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Abstract

In this paper we investigate several questions related to syntactic congruences
and to minimal automata associated with w-languages. In particular we inves-
tigate relationships between the so-called simple (because it is a simple transla-
tion from the usual definition in the case of finitary languages) syntactic congru-
ence and its infinitary refinement (the iteration congruence) investigated by Arnold
[ ]. We show that in both cases not every w-language having a finite syntac-
tic monoid is regular and we give a characterization of those w-languages having
finite syntactic monoids.

Among the main results we derive a condition which guarantees that the sim-
ple syntactic congruence and Arnold’s iteration congruence coincide and show
that all (including infinite-state) w-languages in the Borel class F, N G; satisfy this
condition. We also show that all w-languages in this class are accepted by their
minimal-state automaton — provided they are accepted by any Muller automaton.

Finally we develop an alternative theory of recognizability of w-languages by
families of right-congruence relations, and define a canonical object (much smaller
than the iteration monoid) associated with every w-language. Using this notion of
recognizability we give a necessary and sufficient condition for a regular w-language
to be accepted by its minimal-state automaton.
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1 Introduction

The well-known Kleene-Myhill-Nerode theorem for languages states that a language
U C X* is regular (rational), iff its syntactic right-congruence ~; defined by

x~yyiffyoelfixvel < yovel

has a finite index. In that case the right-congruence classes correspond to the states
of the unique minimal automaton that accepts U. An equivalent condition is that the
finer two-sided syntactic congruence ~; defined by

x o~y yiff Vu € 2t ux ~yp uy

has a finite index. Here the congruence classes correspond to the elements of the trans-
formation monoid associated with the minimal automaton accepting U.

As already observed by Trakhtenbrot [ ] these same observations are no longer
true in the case of w-languages (cf. also [ 1,1 ]Jor| ). Here the class of w-
languages having a finite syntactic monoid (so-called finite-state w-languages) is much
larger than the class of w-languages accepted by finite automata (regular or rational w-
languages) [St83].

Arnold [ | investigated a new concept of syntactic congruence (henceforth called
the iteration congruence) for w-languages. As his results show, this concept yields a
characterization of regular w-languages by finite monoids (the iteration monoid), but
not in the same simple way as for finitary languages.

As we shall see below, despite the fact that the iteration monoid is indeed more ac-
curate (it is infinite for some w-languages which are finite-state but not regular), yet
there are even non-Borel w-languages for which the iteration monoid is finite. To this
end we shall derive a necessary and sufficient condition for an w-language for having
a finite iteration monoid.

As one of the main results we give a condition on w-languages that guarantees that
the iteration syntactic congruence coincides with the simple one. We show that this
condition holds for all (including those which are not finite-state) w-languages in the
Borel-class F, N Gs. Not only in this sense does the class F, N Gs constitute a “well-
behaving” fragment of the w-languages: we show also that such w-languages once
accepted at all by an automaton are accepted by their “minimal-state” automaton, that
is, by the automaton isomorphic to their syntactic right-congruence thus extending the
result in [ ].

Finally, we introduce an alternative notion of recognizability by a family of right-congru-
ence relations, and give a necessary and sufficient condition for a regular w-language
to be acceptable by its minimal-state automaton. This theory complements the existing
algebraic theory of recognition by monoids (two-sided congruences).

The rest of the paper is organized as follows: In Section 2 we give the necessary defi-
nitions and notations. In Section 3 we investigate the properties of Arnold’s iteration
congruence. Sections 4 and 5 are devoted to the proofs of two important properties
of F; N G; w-languages: the coincidence of the iteration congruence and the simple
congruence, and the acceptability by the minimal-state automaton. In Section 6 (which
can be read independently of Sections 3-5) we develop the theory of recognizability
by right-congruences, and apply it to derive a necessary and sufficient condition for
regular w-languages to be acceptable by their minimal-state automaton.
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2 Preliminaries, Congruences and Automata

By £* we denote the set (monoid) of finite words on a finite alphabet %, including
the empty word e, let &7 denote £* — {e} and ¢ the set of infinite words (w-words).
For an w-word & = a(1)a(2) - - -, we will use «(i..j) to denote the sub-word a(i)a(i +
1)---a(j). As usual we will refer to subsets of X* as languages and to subsets of ¢ as
w-languages. For u € ¥* and B € X* U X let uf be their concatenation and let u“ be
the w-word formed by concatenating the word u infinitely often (provided u # e) . The
concatenation product extends in an obvious way to subsets U C X" and B C X" U X%,
For alanguage U C X* let U* and U“ denote, respectively, the set of finite and infinite
sequences formed by concatenating words in U. By |u|, we denote the number of
occurrences of the letter a € X in the word u € X*. Finally u < v and u < v denote the
facts that u is a prefix and a proper prefix of v.

An equivalence relation ~ is a congruence on X* if u ~ v implies xuy ~ xvy for all
u,v,x,y € X*. We say that ~ is a right-congruence if u ~ v implies uy ~ oy for all
u,v,y € ¥*. Clearly, every congruence is also a right-congruence. We will denote by
[u] := {v:v € £* and v ~ u} the equivalence class containing the word u, and use (v)
instead of [v] if the corresponding relation is a right-congruence. We will say that ~ is
finite when it has a finite index (or alternatively, the factor-monoid ~*/ ~ is finite), and
that it is trivial when ~ is ©* x ¥*.

Asin| ] we say that a congruence =~ covers an w-language E provided E = U{ [u][v]“ :
uv® € E} and we say that an w-language E is reqular provided there is a finite congru-
ence ~ which covers E. This is in fact equivalent to the condition that E = J;_; W; -V
for some n € IN and regular languages W;, V; C X*.

