 3]. Because of the
practical need for some support for developing reliable real-time systems, the interest in
studying these techniques further is considerable. The initial theoretical results indicate
that the addition of timing constraints makes the model-checking problem harder: in ad-
dition to the state-explosion problem inherent in qualitative model checking, now we also
have to deal with the blow-up caused by the magnitudes of the delay bounds. Clearly,
to make the proposed algorithms applicable to substantial examples there is a need to
develop heuristics. In this paper, we show how to apply state-minimization techniques to
verification algorithms for real-time systems.

We use timed aulomata as a representation of real-lime systems [12, 2]. A timed
automaton provides a way of annotating a state-transition graph of the system with timing
constraints. It operates with a finite-state control and a finite number of fictitious time-
measuring elements called clocks. Various problems have been studied in the framework of
timed automata (2, 1, 3, 9, 19]. Before we can say how we improve the existing algorithms,
let us recall how these algorithms work. First notice that a state of a timed automaton
needs to record the location of the control and the (real) values for all its clocks, and thus,
a timed automaton has infinitely many states. The algorithms for timed automata rely
on partitioning the uncountable state space into finitely many regions and constructing a
quotient called the region graph. States in the same region are in some sense equivalent,
and the region graph is adequate for solving many problems. For instance, it can be
used for testing emptiness of a timed automaton [2], real-time model-checking [1], testing
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bisimulation equivalence [9], finding bounds on the delays [11], and controller synthesis
[20]. The main hurdle in implementing such algorithms using the region graph is that it’s
too big ~ it is exponential in the number of clocks and in the length of timing constraints.
Recently, to overcome this problem Henzinger et al. have shown how to compute certain
timing properties of timed automata symbolically [16]. We propose another approach,
namely, of applying a state-minimization algorithm while constructing the region graph
to reduce its size.

The objective of the minimization algorithm is to construct a minimal reachable re-
gion graph from a timed automaton. Note that we want to construct such a minimal
graph without constructing the full region graph first. Recently, algorithms have been
proposed for performing simultaneously the reachability analysis and minimization from
an implicitly defined transition system [5, 6, 17]. First we show how these algorithms can
be adapted to our needs to construct the minimal region graph. Next we extend these
methods to propose an algorithm for the problem of deciding whether a timed automa-
ton meets a specification in TCTL — a real-time extension of the branching-time logic
CTL. The minimal region graph, in itself, is not adequate for checking TCTL properties.
Firstly, it does not incorporate the “non-Zeno” assumption about real-time behaviors
which requires that time progresses without any bound along an infinite sequence of tran-
sitions. Secondly, the minimization algorithm concerns only with reachability, and not
with “timed” reachability (e.g. to check a temporal property of the form “within time 3”
we need to check whether a sequence of transitions is possible within the specified bound
3). We show how to refine the minimal region graph to incorporate these requirements,
and this leads to an algorithm for model checking. A nice feature of the algorithm is that
it splits the minimal graph only as much as needed depending on the TCTL-formula to
be checked. We remind the reader that model-checking for TCTL has been shown to be
computationally hard, namely, PSPACE-complete [1]. However, examples indicate that
the minimized region graph is much smaller than the worst-case exponential bound, and
consequently, our methods should result in a big saving.

The rest of the paper is organized as follows. Section 2 reviews the definitions of timed
automata and region graphs. In Section 3 we review the minimization algorithm, and in
the following section we show how to construct the minimal region graph using it. Section
5 gives examples illustrating the construction of the minimal region graph. In the final
section we consider extensions needed to do model checking for TCTL.

2 Timed automata and region graphs

In this section we recall the definition of timed automata and the principles of their analysis
by means of finite region graphs [12, 2, 1).

2.1 Timed Automata

Timed automata have been proposed to model finite-state real-time systems. Each au-
tomaton has a finite set of locations and a finite set of clocks which are real-valued
variables. All clocks proceed at the same rate and measure the amount of time that has
clapsed since they were started (or reset). Each transition of the system might reset some
of the clocks, and has an associated enabling condition which is a constraint on the values
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Pigure 1: An example of a timed automaton

of the clocks. A transition can be taken only if the current clock values satisfy its enabling
condition.

