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Chapter 1

Introduction

With the prevalent integration of microprocessors intoadtrevery electrical device,
appliance and technical process, software controllersaofiilare systems play an
increasingly important role. The interaction of softwarghwphysical devices and
processes can exhibit complex, mixed continuous-distretavior that defies the an-
alytical capabilities of classic feedback control theompich is directed mainly at
purely continuous-time and continuous-valued systemsjedisas those of computer
science, which deals with discrete-time and discreteedisystems. Systems with
mixed continuous-discrete behavior are caligtirid systemsThey have been studied
since the early 1990s and are the subject of a multitude obioggresearch activ-
ities. The proper functioning of hybrid systems is oftenhiygdesirable, as in the
case of safety critical applications, or because the nurabsystems in place and
high maintenance costs economically justify closer soyutMany of such systems,
e.g., embedded systems, must function correctly withoutdwintervention, either
because such an intervention is not possible at the time exfatipn, or because er-
roneous intervention would be disastrous. The latter wasc#se in an accident on
July 1, 2002, when a Russian Tupolev TU154M passenger a@gtamd itself on a
collision course with a Boeing B757-200 cargo plane, 35000 dbeve Lake Con-
stance between Switzerland and Germany. A built-in safityesn, theTraffic Alert
and Collision Avoidance SystgffiCAS), correctly alerted the pilot to avoid the colli-
sion by pulling the plane up, while the human airspace cdatrim charge, impaired
by adverse working conditions, ordered it to push down. Tl followed the advice
of the human controller, which resulted in a collision thdtekl 71 passengers and
crew. An official investigation by the German Federal Burefiiccraft Accidents
Investigation (BFU) included the following in its recommations [SBB 04

ICAO [International Civil Aviation Organization] should cinge the in-
ternational requirements [...] so that pilots flying are téged to obey
and follow TCAS resolution advisories (RAs), regardless adtidr con-
trary ATC [Air Traffic Control] instruction is given prior toduring, or
after the RAs are issued. Unless the situation is too dangeimcomply,
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the pilot flying should comply with the RA until TCAS indicates air-
plane is clear of the conflict. [...] ICAO should ensure a highidl of
acceptance and confidence of pilots staff in ACAS by impradogation
and training.

These conclusions underline the importance of designiftgvace for critical appli-
cations with an utmost level of confidence, as well as the eestlucate about its
capabilities and limitations. It is the goal fdrmal verification i.e., a mathematical
modeling of the system and formal proof of its propertiesensure the safety of a
system to such a high level of confidence, and critical pdrthe® TCAS have been
formally verified [LLLOO]. Because of the inherent complgxithe analysis is limited
to critical components of the system at the design level andlly requires a cer-
tain level of abstraction from physical details. Other emufor a malfunction of the
system, such as hardware failures, are better addressegasthods such as hazard
analysis, or statistical reliability analysis.

The necessity of high-confidence systems is expected tedserover the next
years as new technologies spread software controllers&fédy critical consumer ap-
plications. E.g., in the automotive sector drive-by-wipee-safe systems and other
driver assisting technologies are destined to prolifendtiein the next decade [Al03].
In health care, critical applications include automatiarteefibrillators, health mon-
itoring systems and automatic medication devices. A sicpnifi portion of high-
confidence systems will be part of homeland security andtamorism systems such
as soft walls, which are safety controllers designed togireplanes from flying into
designated areas [Cat04].

While formal verification has become a standard tool in thégehesf discrete sys-
tems such as digital circuits, its application in hybridteyss in hindered by the in-
herent complexity of the discrete-continuous behavior. sivkystems are naturally
divided into interacting components, also referred to adutes or subsystems, based
on their physical manifestation or function. The behaviothe system is then a sub-
set of the product of the behaviors of the components, witbreesponding increase
in complexity. Verification is limited in its application teelatively simple systems
because the computational cost increases exponentiaiytiié number of compo-
nents and variables involved. This phenomenon is refeoexstthestate explosion
problem While the state explosion also takes place in purely dis@gstems, hybrid
systems are in addition subjected to the complexities dfdrigimensional continuous
dynamics, which increase dramatically with the number affestariables.

To enable the verification of large hybrid systems, we follovo fundamental
approaches that are successfully being applied in theedesdomain: abstraction and
compositional reasoning. In afstractionof the system, information is discarded that
is irrelevant to the proof of the properties. Such a simplifieodel must be conserva-
tive with respect to those properties.cAmpositional analysisf the system examines
parts of the system in such a way that properties of the esystems can be deduced.
A particularly effective form of compositional proof is asse/guarantee-reasoning, in



which the specification of a subsystem is used as an assumgsicting the behavior
of the other subsystems, thus leading to a circular or chdatype of proof.

To formally show that a model is indeed an abstraction of lserotve construct
a simulation relationbetween the states of the models. A stsitaulatesanother if
the same, or more, behavior is possible. Intuitively, teisanservative in the sense
that if something cannot happen in the abstraction, it woll mappen in the original
either. The same approach can be used to compare a systems apddification, so
we equivalently refer to the refined model as the system, aritlg abstract model
as the specification. Whether a compositional analysis isydwalid depends on
how simulation is defined, and not all types of simulation @mputable for hybrid
systems. It is the central goal of this thesis to show contiposility for a type of
simulation that is computable, and in its pursuit we accéshpdd advances in the
following areas:

e The classic concept of simulation relations requires tiséesy and the specifica-
tion to range over the same set of actions. We propose anséxteto arbitrary
actions, and show that it is an upper bound on any such egtetisat preserves
compositionality. This extension simplifies models andofspand is relevant
to both discrete and hybrid systems.

e We propose a novel circular assume/guarantee rule for atroanlrelations ap-
plicable to discrete as well as hybrid systems. An assuraedgiee rule is a type
of compositional proof that permits tighter specificatibgzombining the mod-
ules of the system with assumptions about the behavior ofeheironment, and
thus yields an overall smaller set of problems. If theseragsions depend on
the specifications in a circular manner, the rule is only saifiladditional con-
ditions are fulfilled that break this circularity. We estiahlassume/guarantee
conditions for simulation relations and show that they affident and neces-
sary for the existence of a simulation relation.

¢ We show that simulation for hybrid systems is compositiohtéile subsystems
share no variables. We illustrate how for such cases siionlaglations can be
computed algorithmically and applied to minimize models.

e For hybrid systems with shared variables we present a fismahat is compo-
sitional for two important classes of hybrid systems: hgtsystems with unre-
stricted inputs and hybrid systems defined by linear préeic@onvex invariants
and piecewise constant derivatives, so-cditeehr hybrid automat4LHA). Be-
cause any hybrid system can be approximated arbitrarilyechy a LHA, this
makes any hybrid system accessible to compositional reagsdy using such
an overapproximation.

e We implement algorithms for checking simulation and asdgoerantee rea-
soning in PHAVer, a verification tool for linear hybrid autata that is publicly
available [Fre05].
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1.1 Context

Simulation relations, introduced by Milner [Mil71], areadily applied in a composi-
tional analysis/ [GL91], an approach that only recently feensan increased interest
in the area of hybrid systems [HQRT02, TP02, TPLO02]. Both ffstesn and its spec-
ification are given in the form of a hybrid automaton, i.e.tatestransition system in
which the dynamics of the continuous variables depend owrlwhode, odocation,
the system is in. Hybrid automata can be interpreted seonadiytias infinite labeled
transition systems (LTSs) with a structure imposed by tipaisgion between continu-
ously changing variables and discrete changes in theirdigsa This interpretation is
called atimed transition systemSimulation for hybrid systems can be defined based
on these TTS-semantics, as proposed by Henzinger in [Heafifl] preserve safety
properties. Continuous variables in the system and the figs@n are related by
an equivalence relation that is imposed on the simulatitatiom as an upper bound.
So far not further explored in literature, this approacmsuout to be cumbersome in
practise, and the structural separation between locatindsvariables is lost. Lynch
et al. use in their framework of Hybrid Input/Output Automaat definition of simula-
tion based on trajectories [LSV03]. While this approach reiently compositional,
it does not easily admit a finitary representation and tloeess not immediately open
to practical applications.

A framework for compositional reasoning based on simufatiglations for dis-
crete systems was proposed by Grumberg and Long [GL91]. \Afat #uis framework,
and extend it with our notion of simulation over arbitrarplabets. A special form of
compositional reasoning is assume/guarantee-reasoii@gréasoning). It combines
the system and its specification during the analysis in twtrdit forms, circular and
non-circular. In a chain argument over the entire systefeynmed to ason-circular
assume-guarantee reasonjreach subsystem is conform with the specification under
the assumptions that are already established as true, anaimees in turn a behavior
that is used as an assumption for the analysis of the nexystains. The core afircu-
lar assume-guaranteis to allow a circular dependency between the assumptioms an
the guarantees. If such a circularity exists, additiongeam) is required to guarantee
soundness of the conclusion.

A/G-reasoning was pioneered by Jones [Jon81], and MisraCéraahdy [MC81].
While the soundness of non-circular A/G-reasoning direfdliows from composi-
tionality, the circular version requires further scrutiofythe system. Henzinger et
al. showed in [HQRTO02] that A/G-reasoning is sound for reivepdiscrete systems.
Extensions of A/G-reasoning to hybrid systems proposederature have not been
based on simulation, but also depend on receptivenessAb®g [ HQR98, HMPO1].

So far there exists no tool support for either checking satioth or assume/gua-
rantee-reasoning of hybrid systems. The tool most relateBHAVer is HyTech
[HHWT97], a tool for checking reachability of linear hybriditamata. While pow-
erful in its functionality, its infinite precision arithnietis limited to a small number
of digits, and therefore quickly leads to overflow problemmattseverely limit its ap-
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plicability. CheckMate|[CKO03], a prominent verification tofar non-linear hybrid
automata based on Matlab/Simulink supports non-detesmiminly in the set of ini-
tial states. Its floating point arithmetic is, strictly sgigy, not sound, and does not
support open sets, which can lead to problems, e.g., wheelngdf—else structures.
The tool d/dt performs a reachability analysis of pieceviisgar and nonlinear hybrid
systems by overapproximating sets of states with a rectariged representation. It
is algorithmically sound but restricted by a terminatiomdition that depends on an
under-approximation of the reachable states, and alseepmthe flaws of finite pre-
cision arithmetic.