The natural (Cantor-) topology on the space > is defined as follows. A set E C X% is
open iff it is of the form UX“, where U C ¥* (in other words, B € E iff it has a prefix
in U). A set is closed if its complement is open or equivalently if its elements do not
have any prefix in some U’ C 2*. The class G; consists of all countable intersections of
open sets. A set is in F; if its complement is in G;. Thus an F,-set can be written as a
countable union of closed sets. The rest of the Borel hierarchy is constructed similarly.
We note here in passing that every regular w-language is contained in the Boolean
closure of the Borel class F,.

Additional material on w-languages appears in [Ei74, , , , , ,

4 ]'

Definition 1 (Syntactic Congruences) Let E C X% be an w-language. We associate with
E the following equivalence relations on %*:

* Syntactic right-congruence:
x ~pyiff VB e 2¥(xp € E <= yB € E) (1)
* Simple syntactic congruence:
x o~ yiff Vu € ¥ (ux ~p uy) (2)
e Infinitary syntactic-congruence:
x ~p yiff Vu,v € 2" (u(xv)” € E <= u(yv)” € E) (3)

(Here we tacitly assume that neither xv nor yv are empty.)
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* Arnold’s iteration syntactic-congruence:

xSEpyiffx >p yAx =gy 4)

By definition ~ refines ~ and = refines both ~ and ~. In the general case ~ and ~ are
incomparable, since they refer to two different kinds of interchangeability of x and y.
The following examples give evidence of this fact.

Example 1 Let Ey := {a,bb}*a“. Then a ~g, bb but az bb. Hence the iteration and the
simple syntactic congruence associated with Eq are distinct.

Example 2 For Ey := abc® we have azp,b but a ~g, b. (Nevertheless, since E; is a
closed w—language as Theorem 10 below shows, ~f, and =, coincide).

We shall see later that some conditions on E imply that ~ refines ~. An w-language E
such that ~f (or equivalently, ~) is finite is called finite-state.

A deterministic Muller automaton is a quintuple A = (¥, Q, d,qo, 7 ) where X is the input
alphabet, Q is the state space, 6 : Q x £ — Q is the transition function, g¢ the initial
state and 7 C 29 is a family of accepting subsets (the table). By Inf(.A,a) we denote
the subset of Q which is visited infinitely many times while A is reading « € . The
w-language accepted/recognized by A is {« € X¢ : Inf(A,a) € T}. According to
the Biichi-McNaughton theorem an w-language is regular iff it is recognized by some
deterministic finite-state Muller automaton.

With every right-congruence relation we can associate an automaton, and in particular
with the relation ~f for a given w-language E:

Definition 2 (Minimal-state automaton) Let E be an w-language and let ~ be its syntac-
tic right-congruence (Definition 1). Its minimal-state automaton is

Ar = (%£,Q,9,90)
where Q := {(u) : u € £*}, gqo := (e), and ({u),a) := (ua).

Here, in contrast to the language case, not every (regular) w-language E can be ac-
cepted by its minimal-state automaton Ag. For example, the minimal-state automaton
of {a,b}*a“ has only one state and does not accept {a,b}*a%, whereas there are sev-
eral non-isomorphic two-state Muller automata accepting {a, b}*a® (cf. [ 11 1,

[S67D).

3 Some observations on the iteration congruence

In this section we show that despite the fact that = provides additional information
on E which is missing from ~, still it fails to characterize the regular w-languages in

contrast to ~ for languages.

Fact 1 There are w-languages which are finite-state while their iteration monoid is infinite.



6 Oded Maler and Ludwig Staiger

Proof: Let the language V C {4, b}* be defined by the equation
V=aUbV?.

Alternatively, V may be defined as the language consisting of those words v € X*
satisfying |v|, = |v|, + 1 and |u|, < |u|, for every u < v. Let E := V. Then one easily
verifies E = VE = (aUbV?)E = {a,b}E. Thus u ~ v for every u,v € {a,b}* and ~
is trivial.

In order to show that 2 is infinite we prove that (b'a’*1)¥ € E and (V/a't!)¥ ¢ E,
that is b’ Zpb/ for 0 < i < j.

Since b'a't! € V, we have (b'a'™1)¥ € V¢ = E. On the other hand every word in V
contains more occurrences of a than of b. Consequently, j > i implies that the w-word
(b/a’t1)@ has no prefix in V, whence (b/ait1)¥ ¢ VZ¥ D E. a

The second observation (as already noted in [ ]) is that, in general, the finiteness of
= does not guarantee regularity of E:

Fact 2 The w-language Ult = {uv” : u € ¥*,v € 7} of all ultimately periodic w-words
has a trivial syntactic monoid, that is x=y,y for every x,y € X%, but is not regular.

Next we investigate the question which w-languages have a an iteration congruence of
finite index. To this aim we show that with every w-language E we can associate in a
canonical way an w-language Fg which is covered by =g. Define

Fe = | J{[u][v]* : uv® € E}
where [-] denotes a congruence class of =g. The following statement holds true.
Lemma 3 E N Ult = Fg N Ult.

Proof: By definition EN Ult C Fg N Ult. Let xy“ € Fg. Then there are u,v such that
uv’ € E and xy* € [u][v]¥. From this we can obtain words y; and y; such that
¥ = Y1y, and natural numbers i, j, m and n such that xy'y; € [u][v]™ and yoyiy; € [0]".
Since = is a congruence, it follows that xy'y;=puv™ and y,y/y1 0" and, because
uo™ (v")¥ = uv® € E by the definition of 2, also xy'y; (y2y/y1)¥ = xy® € E. a

Theorem 4 For every E C X%, the iteration congruence =g is finite iff E is finite-state and
there is a regular w-language F such that E N Ult = F N Ult.