For example, the automaton of Figure 1 represents a system with four locations and two
clocks z, and y. The clock z gets initialized on the transition from s¢ to 5;. At any instant,
the value of = equals the time elapsed since the last time this transition was taken. The
enabling condition associated with the sy to s3 transition expresses the following timing
constraint: the delay between the transition from s¢ to sy and the transition from sz to
s3 has lower bound 1 and upper bound 2. Similarly, the clock ¥ constrains the transition
from s3 to s¢ to occur at least two units later than the transition from s; to s;. Thus
to express a bound on the delay between two transitions, we reset a clock with the first
transition, and associate an enabling condition with the other transition.

For each transition, the enabling condition is required to be a convex polyhedron of
IR" (IR denotes the set of nonnegative reals, and n is the number of clocks in the system),
consisting of all the solutions of a system of linear inequalities of the form

e c <k,z<k,z>k, x>k, where z is a clock and % is an integer, or
e t—y< k,z—y<k, where z and y are clocks and % is an integer.

In this paper, such a polyhedron will be called a (time) zone. Let Z(n) (or simply Z) be
the set of zones of IR". We consider also a set of reset actions A(n) (or simply A), which
are functions from IR" to IR". For each a € A, there is a set of indexes I, C {1...n} such

that .
VEeRVi=1,...,n, a(@)i]= { g[z.] el

A timed automaton G is a tuple (S, C, sinit, T') where

1. S is a finite set of locations,

2. C={z1,...,2,} is a set of clocks,

3. Sinit € S is an initial location,

4. T C 8 x Z(n) x A(n) x S is a transition relation. A transition (s, z,a,s') in T will
be denoted by s 2% o',
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The automaton G starts with the control at the location s;,; with all its clocks ini-
tialized to 0. The values of all the clocks increase uniformly with time. At any point in
time, the automaton can make a transition, if the current values of the clocks belong to
the associated zone. The transitions are instantaneous. With each transition s =% s', the
clocks in I, get reset to 0 and start counting time with respect to that transition. At any
instant, the state of the system can be fully described by specifying the current location
and the values of all its clocks. So, a stale of the system is a pair (s, &), where s € S and
Z e R"

Now we can define a timed consecution relation on the states of a timed automaton.
For 6 € IR, a state (s, 2') is said to be §-successor of another state (s, %), written (s, %)
(s', ), iff either

e 6 =0 and there is a transition s =% s’ € T' such that Z € 7z and z' equals a(&), or
e 6>0and s’ =sand ' = & + & (where § denotes the n-tuple [6,4,...] € R™).

A state (s', ") is said to be a successor of another state (s, %), written (s, %) = (', '), iff
there exists a § € IR such that (s, &) = (s', ).

The behavior of a timed automaton can now be formally defined using the consecution
relation =>. A run of the automaton started in a state (s,Z) is obtained by iterating the
relation =. Formally, a run r is an infinite sequence of locations s; € S, clock vectors
Z; € IR®, and time values §; € IR of the form

(s0, 30 23 (s1,81) & (s0,83) B -+ 25" (s,,00) &5 ...

Note that the above definition allows more than one transitions to occur at the same
time. This means that, the time of the clocks is stopped, and the system can perform
instantaneously several transitions which are enabled one after the other; each transition is
enabled by the clock values which the previous one produced. Such an assumption allows
the modeling of simultaneous actions of different components by interleaving; however, it
is not essential for our algorithms. '

The run r is called progressive iff the sequence of sums £%  §; is unbounded. This
requirement corresponds to the “non-Zeno” constraint which rules out the runs in which
an infinite number of transitions occur in a bounded interval of time. Thus the actual
behavior of a real-time system gives rise only to progressive runs, and hence, while checking
temporal properties of a timed automaton, we will restrict attention only to the progressive
runs.

2.2 Region graphs

The key to sqlving verification problems for timed automata is construction of a finite
region graph [1]. This solution constructs a specific region graph, we generalize this notion
here. .

A region F.C SxIR" is a set of states. Typically I’ will be of the form {(s, %) | Z € Z},
denoted by (s, Z), for a zone Z. For a state (s,7) in a region F and a region F”, the
consecution relation (s, #) = F” holds iff one of the following two conditions are met:
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o Elapse of time: Starting from the state (s, ), as time elapses, the state enters the
regxon F’ while staying in the region F'U I’ along the way. That is, for some § > 0,
(s, T+ 6) € F', and the set of states {(s,Z + §') | 0 < & < 6§} is entirely included in
the region F U F'.

e Eventual explicit transition: Starting from the state (s, &}, the state stays in the
region F as time elapses, and then enters F' because of an explicit transition. That
is, for some & > 0 and some (s',7') € F", the set {(s,Z + &) | 0 < & < 6} is entirely

included in F, and (s, + 8) = (¢, ).
A partition R of the state space S x IR" into regions is said to be stable iff

1. R is stable with respect to the elapsing of time: For every (s, ) in F, if (s, %) can
lead to a region F' € R by letting the time elapse, then every other state (s',z’) in
F can also lead o F' by letting the time elapse.