1.2 Overview

This thesis is divided into three parts: In Part | we presémukation and compo-
sitional reasoning for labeled transition systems, thuwwiding the foundation for
the subsequent extension to hybrid systems. In Part |l ttemdts are extend in a
straightforward manner to hybrid systems whose comportEnt®t share continuous
variables. In Part Ill, we use a modified semantics calighrid labeled transition
systemshat enable us to handle hybrid systems with shared vasa®le also present
our verification tool PHAER. In each of the parts, we define simulation and present
compositional and assume/guarantee reasoning for theatdgpclass of systems. An
overview on related work can be found at the end of each chapeproceed with an
outline of each of the parts.

We begin in Chapter 2 with recalling labeled transition systeand discuss how
they can be used to model systems with variables and theictdd interaction in
a sender/receiver fashion. In Chapter 3, the classic comdegimulation relations,
which only compares LTS of the same alphabet, is extendédsinulation which
covers arbitrary alphabets. We use chaos automata to diztsic theorems of compo-
sitional reasoning and relate classic simulation \Eitsimulation. We present compo-
sitional reasoning in three major rules: compositionatigcomposition of the specifi-
cation, which in this form is novel as far as we know, and nwoutar assume/guaran-
tee-reasoning. In Chapter 4 we present our novel proof rulgfcular assume/guaran-
tee reasoning, and show two ways to implement such a procéitipe: by trimming
bad states separately from each simulation relation, aridrbyning bad states based
on a composite list of potentially bad states. The presemtatf the rules is divided
up for simulation and-simulation since they take on slightly different forms, hwit
>-simulation being the more compact one.

In Part Il we extend the compositional framework of Part | ybotid systems that
do not share any variables. In Chagter 5 we introduce the 9aséiaybrid automata
and their labeled transition system semantics. We give arsamnof well-established
efficiency improvements of the reachability analysis, sitiey are equally relevant to
computing simulation relations and the set of reachabtestzan be used to initialize
simulation relations before the fixed-point computationChapter 6 we define simu-
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lation for hybrid systems based on their TTS-semanticsiMatgpnce relations are used
to describe the relation of variables in the system and theifigation, e.g., to express
which variables refer to the same physical property and aie unrelated. We show
that this definition is compositional as long as the hybritbemata do not share any
variables. The compositional framework of Part | is appt@tybrid systems, and we
provide criteria for the equivalence relations under whighcompositional rules hold.

We describe how simulation relations can be computekliand summarize methods
to improve the efficiency. The extension of the assume/gui@eareasoning, given in

Chapter 7, is straightforward under the premise that thereaishared variables, and
only differs with those from Palrt | by giving upper bounds ba equivalence relations
that are admissible.

In order to deal with shared variables, Part Ill introducesightly different for-
malism for hybrid systems. In Chapter 8 we present a class lfidhynput/output
automata (HIOA), which are hybrid automata with dedicategut- and controlled
variables, of which only a subset of output variables islalte to other automata. We
propose an extended version of labeled transition systetmish inherit the separa-
tion of variable valuation and locations from hybrid autdanal hey have an environ-
ment action that receives special treatment in parallejpsition, which allows us the
definition of TTS-semantics of HIOA that preserve the inaats. Chapter/9 defines
simulation for HIOA, and discusses the differences betwsdemlation based on tra-
jectories and simulation based on TTS-semantics. The algumive between variables
in the system and the specification is imposed by demandeiginput and output
variables are considered identical in both, while stateatées that are not outputs are
not related. Compositional reasoning is shown to be posbiplapplying the TTS-
semantics to the subsystems, and, essentially, analyzngehavior of the composed
TTSs. For general case this amounts to abstracting fromahgncious interaction,
while discrete changes of the variables are taken into adtctve show the that there is
no overapproximation, and therefore full compositioryalithen hybrid systems have
either unrestricted inputs, or convex invariants and piése constant bounds on the
derivatives, i.e., LHA. In Chaptér 10, we adapt our assunmaantee-rule to HIOA.
However, we suffer the same abstraction of the continuolgsantion as in the rest
of the compositional framework, so that the rule is mainlgfukfor hybrid systems
with unrestricted inputs and LHA. In the final chapter of RHftwe present our tool
PHAVer, which we used successfully to verify reachabilitgldems of hybrid systems
with linear and affine dynamics. We illustrate the algorighfor on-the-fly approxi-
mation of affine dynamics, and for managing complexity byitiing the number of
bits and constraints in polyhedral computations. We alguémented the algorithms
for checking simulation and assume/guarantee reasonesgpted in this thesis, and
illustrate them with some examples.

Conclusions from each of the parts are collected in ChapterTi#2 appendix
contains an overview of the input language to PHAVer, a sumiméthis thesis in
Dutch, a summary in German, and a curriculum vitae.
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Introduction

In Part/ | we revise and extend a framework for compositioealkoning to labeled

transition systems. We will build on this framework in thésaquent parts, where it is
applied to hybrid systems. The merit of treating discresteays before moving on to

hybrid systems lies in the clarity and conciseness of dafimstand proofs, the hybrid

extension of which can be cumbersome at times. We have trikeldp definitions and

proofs consistent in their structure throughout the thesid hope this part may serve
as an introduction as well as a reference for the hybrid abnte

One of the most fundamental concepts for modelling systeitieistate-transition
paradigm. In the context of systems theongstateis a configuration of the system
such that, given all future inputs, the entire future of tlgstem is determined. In
the presence of non-determinism, the state provides knigel@bout the set of the
possible future behavior. THeehaviorof a system is reflected in changes of its state
calledtransitions A transition is a directed edge that connects a state tchendft
the system can change to that state. The combination ofsiat transitions is a
directed graph called state-transition systerA state change can be associated with
a qualifier, e.g., time elapse. To capture this, a label ithated to each transition,
which leads to the general model paradigntadiieled transition systems

In the context of modeling and analysis, labeled transisgstems fall into two
main categoriesfinite andinfinite systems, depending on whether the set of states,
transitions or labels is finite or not. This distinction is aeasince algorithms based
on explicit enumeration of states terminate for finite systewhile infinite systems
require symbolic algorithms, i.e., algorithms that operan sets of states. From this
point of view, a hybrid system is simply an infinite labeledrsition system with a
special structure: by introducing real-valued variables infinitely many states and
transitions can be represented by a finite labeled graphhiohathe nodes and arcs
describe entire sets of states and transitions. This iswbateanalogous to the way
a differential equation is a finite representation of a gagsnfinite set of functions.
With such an interpretation, many properties and resuttiafteled transition systems
can be applied to hybrid automata, which is why we introdi®=dentral concepts
for labeled transition systems before proceeding withrtlsdiension and adaptation to
hybrid systems in Parts| Il and IIl.

Most systems are naturally subdivided into componentsatatistinct in their
physical or functional manifestations, in the followingled modulesor subsystems
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A divide-and-conquer approach models those parts and caslhe separate analy-
ses of the parts to provide some implication about the ptiseof the entire system.
This is referred to asompositional reasoningr he interaction of modules can be cap-
tured in with discrete events, or transitions, and withakles that are shared between
systems, and which can enable or disable transitions. Ictipgh applications, this
interaction is often considered to be directional, i.emeanodules govern certain be-
havior, while others merely react to it. One way to deal witkectional interaction and
shared variables is to define a powerful, but consequenthpéex modeling formalism
that explicitly takes those phenomena into account, €@.automata [LT87, Lyn96]
or C/E systems [SK91]. In contrast, in Parts | and Il we use glarformalism and
discuss how directional interaction and shared varialkdesbe modeled consistently
within this framework. While this limits the expressivenedour models, it allows
us to apply compositional reasoning in a simple and strioghiaird manner, as will
be shown in Chapter 3. The interaction of shared continuotiablas limits the ways
in which a compositional analysis can be performed. Suchradtism will be the
subject of Part lll. Our conclusions for Part | can be foun@eéct. 12.1, pp. 168.



Chapter 2

Modeling with Labeled Transition
Systems

In the following section we summarize some basic mathemlatiencepts and nota-
tion. We introduce labeled transition systems, their sdimsrand their interaction
through parallel composition in Sect. 2.2. The modeling inéctional interaction
with is synchronization labels discussed in Sect. 2.3, aut/2.4 describes models
of shared variables with dedicated read- and write-acc8ggtion 2.5 summarizes
related work for this chapter.

2.1 Preliminaries

The following definitions summarize some fundamental nrathtécal conventions on
relations, which will be extensively used in throughout shibsequent chapters.

Definition 2.1 (Binary Relation) A binary relation over sets X and Y is an ordered
triple R= (X,Y,G(R)), with agraph G(R) C X x Y of the relation R. Usually, R is
identified with GR). If elements x X and ye Y are in the relation, this is denoted as
(x,¥) € R, RX,y) or xRy. A binary relation over X% X is simply called a relation over
X. It can be:

o reflexive: xRx

symmetric: xRz zRx

antisymmetric: XR&2 zZRx=x=2z
e transitive: XRy\yRz=- xRz.

To shorten a frequently used notation for a givenXet X, we write R(X’) for
the seR(X’) = {y|3x € X" : (x,y) € R}.

Definition 2.2 (Preorder) A preorder is a relation that is reflexive and transitive.
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Definition 2.3 (Precongruence)A binary relation= is aprecongruencewith respect
to an n-ary operator {xy,...,X,) if itis invariant under f:

XRy=- f(X,X2, ..., %) Rf(Y,X2,...,%n)

Definition 2.4 (Partial Order) A partial order is a relation that is reflexive, antisym-
metric and transitive.

A partial order can be constructed from a preordely defining an equivalence
relation~ over X x X such thak ~ y < (X < yAy < X). The relation implied by<
over the quotient sé/ ~ (the set of all equivalence classes definedd)yhen forms
a partial order.

Definition 2.5 (Equivalence Relation)An equivalence relationis a relation that is
reflexive, symmetric and transitive.