Proof: Let E be finite-state and let the regular w-language F satisfy EN Ult = F N Ult. It
can be easily verified that x ~f y and x=pq v imply x=fy and thus ~g N=p C =g,
But the congruences ~r and = are both finite and so is =g. Conversely, let = be

tinite. Then Fg is a regular w-language satistying E N Ult = Fg N Ult. a

In [St83] it was shown that the cardinality of the set {E : ~p isfinite} is 22" in
particular, there are already as many subsets of 2 whose simple syntactic monoid is
trivial. The following claim shows that the same is true in the case of =:



On Syntactic Congruences for w—Ilanguages 7

Claim 5 There are ZZNO w-languages having a trivial iteration congruence.
guag g g

Proof: Since the set {E : ~f istrivial} is closed under the Boolean operations,
any w-language F for which ~ is trivial splits in a unique way into a disjoint union
(FNult) U (F — Ult) where for both parts ~ is trivial. As Ult is countable, there are at
most 2% distinct parts of the form F N Ult. Consequently, there are 220 w-languages
E C X% — Ult such that ~ is trivial. But for every such E = is trivial and hence the
iteration congruence of E is trivial; this proves our assertion. 0

Given that a Borel class in ¢ contains only 2™ sets and that there are only count-
ably many Borel classes [ ], it follows that there are w-languages E even beyond
the Borel hierarchy for which = is trivial. This is in sharp contrast with the Myhill-
Nerode theorem where the finiteness of the syntactic monoid implies the regularity of
the language.

laVY]
4 The case when ~ and = coincide

In Theorem 21 of [St83] it was proved that every finite-state w-language E C X“ which
is simultaneously in the Borel classes F, and G; is regular. Our aim is to show that this
very condition also guarantees the iteration congruence of E coincides with the simple
syntactic congruence of E. It is remarkable that this condition holds for all w-languages
in F; N G4 not only for those which are finite-state.

First let us mention the following simple properties of the congruences ~f and =:

Fact 6 Foreveryu € ¥*, x,y € X*:
1. If x ~p y then u{x,y}*x“ N E # @ implies u{x,y}*x* C E
2. If x=gy then u{x,y}*x“ N E # @ implies u{x,y}*y* C E.

Now we obtain the following necessary and sufficient condition under which the con-
gruences ~r and =f coincide:

Lemma 7 Let E C X%“. Then ~p = = if and only if the following condition holds
Vue X' Vx,y e L (x gy — (u{x,y}*x“ CE - u{x,y}'y* NE #£0Q)).

Proof: Clearly, the condition is necessary. In order to show its sufficiency we assume
x ~f y, and we show that then

Vu,v € 2*(u(xv)” € E — u(yv)” € E)

that is, the additional condition for = is satisfied.

If x ~p yand u(xv)” € E then xv ~p yv, and by the above claim we also have
u{xv,yv}*(xv)*¥ C E. Now our condition implies u{xv, yv}*(yv)“ N E # @. Again the
above claim shows that u(yv)“ € E. 0

As an immediate consequence we obtain the following simple sufficient condition. To
express it we define:
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Definition 3 An w-language E has the period exchange property (or is period exchanging)
provided for all u € ¥*, x,y € ¥ the inclusion u{x,y}*x* C E implies that u{x,y}*y“ N
E#Q.

Corollary 8 If E has the period exchange property then ~p = =p.

In order to prove the announced statement for w-languages in the Borel-class F, N G;
we recall that for every w-language E € G; there exists a language U € X* such that
for every g € X, B € Eiff B has infinitely many prefixes in U. Using this we can show
the following.

Lemma 9 Every w-language E in the Borel-class F, N G4 has the period exchanging property.

Proof: Since both E and its complement are in Gy, there exist two languages U and U’
such that every w-word in E has infinitely many prefixes in U and every w-word not in
E has infinitely many prefixes in U’. Suppose that for some u, x,y € X*, u{x,y}*x* C E
and u{x,y}*y¥ C X« — E.

Since ux € E there is a number k; such that ux*1 has a prefix in U, and since uxk1y« ¢
E, the word uxk1y1 has a prefix in U’ for some I;. Next we consider uxf1y1x% ¢ E:
there must be some kj such that ux*1y"1 x¥2 has at least two prefixes in U, etc. Repeating

this alternating argument, we construct an infinite sequence ux*1y't ... xkiyli .. having
infinitely many prefixes in U and infinitely many prefixes in U’ and thus belonging
simultaneously to E and to its complement. 0
This implies:

Theorem 10 For every w-language E € F, N G, and every x,y € £* x ~ y iff x=gy.

Note that the converse of Lemma 9 is not true in general: the w-language Ult is period
exchanging, but not in Gs5. However, for regular w-languages the converse is also true,
—a similar observation was made in Theorem 6.2 of [ ]

Lemma 11 Every reqular period exchanging w-language E belongs to the Borel-class F, N Gg.

Proof: From [ ] (cf. also [ ]) it is known that a regular w-language E is in F, N
G; iff it is accepted by a finite-state Muller automaton A using a family of accepting
subsets 7 having the following property: if T € 7, T = Inf(.A, () for some { € X%,
T' =Inf(A,¢E) forsomeé € 2¥,and TNT' # Qthen T' € 7.