2. R is stable with respect to explicit transitions: For every (s, &) in F,if (s, %) can lead
to a region F” € R by eventually enabling an explicit transition, then every other
state (s, x’) in F' can also lead to F' by eventually enabling an explicit transition
(not necessarily the same transition as (s, Z)).

Intuitively, stability of B means that all states in a region are equivalent with respect
to the rea,cha,bxhty analysis: if for some state (s,&) € F, there is a state (¢, x’) € F
such that (s, Z) =* (¢, :1:) then for every state (u,§) € I there is a state {u/,y") € F’
such that ( ,1,'1‘) =* («/,y"). Also our definitions ensure that the paths leading (3 Z) and
(u,7) to F‘ visit the same sequence of regions of R along the way. Thus, the reachability
questions about the states of a timed automaton can be reduced to reachability questions
about the regions of a stable partition. In general, given an initial partition of the state
space, we will be interested in constructing a partition that is stable and refines the initial
partition (a partition R refines another partition R’ if every region F' of R is entirely
contained in some region F’ of R'}. This motivates the following definition.

A region graph couesponding to a timed automaton ¢ and an initial partition Rp of
the state space of G, is a graph RG(G, Rg) = (R, E) such that

1. R is a stable partition of § x R",
2. R refines the initial parfition Ry, and
3. there is an edge from F to I in E iff (s, %) => F' for some state (s,Z) in F.

Clearly, we can define a region graph in which every region contains a single state. But
this is not useful, because a timed automaton has infinitely many states. The following
proposition, which is the main result of [2], states that it can always be folded into a finite
region graph:

Proposition : For any timed automaton G and the initial partition Ry = {{s,IR"} |
s € S}, there exists a finite region graph RG(G, Rs). O

The proof of this proposition is based on the existence of the detailed region graph
DRG(G) (the initial partition is assumed to contain a region (s,IR™} for every location
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5). The constructive proof defines an equivalence relation & on IR". Let ¢ be the largest
constant used in defining a zone Z used in an enabling condition of G. Then, for & and
7 in R™, define 7 & § iff for every zone Z € Z that is defined using integer constants not
greater than ¢, # € Z iff §¥ € Z. This equivalence relation has the following properties:

e The quotient [IR"/ 2] is finite.
¢ S x [IR"/ =] is a stable partition of S x IR".

Any region graph is adequate for doing a finite reachability analysis, however, as we
will see later, it is not fine enough to do TCTL model-checking. On the other hand,
the detailed region graph is adequate to solve the model-checking problem. The only
stumbling block is its size: the number of regions of DRG(G) is O(n!|S|c*).

So, the problems of interest, which will be addressed in the remainder of the paper, are

¢ Is it possible to symbolically build a region graph smaller than the detailed region
graph?

e Is it possible to use such a reduced region graph to perform full TCTL model-
checking? ’

3 Minimization Algorithm

Bouajjani et al [6] (see also [5]) describe a general algorithm to directly generate a minimal
state graph from an implicit description (e.g., a program). Let us briefly recall this
algorithm, before adapting it to the generation of region graphs.

We start from a transition system S = (S, sg, —), where S is the set of states, sp € S is
the initial state, and —»C S x S is the transition relation. A state s is said to be accessible
from sp if and only if sp—*s, where —* denotes the reflexive-transitive closure of —. For
a state s and a set X C S, we will use the notation s = X to denote s — s’ for some
s' € X. Let p be a partition of S. A class X € p is said to be stable with respect to p if
and only if

VY € p.[(Fz € X,z = Y) implies (Vz € X,z = Y)).

A partition p is a bisimulation if and only if every class of p is stable with respect to p.
The reduction of S according to a partition p is the transition system S|p given by
(Aec(p), [s0]o, —5), where

o Acc(p) is the set of classes of p which contain at least one state accessible from so;
e [so], denotes the class of p which contains sg;
o X -, Yiff z =Y for somez € X.