2.2 Labeled Transition Systems

A labeled transition system is a directed graph with labeligkes. In addition to states
and transitions, a set of labels call@ghabetis associated with the system. All labels
on transitions must be from that alphabet. The followingrdgéin also includes a
dedicated set of initial states, from which all behaviortef system originates:

Definition 2.6 (Labeled Transition System[Kel76] A labeled transition system (LTS)
is a quadruple P= (S, Zp, —, Py) with

e aset $ of states
e a set of synchronization labels calledalphabet,
e atransition relation — C S x 2p x Sp and

e a set ofinitial states Py C S:ﬁ

The semantics of a labeled transition system is capturedégancept of aun. A
run is considered a behavior of the system only if it beginsna of the initial states,
in which case it is called aexecutiorof the system:

Definition 2.7 (Run, Execution,ReachabilityA run of a labeled transition system P
is a finite or infinite sequence of states and labels

ag ay a2
O=pPp—PL—=P2—...

such that for each pair of states,pi.1,i > O there exists a transitionipﬂ Pi+1. Itis
an executionof P if pg € Py. A state p is calledeachableif there exists an execution
with p= p;j for some i> 0.

IWe allow an empty set of initial states to be consistent wighrit automata. We use labeled
transition systems to define the semantics of hybrid autam&ince hybrid automata can have an
empty set of initial states, see Def. 5.2, labeled trans#igstems should, too.
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Figure 2.1: Graphical representation of a labeled traosgiystem

Reachability can be used to specify many safety propertigst@fest, and is im-
plemented in most verification tools for hybrid systems.

Example 2.1. Figure2.1 shows a graphical representation of a LTS P, where
* S = {po, P1, P2, P3, P4},
e 2p={ab,c},

e —={(po,a p1),(Po,a P2),(P1.a P3),(P2,b, P3), (P2, C, P3), (Pa,b, p3)}, and

o Py={po}.
The states are represented by edges, and the transitionsrbiges in the graph. The
initial state is marked with an arrow. The executions of P are

a a
Po — P1 — P3,
a b
Po — P2 — ps, and
a C
Po — P2 — P3.
The states @ p1, p2, and g are reachable, while pis not.

The analysis of a system is greatly simplified if its behavéadeterministi¢i.e.,
uniquely defined. We differentiate between the determmnfsture of a single state,
and call it successor-determinism, and the deterministieré of the automaton, for
which we require that there be only one initial state.

Definition 2.8 (Determinism) A labeled transition system P ssiccessor-determini-
sticif in each state the label determines uniquely the succesate, i.e., for alla € %,
P, Py, P, € Zp holds:
a a
(P= PLAP= P2) = (PL=P2)
It is deterministic if it is successor-deterministic and has only one initialtet

20ne could generalize to the case where there is a set ofl istiéites, but all outgoing transitions
lead to the same target state, which in turn would guarantde¢eaiministic future. However, this seems
to have no advantage.
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Labeled transition systems interact by synchronizing anditions with a common
label. Transitions with labels that are not in the alphaldethe other system take
place independently. Thearallel compositioroperator merges two labeled transition
systems to a single new one, whose states consist of a paiatet ©f the original
systems.

Definition 2.9 (Parallel Composition)[Kel76] Consider labeled transition systems
P=(Sp,Zp,—p,P) and Q= (S,2q,—q, Qo). Theparallel composition P||Q is a
labeled transition system € (&,2c, —c,Co) Where § = S x S, 2¢c = ZpU2q,

Co = Py x Qg and the transition relation is given by the rules:

aeSpNIghpoppPAgSod
(p,) S (P,

(i)

i) AETP\TQAP Tp Pl L aET\ZeAqSod
(p,a) %c (P,0) (p,a) Zc (p.9)

A labeled transition system can be represented graphiasléylabeled graph. The
following example includes figures in which the states aprasented by rounded
boxes, labeled with a name, and the transitions are arroiwgeeba the boxes, anno-
tated with the transition label. In cases where drawing @asiten arrow to its target
state is impractical, we simply write the name of the statation at the tip of the
arrow. Initial states are marked by a small incoming arrothwb source state.

2.3 Modeling Directional Interaction

The simultaneous triggering of state changes in severapooents takes place by
synchronizing transitions that have a common label. The twex sections deal with

basic aspects of such models and presents ways to moddiatiaddnteraction and

shared variables in a manner that will allow the use of thepsitional methods in

the subsequent chapters. While some modeling requiremeens somplicated and
work-intensive, e.g., introducing a new label for each sermohd copying transitions,
they are easily implemented as part of a graphical editonalyais tool and in practise
do not overly increase the complexity of the analy3is.

When modelling physical systems, a causal relationshipuallysassociated with
signals. In the strict sense, causality is associated witle@edence in time. But more
importantly, while some parts of the system act indepergeothers wait and act
according to signals. For example, a controller signalshzev® open and proceeds

3Such an increase was witnessed in the translation fromtitired interaction in C/E systems to the
synchronization labels of linear hybrid automata [Kow9&RS99]. However, that translation involved
adding states as well as transitions, while the translgtimposed in Sedt. 2.3 only adds transitions.
Experimental results indicate that the analysis is moreitea to the number of states.
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with its operation whether the valve opens or not. In therabssetting of automata,
this is captured by the notion that the sender of a signalJsshandependently of
the reception. A receiver can wait for the signal and chatgystate accordingly, or
simply do nothing. The deciding factor is that the receiamrot block the sender in
its transition. We define non-blocking as follows:

Definition 2.10 (Non-Blocking) A labeled transition system P with alphal®t is
non-blockingE on alabela if eithera ¢ Zp or for all states p there exists an outgoing
transition with labela:

vp: 3p i p L p. (2.1)

Consider a system consisting of multiple automata. With R4f0, an automaton
is areceiverof a labela if it is non-blocking ona. Conversely, it is @enderof a if all
other automata witlr in their alphabet are receivers af Note that a an automaton
can be a receiver as well as a sender, or neither.

While being a receiver is a local property of an automatorgjitethds on the entire
system whether an automaton is a sender of a label. Any atdonad the system
could block the label and therefore lead the sender to a bekd-This can quite easily
lead to modelling errors. They can be avoided by introdudiedicated semantics for
sending and receiving labels. A consistency check can tkefyvthat all automata
observe the sending and receiving directives. An altereatbnsists of automatically
forcing non-blocking for all receivers by augmenting thteansition relations:

Definition 2.11 (Forced Non-Blocking) Theforced non-blocking transition relation
of a labeled transition system P is given by

~'=— u{(pa,p)|Fp:p%p} (2.2)

Forced non-blocking can easily be implemented by a prepsiicg stage in ana-
lysis tools. On top of helping to avoid modeling errors, lteees models of cluttering
self-loops and can greatly enhance their readability. Tfleviing propositions de-
scribe how non-blocking behaves under composition:

Proposition 2.12. If Q is non-blocking ork C Zp, then a transition with label takes
place in R|Q if and only if it takes place in P, i.e., for at € 2, (p,q) € Sp x S, p' €
S

(39 (p.a) = (p.q) & pop. (2.3)

Proof. (Sufficient) Assume that there existsgasuch that the transitiofip,q) 4,
(p',d) exists. Sincex € Zp it holds with Def. 2.9 of parallel composition, that either

() a ¢ Sgandp % p, or (i) a € Zg andp % p' as well agg % ¢, which proves the

4In an input/output setting, non-blocking is also referre@s input-enabledness.
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sufficient implication. (Necessary) Assume that there imaditionp A p’. SinceQ
is non-blocking ina, Def./2.10 yields that there existsjawith q-2 ¢'. With Def.[2.9
of parallel composition, this implies a transitiép, q) LA (p',d), which concludes the
proof. O

Proposition 2.13. For labeled transition systems P and Q|® is non-blocking orm
if and only if P and Q are non-blocking far.

Proof. There are four cases to be considered:

() o ¢2puUZq: By Def. 2.9 of parallel compositiony ¢ Zp)q, and trivially P||Q,
P andQ are non-blocking foo.

(i) a € >p\Zg: By definition, Q is non-blocking or. Assume thaP||Q is non-
blocking ona, so that for any p, q) there exis{p’,q’) with a transition(p, g) g,
(P',d). By Def.|2.9 of parallel compositiorg ¢ Zq implies a transitiorp A
P’ in P. Since this is the case for gli, P is non-blocking, which proves the
sufficient implication.

Assume thaP is non-blocking oror. Then for anyp there existgy’ and a tran-
sition p LN p’, and witha ¢ Zg, Def.[2.9 of parallel composition implies a tran-
sition (p,q) N (P',q). ThereforeP||Q is non-blocking orx.

(i) o € Zg\Zp: The argument is symmetric to (ii).

(iv) Otherwisea € ZpNXqg: Assume thaP||Q is non-blocking ona, so that for
any (p,q) there exist(p,qf) with a transition(p,q) % (p/,¢f). Definition/2.9
of parallel composition implies transitior[sg P, q N g in PandQ. Since
this is the case for afp andg, bothP andQ are non-blocking, which proves the
sufficient implication.

Assume thaP and Q are non-blocking or. Then for any(p,q) there exist
(P, o) and transition = p/, -3 ¢. Definition/2.9 of parallel composition
implies a transitior{p, q) N (p', ), so thatP||Q is non-blocking oro.

O

It follows immediately from Prop. 2.13 that blocking is imient under composi-
tion. We do not restrict the requirement of non-blocking tates that are reachable
from the initial state because instead the model can easigdapted accordingly.

In cases where multiple automd®aare senders of a label, the only solution is
to rename the labat to a; in B and in the receivers insert for each transition with
labela a copy that has the labe|. Multiple receivers do not interfere with each other.
According to Prop. 2.13, their composition is still a reegjvand with Prop. 2.12 a
transition in the composition corresponds to a transitiobdth of the receivers.
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2.4 Modeling Shared Variables

Many technical systems include quantities, switches oerothemory of some form
that could be modeled quite conveniently using variableachBvalue of a variable
corresponds to a state and the formalism of labeled trans#fystems would be eas-
ily extended to include variables in the form of a state veotomtherwise. However,
shared variables in hybrid automata require a speciahnterattin compositional ana-
lysis, as will be discussed in Part lll. For the formalismgeneted in this thesis, it
is therefore advantageous to model such shared variabllesyrichronization labels
where possible.

Every variable that takes only finitely many values can be efled using syn-
chronization labels. The difference between shared @saind a model using solely
synchronization labels lies in the fact that the labeled @hattludes an explicit rep-
resentation of the possible changes in the variable. Witichaypnization labels, au-
tomata can only block transitions, i.e., prevent a varididen taking values that it
would be able to take without the interference. Therefoeestit of values of a variable
under the influence of an automaton is a subset of the valuesuid take without it,
so that safety properties are preserved. This is formajurad by compositionality
as it will be defined in Sect. 3.1. On the other hand, in a modktl shared variables
an automaton could set the variable to a new value that oibemvight never occur,
and thus change safety properties.