Let E be a regular period exchanging w-language accepted by a finite Muller automa-
ton A = (£,Q,9,490,7), and let T = Inf(A,{) € T be an accepting subset and let
T’ be another subset such that g € TN T’ for some g € Q and Inf(A,¢) = T’ for
some ¢ € X“. Among the w-words whose Inf is T there is a word ux“ satisfying
5(q0,u) = q,6(q,x) =qgand T = {d(g,x') : x’ < x}. Similarly there is a word y such
that5(q,y) =gand T = {6(q,v’) : ¥’ = y}. One can see that for every « € u{x,y}*x%,
Inf(A,a) = T and thus u{x,y}*x“ C E and, since E is period exchanging, we have
some B € u{x,y}*y*“ N E. ButInf(A, ) = T’ and, hence, T’ must also be in 7. Q

Although it follows from Claim 5 that ~ and = coincide for some non-Borel sets, in
general even for regular w-languages in the Borel class F, it happens that ~ and

112
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may not coincide (cf. Example 1). On the other hand the following example shows
a regular w-language in F, where ~ and = coincide; yet the language is not period
exchanging:!

Example 3 Let E3 := {a,b}*a“ Uca®. Then ~g, has as congruence classes a* and {a, b, c}* —
a*, and the inclusion ~p, C =, is easily verified.
On the other hand {a,b}*a®” C Ez but {a,b}*b* N E3 = Q.

5 Acceptance by minimal-state automata

In this section we will show that w-languages in F, N G have another important prop-
erty, namely they are accepted by their minimal-state automaton. Again, this property
is true for arbitrary w-languages, not necessarily finite-state, provided that they can be
accepted at all by a Muller automaton. The last reservation is in order because, as we
show below, not every w-language, even those in F; N G, can be accepted by a Muller
automaton.

For a given automaton .4 we will denote {8 : Inf(A, B) = @} by A% and {8 : Inf (A, B)
@} by E?, where Ag is the minimal-state automaton of E.

Claim 12 An w-language E can be accepted by the Muller automaton A = (X,Q, 9,490, 7T )
only if B CEor E°NE = Q.

Proof: Clearly any Muller automaton can accept E only if A2 C Eor EN A% = Q.
Since any automaton A accepting E refines Ar we have E? C A? and the result fol-
lows. 0

Claim 12 is irrelevant in the case of a finite-state automaton A, because then E2 = Q.
But the following example shows that for an infinite-state automaton A the set E2 may
indeed be non-empty.

Example 4 Let ¢ := aba®b?a’b>... Clearly, Ey = {&} is not finite-state, more exactly, we
have ust g, v whenever u < ¢ and u < v, and u ~g, v when both u and v are not prefixes of ¢.
Thus E4 = ES.

We continue with an example of a simple w-language not accepted by a Muller au-
tomaton.

Example 5 Let ¢ := aba?b?ab®. .., let  := bab?a®b®a® ... and consider the w-language
Es = {¢} U (bZ¥ — {n}). In the same way as above one obtains {¢} U {n} = EZ and
Claim 12 shows that Es cannot be accepted by any Muller automaton.

Note that, in this case, E5 is the union of the closed set {¢} and the open set (bX% —
{n}), hence in F, N Gs. Moreover, since similar to Example 4, the w-languages (bX% —
{n}), (¥ —{n}), and {{} U bZ¥ are accepted by their corresponding minimal-state
automata, Example 5 shows that the class of w-languages accepted by arbitrary Muller

LA first example of this kind was obtained by Th. Wilke (personal communication).
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automata is not closed under union and intersection (though it is obviously closed
under complementation).

Having demonstrated this phenomenon we will show that w-languages in F, N G;
which are accepted by Muller automata are already accepted by their minimal-state
automata. First we mention a property of the right congruence ~r for w-languages
E € F; N Gs which follows from results of | ]. For the sake of completeness we shall
give the proof in Appendix A.

Lemma 13 IfE C X% is in F, N G, then

E=(ENE%)U U E(u)
u€Pref(E) NE(u)NE#Q

where Pref(E) = {u : ENuXY # @} and E(u) = {B : u < pAYo(v < B —
dx(vx ~g u))}.
Observe that here vx need not be a prefix of p.

This is a stronger property than the one given in [ | for saturating right congru-
ences of regular w-languages E € F, N G;. Compare also to the Landweber right con-
gruences for regular w-languages E € G4 derived in [ I

We mention still that, in view of the identity

YV —E(u)={u: || =ul v #u} - ZYU{v:Vx(ox £pu)} -2¢
every set E(u) is closed.
In order to achieve our goal we proceed along the lines of [St53] and show that the
connected components of Ag accept E € F, N G provided E C E? or ENE? = @.
We set Sy, := {w : Ix3y(wx ~g u ANuy ~p w)}. Thus S, = S,y ifand only if u’ € S,,,
and (Sy) := {(w) : w € S,} is the strongly connected component of Ar containing
(u). Moreover, S, is interval closed, that is, w,w’ € S, and w < @’ imply that for all
v, w=v=w, itholdsv € S,.
First we remove the condition u <  from E(u). We define

E'(u) :={B:Jw(w = pAw € Sy) A\Vv(v < B — Ix(vx ~g u))}.

E'(u) has the following properties.

Lemma14 1. E'(u) = {B: Pref(B) — Sy is finite}
2. Ifu' € Sy then E'(u) = E'(u).
3. E'(u) = Uyes, E¥)
4. E'(u) NE # Qifand only if E(u) NE # @

Proof: First observe thatw € S, w < vand v ¢ S, imply S, NvEZ* = @.

1. Consider B € E'(u). Then w € S, for some w < B. Now Pref (B) = Pref (w) U {v :
w < v < B}. It suffices to show {v:w < v < B} C S,.

Since w € S, we have uy ~g w for some y € ~*, and, consequently, uyy’ ~g v when
wy" = v. Now, Ix(vx ~f u)) is immediate from v < g € E'(u).

If B ¢ E'(u) then either Pref(f) NS, = Dorw € S, and v ¢ S, for some w < v < B.
Since S, is interval closed, it follows Pref(p) NS, C Pref (v).