Given a transition system S and an initial partition po, the algorithm described in (6]
explicitly builds the transition system S[p, where p is the coarsest bisimulation compatible
with po (that is, every class of po is a union of classes of 7). The termination of the
algorithm requires that the bisimulation 7 must have a finite number of classes. The
algorithm is given below, with the following notations:
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o The function split “splits” a class X of a partition p into a minimal set of subclasses
which are all stable with respect to p;

e For a class X of p, post,(X) denotes the set of classes of p which contain at least
one state directly accessible from a state of X: post,(X)={Y |z € X,z = Y}.

¢ Conversely, pre,(X) denotes the set of classes of p which contain at least one state
from which a state of X is directly accessible: pre,(X) = {Y |y € Y,y = X}.

In the following algorithm, p is the current partition, « is the set of classes of p which
have been found accessible from (the class of) the initial state, and o is the set of classes
of p which have been found stable with respect to p.

Minimization Algorithm:

p = poia = {[so]};0 = 0;
while o 5 o do
choose X in o'\ o;
let &' = split(X, p);
if & = {X} then
=oU{X}; a:=aUpost,(X);
else
a=a\{X}
if 3Y € o such that so € Y then a:=a U {Y};
o =0\ pre,(X);
p=(p\{X})Ud;

od

4 Constructing the minimal region graph

Given a timed automaton G = (S,C, siit, T'), we can use the algorithm of Section 3
to generate a minimal region graph. Recall that the automaton G can be viewed as a
transition system over § x IR™ with the initial state (Sinit,0} and the transition relation
=> (which is the union of és}, & > 0). For simplicity of implementation, we require every
region F' to be of the form (s, Z) for a zone Z. We start with some definitions.
The set of time predecessors of a zone Z is
Z,={7|3FeZ R, §=7+4}.

For zones Z and Z’, Z \ Z' is some set of disjoint zones such that the set {Z'}UZ\ Z’
forms a partition of Z, and

ZUuzZ ={ZnZ} U (Z\2) U (Z'\ 2).
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We generalize this operator to accept any finite number of arguments: For any finite set
{Zi,..., 2} of zones, L|,_1Z is a partition of U,__IZ into a set {Z],...,Z,} of disjoint
zones, such that for each z = 1...%, j = 1...p, either Z] C Z; or Z’ Z,- = §. The
operator LI extends over regions also (s, Z)U (s Z"y = {(s, Z”) | 2" e Zu z'}.

In order to adapt the algorithm of Section 3 to generate a minimal region graph, we
could define the “precondition” function: pre(F) is the set of states (s, :1:) which may
lead to some {s,Z) € F either by letting the time elapse (if s = '), or by an explicit
transition. For a region F' = (s, Z) this definition translates to:

rre((s,2)) = (s, 2,0 U (a7 (2)n2),).

s'—-is

However, such a formalization doesn’t take into account the fact that one cannot reach
(s,Z) from (s, Z') without going through some zone Z" “separating” Z' from Z. For
instance, one cannot reach (s, {z > 2}) from (s, {x < 1}) without going through (s, {1 <
z < 2}) (Recall the definition of (s,&) = F" for stability of regions from Section 2). In
fact, we cannot formalize the right abstraction of “time elapsing”, by means of a single
precondition function. Instead of locking for such a precondition, we will make precise
in what case a region may directly lead to another region (following [16]), and use this
notion to define the function for splitting a region into stable regions.

Let Z ft Z' denote the set of & € Z for which there exists 6 € R such that Z + ez
and +8€ZUZ forall0< § < 6. It is easy to show that Z f} Z’ is a zone.

Now the stability of a region can be expressed as follows. A region (s, Z) is stable with
respect to another region (s, Z’) if and only if

o ifs=s"then Zf 2’ € {Z,0}, and
o for every transition s 2% ' 1

— either a(Z N z) N Z' = § (this includes the case where Z N z = §),
—ora(ZNz)CZ and Z{(ZNz)equals Z.