In order to properly model read- and write-access of vagigba sender/receiver
semantics as introduced in Sect. 2.3 should be applied. \Atitess corresponds to a
sender semantics, while the automaton that models thebl@arigathe receiver. In other
words, each automaton accessing the variable should tsaeweiit set of labels for that
purpose, and the variable model should be non-blocking asetfabels. Read-access
is characterized by two conditions: The variable shouldahatinge its state through
read-access, and in each state of the variable there shealddast one transition with
a read-access label. That way an accessing automaton isamfibdked if it offers all
possible read-access labels. Formally, the model of advaréable can be described
as follows:

Definition 2.14 (Shared Variable Model)A shared variable modelin a labeled tran-
sition system P is defined by M (P, g, 2 ) where

e read-accesdabelsa € Zr do not change the state and for all states there exists
at least one outgoing read-label, i.e. for allpSe:

— there existsr € 5g: p = p and

—forallaesg pLp=p=np,

e write-accesdabelsa € 2y are non-blocking and cause at least one state change,
i.e., for alla € Sy there exist pp’ € Sp with p-% p' A p' # p.
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Figure 2.2: A boolean variablemodeled with synchronization labels for read-access
by P and read/write-access 6y

We also say that P is a shared variable model dgy, 2y ). The set ofead-statesSg
and write-states Sy of the variable is the subset of $or which there exist incoming
transitions with labels irEr U 2w:

S={p Bacsrp:pLp},Sv={pBacsw,p:p>p} (2.4)

The shared variable model is callegrite-deterministic if each write-access label
leads to a dedicated state, i.e., for alle X there exists a fp € S such that for all
p € S holds that

pSp e p =p, (2.5)

Note thatzr andZy are disjunct by definition. I8; # 0 thenSk = S. The following
example shall illustrate the concept of a shared variabléahwith read- and write-
access:

Example 2.2. Figure|2.2 shows the model of a boolean variable for accesswvoy t
automata P and Q, P with read-access and Q with read/write-acc&ynchroniza-
tion labels b_is_Qand b_is_%, k€ {P,Q}, represent read-access, and b_tg #&nd
b_to_Jy the write-access by Q. Initially, the value of the variableuisdetermined
so that both states are initial states. Still, the model isgevdeterministic according
to Def.2.14 because after write-access, the state of thabiaris determined by the
write-access labels.

It is easy to see from this definition that several modulesrfate in reading and
writing to variables unless they are nonblocking in a coreemanner. To avoid mod-
elling errors, it is therefore advisable to introduce fockeaair of variable of model
and accessing module a separate set of labels. The gain fiog explicit models of
variables is that all automata can freely be abstractedimzad and analyzed with
the methods discussed in the following chapters.

2.5 Related Work

For an overview of discrete event models and their apptioatiefer to [VK88]. An
educational tool called tsA [MKO1] is available from Jeff Magee. It accompanies
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his book on concurrency [MK99] and provides a graphical ustarface for mod-
elling and analyzing both safety (reachability) and livenéprogress) properties of
labeled transition systems. A model for shared variablegudiscrete 1/0-automata
is given by Lynch in|[Lyn96]. There, the set of shared varmatis modeled by a single
monolithic I/0O-automaton to ensure consistency.






Chapter 3

Simulation Relations for Labeled
Transition Systems

Simulation relationsvere introduced by Milner in 1971 for the purpose of compgrin
programs [Mil71]. They define a preordersuch thatP < Q for automataP andQ

if every behavior ofP finds a match imQ. In such a comparisorR could be, e.g.,
an implementation an@ a specification, oP a refined andQ a more abstract model.
Simulation relations are known to preserve safety progerte.g., ACTL* formulas
[CGP99], and provide a sufficient condition for languageus@n. Classically, simu-
lation relates two systems with identical alphabets. Wegmea new extension, called
>-simulation to compare automata with arbitrary alphabets. Our dedimitiontains
conventional simulation as a special case wReandQ have the same alphabet, and
we can show that it is the largest compositional extensioolagsic simulation. In
1991, Grumberg and Long presented a framework for compasitireasoning based
on a precongruence for Kripke structures [GL91], and a verbased on simulation
relations can be found in [CGP99].We apply this approachltel&d transition sys-
tems anc-simulation. Foz-simulation, any chaos automaton functions as an identity
element with respect to parallel composition, which allayssto derive the proposi-
tion P||Q =< P, which is fundamental to compositional reasoning, instefagiving a
constructive proof as in [GL91]. The structure of the prdsfshown in Figl 3.1.. Five
fundamental properties of simulation, shown as rectamdndaes in Figl 3.1, are es-
tablished by constructing witnessing simulation relagiohheir algebraic combination
lets us establisR||Q < P and three central theorems for compositional reasoning:

e compositionality,
e decomposition of specification, and
e non-circular assume-guarantee reasoning.

This chapter establishes the first two rules. Non-circusguene-guarantee reasoning
is left to the next chapter, where we will also deal with cleacity.
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Commutativity P < ChaogP) P = P||ChaosZ)
3.4 3.13 3.14
Compositionality
PL Q1A
B < Oy PIR=Q
= Pi[[P 2 Q1]|Q2 318 )
Decomp. of Spec. h
Precongruence | —— PpiQleA P=<P||P
311 L < P=xQ1Q2 ) 3.19
Non-circular A/G
PL Q1A
Q[P Q2
= P[P 2 Q1]IQ2

Figure 3.1: Structure of compositional reasoning framéwor

In the next section, we recall classic simulation, and shat/fior a preorder com-
positionality is equivalent to being precongruence, ir&ariance under composition.
Simulation is extended in Sect. 3.2 to accommodate arpiglphabets in what we call
>-simulation. We show that it is compositional, and furtheremthe largest compo-
sitional extension of simulation to arbitrary alphabetse Wérive the building blocks
of compositional reasoning and propose a theorem for thendeasition of the spec-
ification. In Sectl 3.3 give a brief summary on computaticmsgdects of simulation
relations and outline basic algorithms. We conclude th@®ravith Sect. 3.4, where
we give an overview of related work.

3.1 Simulation

Simulation relations are widely used to show abstractiahrafinement between mod-
els and specifications. They preserve the branching steicfusystems and provide
a sufficient condition for language inclusion that can baldghed with lower com-
plexity. Also, their precongruence properties are idesilited for compositional rea-
soning. Intuitively, a simulation relation relates twotstain the following way: A
stateq simulates a statp if, starting from statey, the same, or more, things can hap-
pen as when starting from stape The reader is referred to [CGP99] for a detailed
introduction to simulation. In the following, |é¢? andQ be labeled transition sys-
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temsP = (Sp,Zp, —,Py) andQ = (Sg,2g, —, Qo). We formally define simulation for
labeled transition systems following the classic definitiy Milner:

Definition 3.1 (Simulation) [Mil71] For any P and Q withiEp = 3, a relation RC
S x S is asimulation relation if and only if for all (p,q) € R a € Zp, p’ € S holds:

pop = I e (@>dA(P.q)ER)
A state gsimulatesa state p if there exists a simulation relation R wiihq) € R,
written as p=< q. Q simulatesP, denoted as X Q, if for every state < Ry there

exists a state gj€ Qo such that p < qq, i.e., if for any simulation relation R holds
Po € R"1(Qo). The relation R is then calledaitnessfor P < Q.

A well known, and most fundamental, property of simulatiethiat it is gpreorder,
i.e., reflexive and transitive [CGP99]. It can therefore bedu define equivalence
by mutual simulation. There are two kindSimilarity of LTS P,Q requires that both
simulate each other, therefore is the natural equivalencsifnulation and preserves
the same class of propertieBisimulationon the other hand requires that the same
relation witnesses both directions, and so imposes a Byagtate equivalence. It is
the most finely grained notion of equivalence commonly uaad,preserves & T L
properties [CGP99]. Formally, the definitions are as follows

Definition 3.2 (Similarity, Bisimulation) [CGP99]Given LTS RQ, we say that P and
Q aresimilar, written as P~ Q, ifand only if P< Q and Q= P. Arelation RC S x &
is abisimulation relation if and only if R witnesses R Q and R'! witnesses & P.
P and Q arebisimilar, written as P= Q, if and only if there exists such a relation.

Note that for similarity, the simulation relation witnesgiP < Q can be entirely
different from the one witnessin@ < P. Simulation is a necessary condition for
similarity, and similarity is necessary for bisimulatién

Proposition 3.3. [Par81]Forall P, Q,PZQ=P~Q=P=<Q.

Note that if there exist simulation relatioRs<q for P <~ Q andRg<p for Q <~ P,
it is a sufficient condition for bisimulation th&<q = Rép, but not a necessary one.
The following classic example, which can be found, e.g.06P99, p.173], illustrates
the difference between similarity and bisimulation:

Example 3.1. To illustrate the difference between similarity and bisintioka, con-
sider the labeled transition systems P and Q in Fig. 3.2. &ition relations for
P < Q and Q= P exist, see Table 3.1, and therefore-R). There exists no bisimula-
tion relation between P and Q because locatioim P has no bisimilar location in Q,
so P2 Q.

A rather practical property of parallel composition is ignomutativity down to
structural isomorphism [GL91]:

LA unified hierarchy for equivalences of concurrent systeaslieen established by van Glabbeek
[Gla90]. See [HS96] for a survey of behavioral equivalermed [SIRS96] for a survey of their com-
plexity.
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@P (b) Q

Figure 3.2: Similar, yet not bisimilar, labeled transitigystems

Table 3.1: Simulation relations for Ex. 3.1

(a) Req (b) Ro<p
P\ do i Q\" Po p1 P2 Ps
Po e - - G o - - -
P . G - - ¢ -
P2 o — (o] o ° ° °
P3 o e o

Proposition 3.4. For any RQ holds R|Q = Q||P.