2. follows from 1. and S, = S,,/.



On Syntactic Congruences for w—Ilanguages 11

3. In view of 2. the inclusion D is obvious. Conversely, if € E'(u) then u’ < B for
some 1’ € S, and, consequently, B € E(u').

4. Let wa € E'(u) NE where w € S,,. Then uy ~p w for some y € L*. Consequently,
uyo € E.

In order to show uya € E(u) we consider the prefixes v < a. They satisfy wox, ~g u
for suitable x, € £*. From uy ~¢ w we obtain uyvx, ~r u, whence uxa € E(u). Q

Now we can prove our result generalising Theorem 24 of [St83].

Theorem 15 Let E € F, N Gy such that either E C E or EN E? = @. Then E is accepted
by its minimal-state automaton Af.

Proof: We observe that the class of all subsets of X“ acceptable by Muller automata
as well as the class F; N G; are closed under complementation. So we may assume
without loss of generality that E? C E.

From Lemmata 13 and 14 it follows that E = E? U Unepref(E) A E(u)nE£0 E' (4). So for
every u we let T, = {(v) : IxJv(vx ~g u Auy ~g uv)} be the strongly connected
component of Ar which contains (1) and we let 7, be 2T+ — {®}.

Then for every « € X¢ , a € E'(u) — E? iff Inf(Ag, &) € Ty, so by letting 7 =
{@} UUuepref(EynE/ (u)nE20 Tu we can make Af accept E. a

Since for a finite-state w-language E the set E? is always empty, our theorem yields as
an immediate consequence the assertion of Theorems 21 and 24 of [ ].

Corollary 16 If E is a finite-state w-language in F, N Gy then E is reqular and is accepted by
its (finite) minimal-state automaton Ag.

Note that Example 1 shows that this condition (E being in F, N G;) is not a necessary
one:

Example 1 (continued) Theorem 10 and Example 1 prove that Ey € F, N Gs (In fact E; is
in Fy, since it is a countable set, hence E; ¢ Gj.), but it is easily verified that Ag, accepts
Eq (cf. [St83, Example 1]).2

Next we will provide a necessary condition for an w-language E to be acceptable by
its minimal-state automaton Ag. This condition is based on a relation between ~f and
~F and is valid for arbitrary (not necessarily regular) w-languages.

Let us define a congruence relation based on ~ which refines ~f by considering two
words to be equivalent only if they have the same set of right-factors (modulo ~F).

Definition 4 (Factorized congruence) The factorization of ~ is a congruence ~ defined
as x ~¢ yiff Vu € &*

1. ux ~puy and

2. Vo(v X x — (v 2y Auv ~p uv')) and

N. Gutleben (personal communication) showed that arbitrary high degrees of Wagner’s [ ] hi-
erarchy contain regular w-languages E accepted by Af.
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3. Vo' (v <y — Jo(v X x Auv ~g uv'’))

It is more intuitive to see the meaning of this relation in terms of the minimal-state
automaton Ag. Here x ~} y iff from every state g both x and y lead to the same
state while visiting the same set of states. (Observe that x ~f y iff from every state
q of Ag both x and y lead to the same state without necessarily visiting the same set
of intermediate states). One can see that u ~r v and x ~F y imply that for every
z, Inf(Ag,u(xz)¥) = Inf(Ag,v(yz)¥). A similar refinement of the right congruence
related to a deterministic automaton was introduced in [ ] as the cycle congruence
of an automaton.

Claim 17 An w-language E can be accepted by its minimal-state automaton Ag using Muller
condition only if x ~% y implies x ~g y for all x,y € ¥*.

Proof: Suppose that x ~} yand x%ry, thatis, for some x ~7 y, there exist u, v such that
u(xv)® € Eand u(yv)® ¢ E. But xv ~} yv, hence Inf (Ag, u(xv)?) = Inf (Ag, u(yv)®),
and Af cannot accept E. a

The condition of the previous claim fails to be sufficient. To this end consider again
Example 3.

Example 3 (continued) One verifies that Ag, cannot accept E3 = {a,b}*a“ U ca®. But in

virtue ofrv*E‘3 C ~p, and ~p, C ~g, we have N’E3 C ~g,.

Intuitively the reason is that ~E3 is too refined: 11762319 because caztp.cb and yet
Inf(Ag,aa”) = Inf(Ag,ab®). In the next section we will introduce more suitable defi-
nitions for that purpose. Recalling that ~f, and =g, coincide, we can conclude that the
questions whether Af accepts E and whether ~f and =F coincide, being both related
to the study of syntactic congruences, are likewise independent (cf. also Appendix B).

6 Recognition by right-congruences

In this section we will develop an alternative theory of recognition of w-languages
by right-congruence relations, as a complement to the recognition by two-sided con-
gruences (monoids) described in [ , , , ]. Using this theory we give
a necessary and sufficient condition for a regular w-language to be accepted by its
minimal-state automaton.

Definition 5 (Family of right-congruences) A family of right-congruences (FORC) is a
pair R = (~,{~u} yes+~) such that:

1. ~ is a right-congruence relation.
2.~y is a right-congruence relation for every (u) € £*/ ~.

3. Forallu,x,y € £*, x ~y, y implies ux ~ uy.
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As we can see, a FORC consists of a “leading” relation ~ and a relation associated
with each of its classes. We will denote classes of ~ by (u) and classes of ~, by (v),,.
A FORC is finite if all the right-congruences are of finite index. As in the case of finite
congruences, the following factorization property holds:

Lemma 18 Let R be a finite FORC. Then every w-word « has a factorization & = uvqvy, ...
such that v; ~y, vi11 and uv; ~ u forall i > 0.