From this definition, we derive the function split: For any locations s,s’ (s # s'), for any
zones Z, 72,

split((s, Z),(s', Z")) = (s, Z) U zLaJ (,Z ft (ZNnzna™Y(2"))

split((s, Z), (s, 2")) = (s ZyU(s,Z Z")u U (s,Z % (Znzna"'(2"))

s'——hs

Now all the definitions needed for applying the algorithm can be given. Let p be any
partition of the states into regions, and let (s, Z) be a region. Then,

pre,((s.2) ={(Z) €p | Z 0 240U U {(s,2) €pla(Z n2)nZ #0),

s"—)s

1 . . - . e,
and this includes the case where s = s' and there is a looping transition on s.
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Figure 2: The timed automaton of Example 1

post,((s,Z)) ={(s,Z"Y € p| ZH Z' # 0} U zy {(s"Z"Yepla(Znz)NZ" # 0},

5~ s
split((s, Z),p) = o lZ_'j)epsplit((s, Z), (s, Z").

To implement the algorithm, we simply need efficient ways for representing zones and
computing simple operations on them such as Z U Z', Z f} Z’, a(Z), and a™(Z).

5 Examples

We will demonstrate the effectiveness of minimization procedure on simple examples.

5.1 Examplel

We consider first the very simple timed automaton shown on Fig. 2.

We start with an initial partition which only distinguishes regions according to their
node component: p = po = {Co, C1,Csz,Cs}, with C; = (s;, R?) for i = 0,1,2,3. Since
the initial state belongs to Co, we have a = {Co},a = 0.

So, we consider first X = Cy. Obviously split(Cy, C3) = split(Co, C3) = {Co}, since there
is no transition from so to sz or sz. So, split(Co, p) = split(Co, C1) = {Coo, Cor}, with

Coo = (s0,{y £ 2}) Co1 = (s0,{y > 2})

The initial state (so, {x =y = 0}) belongs to Coo, so « is updated to {Cgo}. Considering
X = Cyo, we find it stable with respect to p = {Coo,Cun,C1, C2,C3}, since all of its
elements can lead to Co; and to Cy. So, we get a = {Cpo,Co1,C1} and ¢ = {Cpo}.

The region X = Cg is stable with respect to p, and it doesn’t lead to any other region.
Considering X = Cy, we find

split(Cy, Coo) = split(Ch, Co1) = split(Cy,Cs) = {C1}
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Figure 3: The minimal region graph of Example 1

50
Spfit(cl,p) = Spa’ii(c&,Cz) = {Cm, Cu}
with
Cio = (s1,{z < 9}) Cu=(s1,{z>y})
Splitting C; questions about the stability of Coo, which is removed from ¢, and considered
again. .
Now, we have p = {Com Co1, C10,C11, C2, 03}: o= {Coo, COI}) o = {001} and X =
Coo- We get split(Cog, p) = split(Coo, Cr0) = split(Coo, C11) = {Cooo, Coo1}, with

Cooo = (s0,{z <y <2}) Com = (30, {y S2Ay < })

The initial state belongs to Coee which is stable, and can lead either to Cyy or to Cio. We
get p= {Cnen, Coo1, Co1, C1o, C11, Cy, Ca}, o= {Cooo, Ca, Cxo}, o= {Cooo, Cm}-

X = Cyo is found stable with respect to p, leading to C; and C3, which become both
accessible. X = C; is split into

Cao = (82,{x £2}) Cn = {s2,{z >2})
so Cyo must be considered again. It is split into

Cioo= {s1,{s <yAz<2}) Cin=(s1,{2<2<y})

Cooo 15 also considered again, it is found stable and leads to Cigo.

We have P = {Cogg, ng;,C’mo,le, 020,021, 03}, a = {ngo, Cm,Cmg} and o =
{Co00,Co1}. Now, Cigo is found stable, leading to Cio1, Cz0 and Cj. Cig; is stable and
leads to Cy; and to Cs. Cyy is stable, and leads to Cy; and C5. Cq; and Cj are stable. The
resulting graph is shown on Fig. 3. Notice that the detailed region graph of this example
has 160 regions, 24 of which are accessible.
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Figure 4: The timed automaton of Example 2

5.2 Example 2

Let us slightly complexify our example as shown by Fig. 4. The first steps of the
algorithm are similar, but now Cjg; can lead to Cog; which becomes accessible. Coygy is
found stable, leading to C1;. Ci; is stable and leads to C3. Our reduced graph has 9
accessible regions, instead of 40 in the detailed graph.

6 Model checking for TCTL

In this section we show how to use the algorithm for constructing the minimal region
graph to check properties specified in the branching-time logic TCTL.