Proof. LetR= {(p,q) | (q,p) € Syp}- It directly follows from the definition of par-
allel composition that any transitigip, q) ipHQ (p',d) entails a corresponding tran-
sition (q, p) i>QHP (d,p) with ((p',d),(d, p')) € R Since every initial statépo,qo)

of P||Q has a matchigp, po) in the initial states o®||P, and((po,do), (0o, Po)) € R R
is a witness folP||Q = Q||P. O

With Prop. 3.3 it is straightforward that the commutatiwtytends to bisimulation,
similarity and simulation:

Corollary 3.5. With Props| 3.4 and 3|3 holdg|® ~ Q||P and R|Q < Q||P.

Most systems of practical interest can be divided into a §subsystems, e.g.,
by physical aspects or function. A compositional approacinddeling and analysis
of such a system is based only on the descriptions of sulmgsteithout further in-
formation about the composed system, a concept that wadfinsalized by Gottlob
Frege in 1923 [Fre23]. In the context of automata and sinariatompositionality is
captured by the following definition (for related work seeS8.4):

Definition 3.6 (Compositionality) [SS01, AGLSO1A relation ~ between automata
is compositionalif Py ~ Q1 and B ~ Qy implies R||P> ~ Q1]|Qo>.
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For practical purposes it is reasonable to require the csitipo operator to be
commutative and associative. The following propositiolates compositionality to
invariance under compositi@n It motivates the requirements for a compositional
simulation relation in the next section:

Proposition 3.7. For a commutative composition operatdra preorder~ is compo-
sitional if and only if it isinvariant under composition, i.e., if

P~ Q1 = Pif|P~ Q1]|P. (3.1)

Proof. For the sufficient direction, assume thais compositional. Since- is reflex-
ive, P, ~ P, holds. Using the definition of compositionali§, ~ Q1 andP, ~ P, imply
P1||P, ~ Q1]|P2, and so~ is invariant under composition. For the necessary diractio
assume that- is invariant under composition. Théh ~ Qp impliesPy||P ~ Q1] |Po.
Also, P ~ Q2 and commutativity of composition implie®1||P, ~ Q1||Q2, and by
transitivity Py ||P> ~ Q1||Qo. O

A preorder that is invariant under a composition operatoaled aprecongruence
with respect to that operator. It is a well known fact thatdition is a precongru-
ence with respect to parallel composition, therefore tgafplied in compositional
reasoning. We recall the formal statement:

Proposition 3.8. [CGP99]Simulation is a precongruence with respect to parallel com-
position over the set of labeled transition systems withtidehalphabets.

We omit the proof because this is a well established resuito,Ave will extend
simulation in Sect. 3.2, and the proof of the correspondimg@sition on precongru-
ence in that section, Prop. 3.11, contains Prop. 3.8 as iaspase.

3.2 >-Simulation

In the following, we extend the classic definition of simidatto compare systems
with arbitrary alphabets. Because we intend to use this siderfor compositional

reasoning, Prop. 3.7 requires that it to be a precongruémcea preorder that is in-
variant under composition. If we simply apply classic siatign to automata with

differing alphabets, it is not preserved under parallel position, as illustrated by the
following example:

Example 3.2. Consider the LTSs;PQ; and B shown in Figl 3.3, with alphabets
Zp, = {a}, 2o, = {a,b} andZp, = {b}. Qq is blocking on a label that is not in the
alphabet of P, and so B||P, £ Q1||P: even though P=< Q; holds.

2Invariance under parallel composition is part of the coritfmrsal reasoning framework presented
in [GL91]. Itis also required by Alur and Henzinger in [AH9iIN their modular framework for hybrid
systems.
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GV (b) Qu (€) P2 (d) Rf|R (e) Qu[|P

Figure 3.3: Justification of non-blocking requirement

As a consequence of this deficiency of classic simulationjm@ose additional
restrictions. Consider simulation for LTRBQ, i.e.,P < Q. For labelsa that are in the
alphabets of bott andQ we retain Def. 3.1 of simulation, and call it condition (i).
The remaining cases, in which the label is not in both alptsalaee:

(i) o€ Zg\Zp: As illustrated by EX. 3.2Q should be non-blocking on all labels
that are not inkp. This is necessary, amongst other reasons, to preserve non-
blocking, since if a labefr is not inZp, P is non-blocking ora by definitiors.

(i) o € Zp\Xq: Labels that are not il are allowed as long as the transitions don't
lead to violating states. Therefore the target states di snamsitions must be
inside the relation.

As far as we know, this extension is novel, and we c&tdimulation. The conditions
are motivated formally at the end of Sect. 3.2.2 by showirag dmy relation that shall
imply simulation in a manner that is invariant under composimust be a subset of a
>-simulation We define=-simulation for an arbitrary alphabgt, and write<s if &’

is the union of the alphabets on both sides of the inequrality.

Definition 3.9 (Z-Simulation, Z-Similarity, Z-Bisimulation) Given an alphabe®’
and LTSs P, Q, arelation R Sp x S is aX'-simulation relation if and only if for all
(p,q) e R a e p e S holds:

() aespnigand pop = 39 €S: (@2 gdA(P,q) €R)

3strictly speaking, non-blocking is not required of all s&inQ, but only of those in the witnessing
simulation relation. This is relevant@ is non-deterministic or has unreachable states.

4Jonsson defined in [Jon94] simulation Ky C Zp, but without including any additional conditions.
As we show in Sect. 3.2.2, this is not invariant under contfmsand, consequently, not compositional.

5The case wherE c ZpU Zq is useful for dealing with uncontrollable and unobservataasitions,
which are not used in this thesis.
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(i) aeo\Zpandiq € So: (> d A (pd)eR)
(i) aezp\Zgand p>p = (p,q) R

A state @@'-simulatesa state p if there existsE-simulation relation R witl{p, q) € R,
written as p=s . Q ¥'-simulatesP, denoted as Ky Q, if for every state pe Py
there exists a stateyge Qg such that p <5/ qo, i.e., if for any2’-simulation relation R
holds B C R‘l(Qo). The relation R is then calledwitnessfor P <5 Q. LetZz =2pU
2. Z-similarity andX-bisimulation are extended from Def. 3.1 in the straightfard
manner, and denoted withy:, respectivelys,.

It follows directly from the definitions that simulation a&esimulation are identi-
cal if both sides of the inequality < Q have the same alphabet, so that simulation is
a special case df-simulation:

Proposition 3.10. For any RQ withZp = 2g holds P Q < P <5 Q.

If it is clear from the context which notion of simulation isquired, we will omit
the distinction betweerk and <5, and simply write<. With its three conditions,
>-simulation is more cumbersome than simulation for low lgueofs, i.e., proofs
that involve the construction of a witnessing simulatiotatien. High-level proofs,
however, can be simpler and more flexible because of theyatulcompare arbitrary
LTS, as will be evident in the following sections. Partiglifdanteresting is the ability
to compose and decompose specifications, which will be shiov@ect] 3.2.2. Also,
specification models can be slightly smaller, since nomitay labels do not have to
be modeled by self-loops. In Selct. 3.2.1 we will introd@¢@osLTS to close the gap
between simulation an@l-simulation and show that they can be expressed in either
form. It remains to be shown that the goal of this section,dfing simulation with
precongruence properties for arbitrary alphabets, wamatt:

Proposition 3.11. With respect to parallel compositioB;Simulation is a precongru-
ence on the class of labeled transition systems.

Proof. The proof is carried out by constructing witnessing siniatatelations. It is
similar to the corresponding proof for simulation given®LP1], of which a didacti-
cally refined version can be found in [CGP99, p. 176,188].

Reflexivity

R={(p,p)} is a witness thak is reflexive, since only condition (i) applies apd>
p=(p3pAp,p)ER). Itis easy to see th& C R 1(Ry), soRis a witness for
P<sP.

Transitivity.

Let Ry andR, be witnesses foP <y Q andQ <5 Srespectively. We will show that

R={(p,9)|30: (p,q) € RiA(q,5) € Ry} is a witnessing simulation relation. Consider
p,q,swith (p,q) € Ry and(q,s) € Ry.
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(i) Let a € ZpnZs. ThenRis not a simulation relation ip g, p’ and there exists
nos :s-% ¢ with (p/,s) € R. It will be shown that this is never the case.

— If a € Zg, then case (i) applies & and there exists g with (q Lqn
(P,q) € Ry). Sincea € Zs, case (i) applies also fd®, ands’ exists with
(d,9) € Re. With (p',d) € Ry follows that(p/,s) € R.

— If a ¢ Zq, then case (iii) applies t&; and thereforép’,q) € R;. ForRy,
case (ii) applies and therefaseexists with(q,s') € Ry. Again, (p’,s) e R

(ii) Let a € Z5\Zp. It must be shown that exists withs % &' and(p,s) € R.

— If a € Zq, then case (i) applies t& and there exists g with (q N
d A(p,q) € Ry). Sincea € Zg, case (i) applies t&, ands' exists with
s ¢ and(q,s) € Ro. With (p,q) € Ry follows that(p,s) € R.

— If o ¢ Zg, then case (ii) applies &, ands’ exists withs % ¢ and(q,s) €
Ry. Since(p,q) € Ry it follows that(p,s) € R.

(iii) Let a € Zp\Zs. It must be shown thgy % p' = (p/,s) € R.

— If a € Zg, then case (i) applies fd# and there exists g with (q Lqn
(p',d) € Ry). Sincea ¢ Zs, case (iii) applies also fdR, and(q/,s) € Ry.
With (p',d) € Ry follows that(p’,s) € R.

— If a ¢ Zq, then the only option is (iii) and therefof@',q) € R;. In com-
bination with(q,s) € R, this implies(p/,s) € R, as required.

By definition of simulation it holds tha® C Ry *(Qo) andQo € R, X(S). So for every
po € P there is adp € Qo with (pg,qo) € Ry, also asp € S with (qo, S) € Rp. With
(Po,S0) € Rit follows thatPy C R"1(S), and consequentlR witnesses <s S.

Invariance under Composition

It must be shown that iRy is a simulation relation foP < Q, then there exists a
simulation relation foP||S <5 Q||S. We will show thatR= {((p,s),(q,s))|(p,q) €
Ro} is a witnessing simulation relation. Assume thptq) € Ro.

(i) a e (ZpUZs)N(ZqUZg): It must be shown that ifp,s) 2, (p/,9) there exists
(d,8) with (q,8) % (d/,8) and((p,§), (d,8)) €R

(@) a € Zp: Then(p,s) % (p,s) implies p < p’ and thereforep,q) € Ry
implies that af exists withq % o and(p',q) € Ro, and by parallel com-
position there is a transitiofy,s) = (¢/,s), and((p’,s),(q,s)) € R.