Proof: (Along the same lines of the proof of Lemma 2.2 in [ ] for congruences,
cf. also Section 2.3 of [ I). Let « = up such that (u) is a class of ~ that appears
infinitely often in « and let | = {1, jo, ...} be an increasing sequence of indices such
that uB(1..j;) ~ u for every i. Next we define an equivalence relation on IN: 1y ~F n, if
for some m > nq,ny B(ny..m) ~y B(ny..m) (in other words, positions 11 and ny “merge”
after m). By the finiteness of ~,,, ~ pis finite too, so we can take an infinite sub-sequence
of of indices K = {ki,kp,...} C Jsuch thatk; < ki;q and k; +1 ~P k; 1 + 1, that is,
for every i there is some m; > ki1 + 1 such that B(k; + 1.m;) ~y B(kiy1 + 1.m;).
Finally we take a sub-sequence of indices L = {l1,1,...} C K such that for some v,
B(lh +1.1;) € (v), for every i, and B(l; + 1..m) ~y B(li11 + 1..m) for some m < ;5.
Letv; := ,B(ll + 1--li—|—1)- Then vy - - - v; ~y, v.

By definition of ~F it also implies B(I; + 1..li42) ~y B(lix1 + 1..1;10) thatis v;v; + 1 ~,
v; + 1, so, by induction, for every i > 1, f(l; + 1..I;11) = v; € (v), and together with
up(1..l1) ~ u we have the desired factorization. O

Definition 6 (Recognition by FORCs) An w-language E is covered by a FORC R = (~
A~ubuyess/~) ifit can be written as a union of sets of the form (u) ((v),,)* such that uv ~ u.
An w-language E is saturated by R if for every u, v such that uv ~ v, (u)((v), ) NE # @
implies (u)((v),)* C E. An w-language E is recognized by R if it is both covered and
saturated by it.

As for congruences, in the special case of finite FORCs, covering and saturation coin-
cide.

Lemma 19 A finite FORC R covers an w-language E if and only if it saturates E.

Proof: (See also proof of Lemma 1.1in [ ]). Saturation implies covering by virtue of
the Factorization Lemma 18. Now we show that covering implies saturation: Suppose
(u)((v),)Y NE # @. Since (u)((v),)* N E is regular it contains an ultimately-periodic
word xy“. Since y is finite we have xy“ = z1z, where z1 = xy"yy, zo = Yy,
YV = y1y2, 21 ~ uv™ ~ uand z, ~, v". Since (u)((v),)* C (uv™)((v"),)", by
covering we have (u) ((v), ) C E. Q

Next we will show how every deterministic automaton A = (%,Q,d,qo) defines an
associated FORC that bears important information about the transition structure of
the automaton. For every ¢ € Q and u € X* we will denote by Vis(q, u) the set of
states visited by the automaton while reading u starting at g, and let MSCC(q) := {4’ :
Ix(6(q,x) = q') ANJy(6(q’,y) = q)} be the maximal strongly-connected component in
the transition graph of .4 which contains g.
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Definition 7 (The FORC of an automaton) Let A = (%,Q,6,qo) be a deterministic au-
tomaton. The FORC associated with Ais R 4 = (~,{~u}(uyex+/~) defined as:

1. x ~y iff 5(q0,x) = (q0,y)

2. x ~y y iff Vis(q,x) "MSCC(q") = Vis(q,y) "MSCC(q") whenever 5(qo, u) = q and
5(q,x) =d(q.y) = 4"

In other words x and y are congruent from q = 6(qo, u) if they lead to the same state,
and if they visit the same set of states which the automaton may still visit in the future.
It is easily verified that R 4 is indeed a FORC.

Claim 20 Two w-words have the same Inf in A if and only if they have equivalent R 4-
factorizations into (u)((v),)* with uv ~ u.

Proof: Let a be any w-word such that Inf(A,a) = T = {q1,...,q9m} and let i; be the
tirst occurrence of g; in the run of the automaton over « after all the states in Q — T
have disappeared. For every k > 1 let i, be the first occurrence of g; such that all
the states in T occurred between positions i1 and i,. By letting u = a(1..i;) and
vy = a(ix + 1..ix, 1) we obtain the desired factorization. Conversely it is immediate to
see that such a factorization determines Inf (A, «). Q

Corollary 21 A Muller automaton A can accept E if and only if its FORC R 4 recognizes E.

Proof: If R 4 does not recognize E there must be some « € E and f ¢ E having the
same Infand A cannot accept E. If R 4 recognizes E then for every T € 29 all the words
a € X% such that Inf(A,«) = T have an identical factorization, and thus the set 7 of
accepting subsets can be determined consistently. O

Theorem 22 (“Myhill-Nerode” theorem for w-languages) An w-language is reqular if
and only if it is recognized by a finite FORC.

Proof: The only-if part follows from Corollary 21. Suppose E is recognized by a FORC.
Since every set (1) and (v),, is regular, every finite union of sets of the form (u) ((v),,)“
is, by definition, w-regular. 0

The next step is to define a partial-order among FORC:s.

Definition 8 Let R = (~, {~u}uyes+/~) and R" = (~',{~}} wyes+/~) be two FORCs.
We say that R’ refines R (R’ < R) if

1. Vx,y e Z*(x ~ y — x ~y), and if ~'=~ then
2. Yu,x,y e X*(x ~, y — X ~y ).

Definition 9 (Syntactic FORC) Let E be a regular w-language. The syntactic FORC asso-
ciated with E is Rg = (~g, {%u}w)ez*/NE) where ~ is the syntactic right-congruence of E
and for every u, x =~ y iff
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1. ux ~puy and
2. Vo(v e 2 Nuxv ~pu — (u(xv)¥ € E <= u(yv)* € E))

One can see that ~,, is coarser than the infinitary congruence ~ in two respects:
1. It does not quantify over all u (just those in (1)), and

2. it does not quantify over all v, only over those for which xv (and hence also yv)
makes a cycle from (u).