6.1 The logic TCTL

Let us briefly review the logic TCTL of [1]. It is a real-time extension of the branching-
time logic CTL of [14]. The syntax of TCTL allows putting subscripts on the temporal
operators of CTL to restrict their scope in time. Thus one can write 30«3 p meaning
“along some run within time 3.” Formally, let AP be a sel of atomic propositions, then
the formulas ¢ of TCTL are defined inductively as:

¢ = p|-¢| b1 Ada|Ib1Uncts |V d1lUcho,

where p is in AP and c is an integer and ~ stands for one of the binary relations <,>, =,
..<..: 2- ’

Informally, 3 ¢ Uc.$; means that for some run, there exists an initial prefix of time
length less than ¢ such that ¢; holds at the last state of the prefix, and ¢; holds at all
its intermediate states. Similarly, V ¢; Uc.$2 means that for every run, there is an initial
prefix with the above property. Formally, the semantics of TCTL is defined with respect to
continuous computation trees, but for our purposes it suflices to interpret TCTL formulas
over timed automata. To interpret TCTL formulas over a timed automaton, first we need
to know which atomic propositions are true in every location of the automaton. A labeled
timed automaton is a pair (G,p), where G is a timed automaton and p is a labeling
function from the locations of G to 2AF,
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Given a labeled timed automaton (G, ut), we define the satisfaction relation (s, Z) |= ¢
inductively as follows:

(s,2) = piff p € p(s).

(5,) |= ¢ iff (5,) [ 6. )

(5, %) k= ¢1 A @2 iff both (s, %) |= ¢1 and (5, T} |= é2. .

(8, %) = 1 Uncdy iff for some progressive run r of G starting at (s,7), r =
¢1 u~c¢2-

(s,%) | Vé1lUncd iff for every progressive run r of G starting at (s, %),

T ’2 (»61 u~c¢2-

For a run r = (so, %o) X (s1,%1) .. ., the relation 7 }= @y Uncs holds iff there exists k
and § < & such that (1) (§4 Eické;) ~ ¢, and (2) (si, Zk) = 3, and (3) forall0 <i<k,
for all 0 < & < &;, (si,4; + &) b= ¢1, and (4) for all 0 < & < 8, (s, % + &) k= é1.

A labeled timed automaton (G, u) satisfies a TCTL-formula ¢ iff (8;ni,0) |= ¢. The
model-checking problem for TCTL is to decide if (G, u) satisfies ¢. The problem is known
to be PSPACE-complete [1].

6.2 Model checking algorithm

We sketch how to adapt the minimization algorithm to do model-checking for TCTL. Let
(G, 1) be the labeled timed automaton with state space S x IR*. For a TCTL-formula
¢, let Fy be the set of states (s, ) such that (s, ) |= ¢. The detailed region graph of [1]
is adequate for TCTL model-checking: for any TCTL-formula ¢, the set Fy is a union of
regions of the detailed region graph. Now our objective is to construct the set Fy through
only a “minimal” splitting. In our analysis, the set Fy will always be a union of regions
of the form (s, Z) for Z € Z.

The construction of Fy is defined inductively on the structure of ¢. The cases when ¢
is an atomic proposition, or is a boolean combination are simple:

F, = Upeﬁ(,)(s,]ﬁﬂ ‘
Foy = (SxRY)\F;
F¢1A¢z = F¢1 N F¢2

The interesting case is when ¢ is a “timed until” formula. For simplicity of presen-
tation, we only consider the case when ¢ is of the form IO (that is, Jtrue Un 1) or
VOneth; the changes necessary to handle the “until” formulas should be obvious.

First consider an unbounded temporal formula ¢ = 3 (that is, IO»p9h). Suppose
we have constructed the set Fy. Let Ry be the partition of the states of G into two
regions: Fy and FLy. Now we run the minimization algorithm of Section 4 to construct
a region graph RG(G, Ry) = (R, E). Since R refines Ry, for any region F of R, either
¥ holds at all states in F' or =% holds in all states in F. Suppose we want to determine
the truth of the formula ¢ at the state (s, Z) in the region F of R. From the semantics of
TCTL, it follows that # holds at (s, #) iff some state in Fy appears on a progressive run of
G starting at (s, Z). Since every finite run can be extended to obtain a progressive infinite
run, ¢ holds-at (s, ) iff some state in F}, is reachable from (s,Z). This holds precisely
when a region F' € R such that F* C F,, is reachable from F in the region graph. Thus,
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the desired set Fy is a union of regions F' for which some F’ C F, is reachable from F in

(R, E).