(b) a ¢ SpUZg: Then(p,s) = (p,s) impliess % & andp = p'. Then there

is also a transitioriq, s) - (¢,') with q = ¢f. Since(p,q) € Ry it follows
that(p,q) € Roand((p’,s),(d,s)) €R
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(c) a € Zg\Zp: By parallel composition it holds thgi = p’. Then case (ii)
applies forRy andq exists withg = of and(p,q) € Ry and therefore there
is a transition(q,s) = (¢,§') and it holds that(p,s), (¢/,s)) € R.

(i) a e (ZquUZg)\(ZpUZs) = 2g\(2pUZg): It must be shown that there exists
(d,8) with (g,8) = (df,8) and((p.s), (d,5)) € R Sincea ¢ 2, (p,q) € Ro
implies with case (i) that/ exists with(p,q’) € Ry. Sincea ¢ g, S = sand
therefore((p,s), (d,s)) € R

(i) o€ (ZpUZg)\(ZqUZs) = Zp\(ZqUZg): It must be shown that ifp,s) 4
(p,$) then it holds that(p',s), (q,s)) € R. By parallel composition(p,s)
(p,s) implies a transitiorp = p’ ands= <. Therefore(p,q) € Ry implies with
case (iii) forRg that(p’,q) € Ry. For anys= s holds((p’,s),(q,s)) € R.

From the premise it follows that for eveny € Ry there exists someggy € Qg with
(po, o) € Ro. With the definition of parallel composition it follows thér every
(po,So) in the initial states oP||Sanddp € Qo, (0o, S0) is in the initial states 0f)||S.
From the definition oR andRy it follows that for everypg € Py there exists such a
do € Qo, and consequently x Sy € R 1(Qp x ) holds, which make® a witness
for P|[S=<5 Q||S O

3.2.1 Simulation,>-Simulation and Chaos

Proposition 3.10 states that simulation is a special caZesirhulation. In the follow-
ing we will expres<-simulation in terms of simulation, which allows us to effessly
switch between the two types of simulation. Since the alptgabn both sides of an in-
equalityP < Q need to be equal, we add additional labels by composing etk with

a so-called chaos system that creates the appropriatdiitraa@. The lemmata estab-
lished in this section allow the manipulation of inequastinvolving chaos automata
and are essential building blocks of our framework for cositi@nal reasoning. In
every state of a chaos system, there is a transition for éabg} in the alphabet:

Definition 3.12(Chaos) A chaossystem over the alphabEg is the labeled transition
system Chad&) = ({chaog, %y, —, {chaog) with — = {chaog x Zg x {chaog.
For a labeled transition system® (S, 2p, —,R), let Chao$P) := Chaogp).

A chaos systemi-simulates every other LTS, making it an upper bound on ahy se
of LTSs:

5The inspiration for the chaos system comes from the theoi@ahmunicating Sequential Pro-
cesses by C.A.R. Hoare, see [Hoa85], pp.126. There, a CHAGR$s over an alphabatcan non-
deterministically produce any action frofat any time. In [Lon93], an automaton(A), similar in
spirit to theChaosautomaton here, is defined for Kripke structures [Lon93,13.ahd used to relate
structures with different alphabets.
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Lemma 3.13. For any P and any alphabét, P <5 Chaog3).

Proof. Let R= {(p,chaog|p € S}. We show that the conditions (i)-(iii) of Def. 3.9
are fulfilled, so thaR is aZ-simulation relation:

() a€=pn¥’: By Def.[3.12, a transitionhaos®: chaosexists for anya € $pN .
Therefore, for any’ with p -2 p' there exists & = chaoswith (p/,q) € R

(i) ae3’'\=p: By Def.[3.12, a transitioshaos %> chaosexists for anyor € 3\ Zp.
Therefore, there always existgja= chaoswith (p,q) € R

(iily o € =p\ ' Forany(p,q) € Rand anyp with p <> p’ it holds that(p',q) € R.

For all pp € Py holds that(po, chaog € R, soPy € R-1(chaog holds, ancRis a witness
for P <y ChaosY’). O

It follows from Lemma 3.13 and its proof that the set of@iaosautomata form
an equivalence class with respect to bisimulation, ancetbeg also with respect to
similarity and simulation. The composition of an arbitraytomatorP with a chaos
automaton is in the same equivalence class with respecsitoldation asP. This is
expressed by the following lemma:

Lemma 3.14. For any P and any alphabét, P ;5 P| |Chao$Z’).ﬁ

Proof. We will show thatR = {(p,(p,chaog)} is a witness folP <5 P||Chaog%’),
and thatR~! witnesse®||Chaogx’) <5 P. To prove the first claim, we demonstrate
that the conditions (i)-(iii) of Def. 3.9 are fulfilled bl, and that the initial states are
properly contained ifR:

(i) aezpn (ZPUZ/) =2p:

— a € 5pN3: By Def.[3.12, a transitiochaos>> chaosexists for anya €
$pN 3. Therefore, for any’ with p = p there exists @ = (p/,chaog
with (p/,q) € Rand(p,chaog < (p/,chaos.

—ae3p\3: Forany(pq) €Rand anyp with p-% p it holds that
g= (p,chaog anda € Zp\ ¥’ implies by the definition of parallel compo-
sition an independent transitigp, chaog % (p',chaog. Therefore, there
always exists & = (p/,chaog with (p/,q) € R

(i) ae(Zpu)\Zp==2'\Zp: By Def.3.12, a transitioshaos- chaosexists for
anya € %'\ Zp. By the definition of parallel compositiom € %'\ Zp implies
that there is a transitiofp, chaog % (p,chaog in P||Chaogs’). Therefore,
there always exists@ = (p,chaog with (p,q) € R.

"See also [Lon93, p. 77] for a similar application to Kripkeustures.
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(i) a €3Zp\(ZpUT’) =0 does not occur.

Since for all py € Py holds that(po, (po,chaog) € R, and (po,chaog is an initial
state ofP||ChaogY’), it follows thatR is a simulation relation that witnessBs=<ys
P||ChaogZ’). Now we show in a similar manner th&t|Chaosz’) <5 P holds:

(I) ac (ZPUZI)QZPZZPZ

— o € 5pN¥’: By Def./3.12, a transitioghaos %> chaosexists for anya €
ZpNZ'. By definition of parallel composition, a transitionChaog’)
occurs if and only if there is a transitiqmi p'. It immediately follows
that there exists @ with ((p/,chaos,q) € R™2.

— o € 2p\ ¥': By the definition of parallel composition there is a tramsiti
(p,chaoy % (p/,chaog if and only if p-% p'. Therefore, there always
exists ap’ with ((p/,chaos, p') € R™L.

(i) aeZp\(ZpUZ') =0 does not occur.

(i) a e (ZpU)\Zp=25'\Zp: By Def. 3.12, a transitiochaos—» chaosex-
ists for anya € '\ Zp. By the definition of parallel compositiom; € 3’ \ Zp
implies that there is a transitiofp, chaog < (p,chaog in P||Chaog%’), and
((p,chaog, p) e R°L.

For all (po,chaog with pp € Py, i.e., all initial states ofP||ChaosZ’), holds that
((po,chaog, pp) € R™* and po is an initial state ofP||Chaogz’). Therefore,R™1
is a simulation relation that witnessB§Chaog>’') <s P andR is a Z-bisimulation
relation that witnesseB =5 P||ChaogY’). O

From Lemma 3.14 and the transitivity @fsimulation, it follows that the chaos
automaton is an identity element farsimulation. For any alphabet, it can be added
and omitted at will:

Theorem 3.15.For any P, Q and arbitrary alphabet,;, X, holds:
P=:Q ¢ P||ChaogZ;) =5 Q||Chaogy). (3.2

Proof. Assume thaP <5 Q holds. With Lemma 3.14 it follows th&||Chaog$Z;) <5
P, and by transitivity followsP||Chao$Z;) <5 Q. Similarly, Lemmad 3.14 implies
that Q <5 Q||Chaog%y), and by transitivity we gelP||Chaog>1) <5 Q||ChaogXy).
Assume thaP||ChaogX;) <5 Q||ChaogZ,) holds. With Lemma 3.14 it follows that
P <5 P||Chao4Z,), and by transitivity followd <5 Q||ChaogZ>). Similarly, Lemma
[3.14 implies thaf)||ChaogZ;) <5 Q, and by transitivity we geP <5 Q. O

Theorem 3.15 immediately allows us to formul&eimulation in terms of clas-
sical simulation by composing chaos automata with bothssidénich balances the
alphabets:
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Corollary 3.16. For any P,Q, P<s Q if and only if B|ChaogQ) = QHChaos{P).B

Proof. With Theorem 3.15P <5 Q is equivalent toP||ChaogQ) <5 Q||ChaogP).
The alphabet on both sides is equaktoJ>q, so that with Prop. 3.10 this is equivalent
to P||ChaogQ) < Q||ChaogP). O

According to Corollary 3.16, any of the following proofs omatithms for>-
simulation can be applied to classic simulation by balaptive alphabets with chaos
automata. We can now easily show tBegimulation is an upper bound on any relation
that implies simulation invariant under composition:

Theorem 3.17(Maximality of Z-simulation) For any LTS PQ and a relation R, it
holds that(p,q) € R implies(p,s) < (q,s) for any state s of an arbitrary LTS S with
ZpUZg C Xgifand only if(p,q) €« R=p =5 Q.

Proof. For the sufficient condition, assume thiatg) € R= p <> q. With Prop/ 3.11

it follows that(p,s) <5 (q,s). Since the alphabets on both sides are equal, Prop. 3.10
yields that(p,s) < (g,s). For the necessary condition, assufpeq) € R= (p,s) <

(g,8). Let’s considen(p,s) < (q,s). Because the alphabets on both sides are equal,
Prop/3.10 yields thatp,s) <s (q,s). Since the assumption holds for aBylet S=
ChaogZpUZq). With Theorem 3.15(p,chaog =<5 (g,chaog < p <5 g. So for this
choice ofS, (p,q) € R= (p,s) < (q,s) impliesp <5 g. If Rmustimply(p,s) < (q,s)

for anyS, it cannot be larger thais. O

We can conclude tha-simulation is the largest, or most permissive, preordar th
implies simulation and is invariant under composition.