Lemma 23 Any regular w-language E is recognized by its syntactic FORC RE.

Proof: (We prove it similarly to Lemma 2.2 in [ ). Suppose the contrary, i.e.,
(u)((v),)“ NE # Obut (u)((v),)* € E for some u, v satisfying uv ~r u. Then by reg-
ularity there exist uv” € E and xy“ € (u)((v),)*“ — E. Due to the finiteness of y there
exist some m, n such that xy“ = zx1... X, (y1...yn)* with z ~g u and x; =, Yj Ry v
for every i < m,j < n. This implies that zxy...x;; ~g u and y; ...y, ~4 0" and thus
by the definition of ~,;, zx1 ... X (Y1 ... yn)¥ € Eif u(v")* € E which means xy“ € E,
a contradiction. a

Theorem 24 For every reqular w-language E, its syntactic FORC R is the largest FORC
recognizing it.

Proof: Let R = (~, {~u}yex-/~) be a FORC recognizing E and let R > R. Then
~ DO ~g,or~ = ~pand~, DO =&, forsomeu € X*.

First, suppose that for some x,y we have x ~ y but x4y, that is, for some « € X%,
xa € Ebut ya ¢ E. But then xa has a factorization xa = uv1v,,... where x < u and
v; € (v),. Since x ~ y, ya has a similar factorization ya = u'v1v,,... with u’ ~ u and
thus we have shown (u)((v),)“ contains both xa and ya contrary to the assumption
that R recognizes E.

Suppose now that ~=~r and for some u, x,y we have x ~, y but x#,y. This means
that there is some z such that uxz ~ uyz ~ u and u(xz)*“ € E but u(yz)¥ ¢ E. Since
~y is a right-congruence we also have xz ~, yz and thus (u)((xz),)* contains both
members and non-members of E, again, contrary to the assumption that R recognizes
E. Q

Applying this result to the FORC associated with an automaton we get:

Corollary 25 A Muller automaton A can accept a regular w-language E if and only if its
associated FORC R 4 refines the syntactic FORC RE.

In particular, considering the minimal-state automaton of E, A, its corresponding
FORC can be rephrased as follows:

Definition 10 (Automatic-Syntactic FORC) Let E be a reqular w-language. The automatic-
syntactic FORC associated with E is R 4, = (~E, {~} }u)ex+/~, ) Where ~ is the syntactic
right-congruence of E and for every u, x ~73, y iff
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1. ux ~g uy and
2. Yo(v = x A Jz(uxz ~p uv) — 30’ (v [y Auv ~g uv’)) and
3. V' (v <y A Fz(uyz ~p uv') — (Jo(v 2 x Auv ~g uv')).

This is just a reformulation of Definition 7 but in an automaton-free manner. As a direct
application we can give an exact characterization of those regular w-languages that can
be accepted by their minimal-state automaton.

Theorem 26 Let E be a regular w-language Let Rg = (~g, {~u} yex+/~,) be its syntactic
FORC (Definition 9) and let R 4, = (~E, {~}} (u)ex+/~; ) be its automatic-syntactic FORC
(Definition 10). E can be accepted by the automaton Ag if and only if for all u,x,y € ¥,
x ~7 y implies x =~y y.

Proof: It follows from Corollary 25 |

As an illustration consider once more E3 = {a,b}*a“ U ca®”. Now we have a ~} b but
a%,b and for this reason Ag, cannot accept E3.

On the other hand consider E = a*b{b U aa}*ab®”. The methods developed in [ ]
prove that E € F, — Gy, hence E ¢ F, N Gs. Here the classes of ~f are (¢) = a*,
(b) = a*b{bUab*a}* and (ba) = a*b{bUab*a}*ab*. The following table depicts the
congruence classes of {~}} and {~,} for (u) € ¥*/ ~f and one can, indeed, see that
the condition of Theorem 26 is satisfied, E = (ba)((b),,)* and Af accepts E.

() | R | ~ |
e) at a*
a*b{bUab*a}* | a*b",a*b(b*ab*a)*b*
a*b{bUab*a}*ab* | a*b{bUab*a}*ab*
(b) {bUab*a}* b*, (b*ab*a)™
{bUab*a}*ab* {bUab*a}*ab*
(ba) b* b*
(b*ab*a)*b* (b*ab*a) ™ b*
(b*ab*a)*b*a (b*ab*a)*b*a

It can be easily verified that for w-languages having the period exchange property the
hypothesis of Theorem 26 is trivially satisfied. Hence in connection with the Lemmas 9
and 11 we obtain an alternative proof of Corollary 16.

Unlike Theorem 10, our Theorem 26 and also Lemma 23 in general do not hold for
arbitrary w-languages: Consider, e.g., the w-language Ult defined above. Since ~y; is
trivial and Ult contains all ultimately periodic w-words, also the congruences ~; and
~, are trivial. Hence, x ~} y implies x ~, y, but Ay does not accept Ult.