6.2.1 Progressiveness

Now consider the formula ¢ = VO, Suppose we construct the region graph RG(G, Ry) =
(R,E) as before. Now, ¢ holds at (s,&) € F iff some state in Fy, appears on every
progressive run of G starting at (s,Z). However, this is not equivalent to saying that
every infinite path in the region graph, starting at /', contains some region F! C Fy. To
determine the truth of ¢ we need to account for the progressiveness assumption while
constructing the region graph.

From the results in [1] it follows that the progressiveness assumption can be modeled
as fairness constraints on the detailed region graph which require that a path of DRG(G)
infinitely often visits certain sets of regions. In particular, these constraints require that
for every clock i, the constraint &[i] = 0 or Z[i] > ¢; holds at infinitely many regions
along the path (here, ¢; is the largest constant in a constraint involving z in the enabling
conditions of ). We can use this fact to handle progressiveness in our reduced region
graphs. For each clock 7, let R; be the partition of the states of G into three regions:

R} = {(s,2) | 3li] = 0}, R7“{(s,2) | Tli] > i}, RF*{(s,%) | 0 < Ti] < i}

Now, as the initial partition we choose the coarsest partition R:I, that refines Ry and also
refines R; for each clock ¢. The next step is to construct a region graph RG(G, Ry) =
(R, E). An infinite path in this region graph is called progressive iff for every i = 1...n:

» it contains an infinite number of regions F C R? U R?%.
e it contains an infinite number of regions F C RF% U R},

The set Fy is now the union of regions F in the region graph such that every progressive
path starting at I contains a region F' C Fy,.

6.2.2 Timed Reachability

Now consider a formula ¢ = 3O31p. To compute whether ¢ holds at a state, we need to
determine whether some state in F, can be reached within 3 time units. The region graph
constructed for the case ¢ = IOt has information only about reachability, but not about
“limed” reachability. The timed reachability analysis can be performed by introducing an
auxiliary clock zo. The new state space is § xIR"*!, and the timed consecution relation =
on this new space is defined as before; the transitions corresponding to the elapse of time
increment the value of 2o along with the other clocks, and the transitions corresponding
to the change of location do not depend upon the value of zo and leave o unchanged.
For ¥ € R"™ and t € IR, let [¢]& denote the (n + 1)-vector that assigns ¢ to the clock zo
and agrees with & on the values of the remaining n clocks. Conversely, for # € R™?, let
Z" denote the n-vector obtained by discarding the value of the clock zo.

To compute the value of ¢ at (s,Z) we consider the paths starting at (s,[0]F). The
value of z¢ is 0 at the beginning of the path and at later points its value reflects the elapsed
time. The formula ¢ holds at (s, %) iff there is a state (u,7) reachable from (s, [0}Z) (in
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the extended state space) such that §{0] < 3 and (s,7™) € Fy. To test this condition,
we construct a region graph for the extended state space S x IR™*!. The initial partition
needs to distinguish between the cases o = 0, 0 < zo < 3, and o > 3 and also on the
basis of the truth of .

Let Ry be the partition of § x R™" into two regions: F, = {(s,%) | (s,2") € Fy}
and its complement. Let Rp be the partition of the state space into three regions:

RS = {(s,%) | (0] = 0}, R5{(s,%) |0 < (0] < 3}, R3*{(s,2) | 2[0] = 3}.

As the initial partition R}, we choose the coarsest partition that refines both Ry and
Ry above, and build the region graph RG(G, R;) = (R, E). Now, the truth of ¢ can be
evaluated by a simple reachability analysis on this region graph. The set Fy C 5% R™ is
union of the regions F' C RJ of R for which there is a region F' C FyN(RJURS?®) reachable
from F. The set Fy €5 x R" is simply the projection of Fj: {(s,2") | (s,%) € Fy}.

For a formula ¢ = 0. ¥, the algorithm is the same; the initial partition now distin-
guishes between the cases Z[0] = 0 and 0 < Z[0] ~ ¢ and 0 < Z[0] % c. The analysis for
¢ = YOuct is similar; the initial partition now needs to account for the progressiveness
assumption also (as in the case of VO).
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