3.2.2 Decomposition of the Specification

We proceed with the remaining fundamental propositionséxcompositional frame-
work of Fig./[3.1. They culminate in a theorem showing that whpecifications, i.e.,
the right side of an inequality < Q, are composed and decomposed, the composition
operator on the right hand side of the simulation inequéalkitiraves like a logical AND
operation. The sufficient direction of the decompositiobased on the following fun-
damental property of simulation:

Proposition 3.18.[GL91] For any RQ, P||Q <5 Q.

Proof. With Lemma/ 3.13 hold$ <5y ChaogZp), witnessed byR = {(p,chaos},
and with invariance under composition folloRgQ <s Chaog2p)||Q, witnessed by
R’ = {((p,0), (chaosq))|(p,chaog € R} = {((p,q), (chaosq))}. Lemma 3.14 and
commutativity yield€Chaog$2p)||Q <5 Q, witnessed bR = {((chaosq),q)}, and the
conclusion follows by transitivity witiR= {((p,q),q)} as a witness. O

8A similar approach is used in [Lon93, p. 120] to compare Keigkuctures of different alphabets.
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The necessary direction of the decomposition relies on aalgtgfundamental propo-
sition, which shows that a labeled transition system carrbi¢rarily composed with
itself without effect on the preorder:

Proposition 3.19(ldempotency) [GL91] For any P holds that P<s P||P.

Proof. Let R= {(p,(p,p)) | p € Sp}. For anyp € Sp,a € Zp with p Sp p’ there
trivially exists a transition(p, p) ipHp (p,p), and(p, (P, p')) € R Consequently,
Ris a simulation relation. Since for evepg € Sy there exists a stat@p, po) in the
initial states ofP||P, Ris a witness foP <5 P||P. O

Using these propositions and the precongruence propeft&mulation, we can
show that the specification can be decomposed arbitrarily.

Theorem 3.20(Decomposition of Specificationfor any PQ1,Qz, P <5 Q1]|Qz if
and only if P=<s Q; and P=5 Q>.

Proof. Assume thaP <5 Q1||Q>. According to Prop. 3.18 it holds th@4||Q2 <5 Q1
andQ1|Q2 <= Q2. From transitivity follows the sufficient direction of theeorem.
For the necessary direction, assume Bhats Q1 andP <5 Q». With compositionality
it holds thatP||P <5 Q1]|Q2, and with Prop. 3.19 and transitivity follovis=<s Q1||Q>.
O]

The generalization to an arbitrary number of LTSs followsniediately by recur-
sion. Together with Corollary 3.16 Theorem 3.20 also prawvidelecomposition for
the simulation of Def. 3.1:

Corollary 3.21. For any P, Q and Q with 3p = Zg, UZq, it holds that P< Q1]|Q2
if and only if P=< Q1 ||ChaogP) and P=< Q;||ChaogP).

This concludes the decomposition of the specification, klittows to verify
smaller sub-specifications instead of a single large onee ddtomposition of the
system, and using proofs on parts of the system instead ofgdesbne, will be the
subject of Chapter 4 on assume/guarantee-reasoning.

3.3 Computing Simulation Relations

The computability of simulation relations as the least fipaiht of a monotonic opera-
tor follows from Tarski’s fixed-point theorem [Tar55]. Here recall a direct standard
proof :

Definition 3.22 (Simulation up ton). [CGP99] For each n> 0, the relation<,C
S x § is inductively defined as follows:

1. p=0QqV¥(p,9) € S x S,
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procedure CheckSimulation
Input: labeled transition systenitQ
Output: a simulation relatiofiR

Ri=% xS
R:=0
while R# R do
R =R
; R:=R\{(p.a)lp> p'Afid 19> d A(P,q) ER}
(0]

Figure 3.4: Algorithm for checking simulation of labelednsition systems

2. p2npadeVaeipniq:ipop = 3: a5 d AP =nd.
Proposition 3.23.[CGP99]For all n > 0,
(i) =C=n.
(i) =n+1C=n.
(i) If 2p==pny1, then=,==<.
It follows immediately from Def. 3.22 and Prap. 3.23 thgt, 1 can be constructed
by trimming <p:
Znr1==nN{(p.0) €= 1P P = ¢ : a5 G A (P, ) €=n .

This is equivalent to

<nra==0\{(p.Q) P P/ A 1% o A (P ) €0}

This leads to the algorithm in Fig. 3.4. Its correctness &igsd by Prop. 3.23 (iii).
Termination is guaranteed by Prop. 3.23 (i) and the fingsr&Sp x Sy. Simulation
can be checked in polynomial time, and algorithms that aeslaatic in the size o
andQ have been presented in [HHK95, BP95]. Figure 3.5 shows the sdgorithm
for Z-Simulation. As has been pointed out in [WL97], the simulatielationR in the
algorithm from Figl 3.4 can be initialized wifR:= reachpq instead oR:= S x &,.

Proposition 3.24. If a relation RC S x S witnesses X Q, then so does’'R= RN
reachp o

A corresponding algorithm that iterates on a waiting Wétis shown in Figl 3.6.
SinceR is initialized with the reachable stat&, is initialized with R and the set of
bad state$ could contain the entirg/ in the first iteration, the space requirement
could be 2x [reachp|q|-
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procedure CheckSigmaSimulation
Input: labeled transition systeni® Q
Output: aX-simulation relatiorR

Ri=% xS
R:=0
while R# R do
R:=R
F={(pa)dacpniq:Ip :p>pAdd:q>d A(P,0) R}
Fi == {(p,q)|Fa € 2o\Zp: 7d : 9 % ¢ A(p,d) € R}
Fii == {(p,0)|3a € Zp\Zq:3p': p-5 PA(P,0) ¢ R}
R:=R\(F UF; UF)
od

Figure 3.5: Algorithm for checking-simulation of labeled transition systems

procedure CheckSimulation2
Input: labeled transition systeni3Q
Output: a simulation relatiofiR

R:=reaclp)q

W:=R

while W #£ 0 do
Fi={(p.g) eWlpSpAdq:qSdA(p.q)€R}
R:=R\F
W :=pre(F)NR

od

Figure 3.6: Algorithm for checking simulation of labele@nsition systems with a
waiting list and starting fron||Q

Figurel 3.7 shows an on-the-fly algorithm that simultanepbsilds the reachable
states and checks for simulation. It constructs the setaufir@ble stateA and a set
of bad state®. In the first interior loop, the reachable state space iscegdlwith a
waiting listW as long as no bad states are encountered. A bad state is thatagither
has no matching successor@nor all those successors are bad states. In the second
interior loop, the bad states are backpropagated. Ther@titst to reachable states
in the waiting listvV can significantly reduce the search space, since otherwibeaHhm
forward and backwards reachable state§pmfdo) might be visited.

It is not possible to restricA to states that are not forbidden, i.e., that are outside
of B, because this can lead to infinite loops.

In the deterministic case, checking for simulation coroe&}s to simply checking
for the reachability of bad states in the compositiR}{Q. Bad states are thog@, q)
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procedure CheckSimulation3
Input: labeled transition systenitQ
Output: whetherpy < qo

R=0,A=0B:=0

W:=PRyxQpV=0

while W #£ 0 andV # 0 do
while W # 0 andV =0do

A:=AUW
Vi={(p.g) eW[pS pAid:qSdA(p.q)¢B}
W := post{W)\A
end while
whileV # 0do
V:={(p,q) € (pre(V) NA)\Blp % P Afid 1 g5 d AP, d) ¢ B}
B:=BuV
od
if 3po: Fao: (Po,0o) € B then return false

od
return true

Figure 3.7: On-the-fly algorithm for checking simulationiaeled transition systems

in which p has an outgoing transition with a label that is not in any oirtg transition
of g.

Proposition 3.25. If Q is deterministic, then X Q if and only if for all (p,q) in
reachpq holds that p=; q.

This reduces the complexity of checking for simulation aftes tremendously,
since the simulation relation cannot exist as soon as a ladel istfound. The corre-
sponding on-the-fly algorithm is shown in Fig. 3.8.

3.4 Related Work

Compositionality A more refined definition of compositionality is given by Zwser
[Zwi89], and it was put in the context of related work by de Rerewn [Roe98]. The
termcompositionalitydescribes a top-down perspective, in which for any globetsp
ification there exists a decomposed specification for eaafurechat together allow
the deduction of that global property. Expressed by simadathis means that for
any Q there existQ; with B < Q; such thatQ||...||Qn = Q. In our framework, this
follows trivially since system and specification are givehie same formalism, as au-
tomata. A trivial choice i€); = B. On the other handanodularityrefers to a bottom-up
perspective, in which any global property that follows fréme modular specifications
must also be provable in the proof system at hand. So fo€amith Q4| ...||Qn < Qit
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procedure CheckSimulation4
Input: labeled transition systenis(possibly non-deterministic)
and deterministi€)
Output: whetherpy < go

A=0
W =Ry x Qo
while W # 0 do
A:=AUW
Vi={(p.g) eWlpS pAdd g5 g}
if V #£ 0 then return false
W := pos{W)\A
od
return true

Figure 3.8: On-the-fly algorithm for checking simulatiorthvdeterministic specifica-
tion

must hold thafy|| ... ||P, < Q, which is fulfilled by our definition of compositionality
and the transitivity of simulation.

Van der Schaft and Schumacher give a similar definition ir0Ofg@asrule of mod-
ular behavior Alur et al. have presented such a rule for hierarchical idy®ystems
based on trace inclusion in [AGLS01]. An extensive overvwsimulation for dis-
crete systems is given by Lynch and Vaandrager in [LV95]. @&abbeek provides
in [vGO01] an introduction and survey on the concept of bramgtime, and its impli-
cations on bhisimulation equivalences. Algorithms for comig simulation relations
for finite and infinite discrete systems can be found, e.gJHHK95]. An algorithm
by Tan and Cleaveland [TC01] combines the benefits of two dadgbrithms, the
simulation algorithm by Bloom and Paige [BP95] and the bisatiah-minimization
algorithm by Paige and Tarjan [PT87].