The introduction of the FORC concept may have significance beyond the proof of the
above theorem. Up to now the only syntactic characterization of w-languages was
by means of a two-sided congruence and the lack of the other half of a Myhill-Nerode
theorem was believed to be an inherent feature of the theory of w-languages — we have
shown that this is not the case. From a practical point of view, although the iteration
congruence = (which is the intersection of ~p with {~y}yex+/~,) has a simpler
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definition, its size might be exponentially larger, and there are situations® where the
right-congruences are the right congruences.
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A Proof of Lemma 13

As it was announced in Section 5 we give a proof of Lemma 13:
If E C 2% is simultaneously an Fy- and a Gs-set then

E=(ENE®)U U {B:w=<BAYu(u =B — Jo(uv ~gpw))}.
wePref (E) ANE(u)NE#Q

To this end we introduce some notation. We call an w-language D C X% strongly
connected iff
Vu(u € Pref(D) — Ju(v € £ ANuv ~pe)),

that is, for every u which is a finite prefix of some w-word ¢ € D thereisav € ¥* such
that D N uovX® = uoD.

This notion corresponds to the strong connectivity of the partial automaton A}, which
is obtained from the minimal-state automaton Ap by deleting the state (dead sink)

(W) ={w:w & Pref(D)}.

With an arbitrary w-language D we associate the following w-language D
D:={&:Vu(u <¢&— Jo(uv ~pe))}, (5)

and its connected part cn(D) (cf. also [St83]).

en(D):=DnND. (6)
Remark: In (5) we can likewise replace the quantifier Vu by 3%u (there are infinitely
many u)
Since D = 2% — {w : Vo(wovxpe)} - £¢, the w-language D is closed.
Moreover, we have the following.

Fact 27 Let for D C X the w-language D be defined as above. Then w ~p w' implies
w~p w and w ~gpy W'

Proof. Let w ~p w'. In order to show w ~p w’, by symmetry it suffices to verify that
wp € D implies w'B € D. Now let (u;);c be an infinite family of finite prefixes of
such that Vidv;(wu,;v; ~p e). Then in view of w ~p w’ we have also Vi3v;(w'u;v; ~p
e). Hence w/'p € D.

Now w ~n(p) @' follows from (6). a

Furthermore the connected part cn(D) has the following properties (cf. [St83, Lemma 16
and Proposition 17]).

Lemma 28 1. cn(D) is a strongly connected w-language.

2. If en(D) is nonempty and closed then cn(D) = D

Proof. 1. Let w € Pref(cn(D)) = Pref(D N D). Then in view of the definition of D (see
(5) above) wov ~p e for some v. Now Fact 27 shows wv ~q,p) e.

2. Assume @ # cn(D) C D. Since D itself is closed, there is a w € X* such that
DNwx® # @and en(D) C D — wx«.
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Let B € D such that w < B. Then there is a v satisfying wv ~p e. According to Fact 27
we have wo ~q,p) e. Hence, en(D) NwoX® = wo-en(D), and en(D) NwXE? = @
implies cn(D) = @, a contradiction. a

As a next result we need a topological property of strongly connected w-languages in
F; N Gg (cf. [St83, Lemma 20]).

Lemma 29 Let D be a strongly connected w-language which is simultaneously in F, and in
Gs. Then D is already closed.

Proof. From [ ] it is known that for every nonempty D € F, N G, thereisaw € X*
such that D N wX is nonempty and closed. Utilizing the strong connectivity of D we
obtain a v € ¥* satisfying D N wovX® = wvD. The left hand side of this identity equals
(D NwXx¥) NwouX?, thus it is closed. Consequently, wvD and also D are closed. 0

The assertion of Lemma 13 can be restated now as follows. Observe that E/7€U =
{¢ : Vu(u < ¢ — Jv(wuv ~gw))} and E(u) = u-E/u.
IfE € F; N Gsand ENwXY # O then

EQw-% or Eﬂw-%:®.

Proof. Set E/w := {p : wp € E}, thatisw - E/w = ENwX®. Hence E/w is also in
F, N Gs. According to Lemma 28.1 and Lemma 29 the set cn(E /w) is closed.

Assume now ENw-E/w # @, thatis, E/wNE/w # @. Then cn(E/w) # @ and
following Lemma 28.2 we have cn(E/w) = E/w. Now the assertion follows from
cn(E/w) C E/w. a
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B Independence examples

Here we show that although the condition of Claim 17 fails to be a sufficient one, it is
neither trivially satisfied nor does it necessarily imply one of the conditions ‘~p = =g’
or ‘Af accepts E’ even in case if E is regular.

First we give an example of an w-language E¢ such that ~p C ~p, does not hold true.

Example 6 Let & := {a,b} and E¢ := {a,b}*a”. Then ~g, is trivial. Hence ~%_is also
trivial, but aaéE6b.
Consequently, neither ~, and =g, coincide nor does Ag, accept Eg.

In the second example an w-language Ey is given for which ~p C  ~p, holds, but
neither ~¢, and =g, coincide nor does Ag, accept Ey.

Example 7 Define E; := (b*a)® U (a®)*ca”. The automaton Ag, has five states (e), (a),
(b), (c), and (c)c, and is given by the following equations:

(a)a (e)
(a)b = (b) = (b)a = (b)b
{ayce = (b)c= {c)b={(c)c
(c)a (c)

One can see that Ag, does not accept Ey, and that (a)*, a(a®)*, a*b{a, b}*, (a*)*ca*, a(a®)*ca*,
and {a,b}*c{a,b,c}* — a*ca* are the congruence classes of ~F,.

Now consider the empty word e. Since c(ea)” = ca®” € E; but c(xa)” ¢ E7 unless x € a*,
we have that x ~g, e implies x € a*. On the other hand we have b“ € E; and (ba™)“ ¢
E7 for n > 0. Hence x ~f, e implies that x ¢ a* — {e}. Thus aa ~g, e but aa Fp_e.

Utilizing similar arguments it is easy to verify that ~g, has the following congruence classes:
{e}, a*, a*b{a,b}*, and {a,b}*c{a,b,c}*.

; RS S asass , o e
Since ~y, refines ~g,, we obtain ~p C~g, from the observation that w ~p_ e implies w = e.
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