Simulation A framework for compositional reasoning based on a preamryre
over Kripke structures was established by Grumberg and [&Gh®1]. A version
closer to simulation (but based on infinite paths) can beddnrjLon93], and a defi-
nition based on fair simulation is presented in [CGP99]. Camgb¢o the structure in
this thesis as shown in Fig. 3.1, Prop. 3.18 is establishezbhgtructing a witnessing
simulation relation instead of being derived. The prooérdr decomposition is not
explicitly derived in [GL91], but all its building blocks ampresent.

Simulation relations are frequently applied for verifyipgopgrams because they
provide a sufficient condition for trace inclusion at a loveemplexity. The notion
of simulation used here is also referred td@svard simulation For a sufficient and
necessary criterion about trace inclusion, it is necesacheck forward as well as
backward simulatiofSAGG"93]. In [SAGG"93], simulation of two high-level spec-
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ifications for a communication protocol was verified using tfarch Shared Language
(LSL) and the Larch Proof Assistant (LP). They conclude:

We use simulation proofs because we believe that this metipddres for-
mally the natural structure of many informal correctneseqds for both
finite and infinite state systems. In particular, it catchies structure of
proofs based on successive refinements. |[...]

Simulation relations, like invariants, tend to capture trahideas; hence,
they provide important documentation for algorithms. Satians also
tend to be readily modifiable when implementations are madifievhen
related algorithms are considered.

This immediately relates to the context of reusable modeladustrial applications
and provides a strong argument for simulation relationgeeislly in the domain of
embedded systems. Simulation between LTSs only preseafety properties. Fair
simulation, which is capable of checking liveness, has lexamined, e.g., in [CGP99]
and [HKR97]. Toolsthat support simulation for discrete automata and labebatsi-

tion systems are FC2TOOLS [BRRS96], Aldébaran [FKM93] and MdEth&)R99],
see also p. 62.



Chapter 4

Assume-Guarantee Reasoning

Compositional verification as presented in the last chaptguired a conservative ab-

straction for each component of the system. For a sy&temPy||...||Ps, the con-
struction of an abstracted versi@pfor each componerR, i.e.,R < Q;, the composi-
tionality of simulation allows us to conclude tha{|...||P, < Q1| ... ||Qn. However,

in many cases a direct abstraction of the fd#nx Q; yields little room for simplifi-
cation, so one might not fin@; with a substantially lower complexity tha. It is
the interaction of the subsystems that produces the finauiehof the plant, which
is only a small fragment of the product of all possible bebes/iof each subsystem
on its own. Therefore, a much simpler abstracti@grcan be constructed if sonaes-
sumptionsabout the behavior of the rest of the system are made. Forpgamtank
with inlet and outlet valves could be in one of four modes:ithet or the outlet valve
open, or both open or closed simultaneously. If the assawmgtin be made that inlet
and outlet valves are never open at the same time, the molyehas to reflect three
modes. Aguaranteeof B is an aspect of its behavior that is true when the assumption
is fulfilled.

There are two ways to combining assumptions and guaranbedke first case,
the assumption that justified the abstractf@ris independent of the guaranteesf
which is in the following referred to ason-circular assume-guarantee reasonitic
soundness follows directly from compositionality. In trecend case, the assump-
tion directly or indirectly depends on the guarantee® pivhich leads to a circular
structure. This circularity requires additional condigoto ensure the conclusion is
sound. In this chapter, we present such assume/guaramdgiaos for simulation,
and discuss how they can be computed compositionally. Irfdlh@ving, assume-
guarantee reasoning is presented for a sy§eR to show thafy||P, < Q1]|Q2. The
generalization to an arbitrary number of subsystems iggtifarward.

The next section recalls standard non-circular assumeggtese reasoning for sim-
ulation, and in a more compact form farsimulation, since the right hand side of the
simulation inequality can be decomposed. In Sect. 4.2, wivate the necessity of
the assume/guarnatee conditions with some examples, apdgs our assume/guar-
antee theorem for simulation. TResimulation version, proposed in Sdct.|4.3, is again
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more compact, but the assume/guarantee conditions arecmoqgex. A summary of
related work can be found in Selct. 4.4.

4.1 Non-circular A/G-Reasoning
Non-circular A/G-Reasoning with Simulation A simple form of assume-guarantee

reasoning relies on the fact that simulation is a precomgreleThe abstraction of one
automaton serves as the guarantee to another:

A

P = Q
QIR j Quf|Q2 (4.1)

Pi||P> Q|Q2

This yields a triangular structure. The proof is straightfard: P, < Q1 = P1||P <
Q1]|P> due to invariance under composition. Through transitifotiows fromQa ||P, <
Q2 thatPy||P> < Q1]|Q2. The following lemma allows a more efficient computation of

Q1/|P> < Q1]]Q2:

Lemma 4.1.E For any labeled transition systems,®; and Q@ with Zp = 3q,, ifa
simulation relation R witnesses (P, < Q1/|Qz, then so does

R = {((q1, p2), (01,92)) 1361 : (a1, P2), (G1,02)) € R}. (4.2)

Proof. First we show thaR is a simulation relation, and afterwards that the initial
states are properly contained Ri. Consider a staté(qs, p2), (di,02)) € R with a
transition (o, p2) — (g7, P5). We will show that this implies a transitiofu, 2) q,
(q7,95) with ((dy, p5), (07, d5) € R. By definition ofR, there exists & such that

((qla p2)7 (qlv QZ)) eR (43)

e If a € 3o, NZp,, this implies transitions l’Ql gy andpz 4, p,. Because (4/3),
there exists a transitioffjy, dz) — (&}, d,) With ((df, pb), (6, %)) € R With
a € Zg, N Zp, this implies a transitiomn), LR b, so that in statéqs, gp) there is
also a transitioriq, gz) — (df;, o), and with((d}, pb), (6}, d)) € Rfollows that
(0, Po), (ch, &) € R.

e If a €3g, )\ Zp, this implies a transitiom; %o, g} and p2 = p, and by the
definition of parallel composition also a transiti¢m, gp) LR (d7,02). Because
of (4.3), there exists a transitidgdy, op) — (67, 92) with ((ap, p2), (67,0%2)) € R,
so that((ay, p2), (dy,02)) € R.

1This lemma was contributed by Frits Vaandrager, whose ashiiis gratefully acknowledged.
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e If a € Zp,\ Zg,, there is a transitiom, ipz p, andqg; = q;. Because of (4/3),
there exists a transitioftj;, o) = (61, dp) with ((qu, Py), (61,0)) € R. By def-
inition of parallel composition, this implies a transitigp —»q, o, and conse-
quently a transitiorfqy, o) LR (a1,95). Since((q, p2), (61,95)) € R, it follows
that((q1, p2), (01,95)) € R.

SinceR is a witness, it holds that for anfgs, p2) € Qo1 x P2 there exists a pair
(G1,92) € Qo1 x Qoz such that((ds, p2), (G1,02)) € R Since(d,02) € Qo1 x Qoz, and
(g1, p2), (01,q2)) € R, it follows that for any stat€qs, p2) € Qo1 x Po2 there exists
also a corresponding statef !

Lemmal 4.1 allows to compute over the state spac®y, x Sp, x S, instead of
S, X Sp, X S, X Sg,. With Corollary 3.21, the inequalit@:||P> < Q1/|Q2 can also
be simplified toQ;||P> < ChaogQ1)||Qz.

Non-circular A/G-Reasoning with Z-Simulation Thanks to the decomposition of
the specification, the proof rule is simpler rsimulation:

PP = Q1
QP = Q
PP, < Qf|Q2 °

P. < Q1 = Pi||P> = Q4||P> due to invariance under composition. Alsg,||P, <
Q1]|P> < P1||P, = Q1 by decomposition of the specification according to Theorem
[3.20. Through transitivity follows from®;||P, < Q; thatPy||P, < Q.. By composition

of the specification, also Theorem 3.20, follows tRgtP, < Q1]|Q>.

(4.4)

4.2 Circular A/G-Reasoning with Simulation

In circular assume-guarantee reasoning the compomerasdP, interact so closely
that neither one fulfillQ, or Q, directly, i.e.,P, # Q1 andP> £ Q.. To restrict the
behavior of each moduldy; is composed withQ, and P, with Q1. However, such
a proof is only sound if additional conditions ensure tatand Q, do not block
transitions that are enabled in the compositiorPpfindP,. It is known that these
conditions must be non-propositional, e.g., use indud/01, HQRTO02]. The basic
structure is:

P1]|Q2 < Q1]|Q2
Q1P = Q1/|Q2
A/G-conditions

P[P <Q1]|Q2

Three fundamental properties shall be illustrated by exasap

(4.5)
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(@) P (b) P2 (c) Q1 (d) Q2

[y
®
Ol
(&)

a a b
e (3 ) () (9
(e) Pu[|P> (N QulIQ2 (9) P[|Q2 (h) Qul[P

Figure 4.1: A/G-reasoning yields a false negative for EX. 4.

e The rule is not complete, even without A/G-conditions.
e The rule is not sound without appropriate A/G-conditions.
e The A/G conditions must be at least as expressive as sironlati

The first example shows that the proof rule is not completethere are systems that
fulfill Py|[P,; < Q1|Q2, but notPy [|Q2 < Q1|[Q2 andQ1[|P2 = Q1|Qx:

Example 4.1. Figure 4.1 shows automata %, Q; and Q, all with alphabetsp, =
Zp, = 2g, = 2o, = {a,b}, and the composed automata||P,, Q1/|Q>, P1||Q2 and
Q1]|P, that arise in circular A/G-reasoning. Even though||P, < Q1]|Qz, circular
A/G-reasoning fails because; (P, £ Q1/|Q.. Note that non-circular A/G-reasoning
also isn't possible: P=< Qq, but Qi||P> £ Q1]|Qz.

Without the A/G-conditions, the rule is not sound. It is ezl up to the A/G-
conditions to ensure that violations as in the followingrapée are detected:
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Example 4.2.Consider a system, wherg 8d B are chaos, and neither specification
Q1 nor @ have any transitions, formally:

PL=Chaog), Q1= (Qo1,Z,0,Qo1),
P, =Chaog>), Q2= (Qo2 2,0,Qo2).

Then the parallel composition fQz = (Po1 x Qoz, Z, 0, Py1 x Qoz2) has no transitions,
and neither do @||P, and Q||Q.. Therefore both P|Q2 < Q1]|Q2 and Q||P <
Q1/|Q2 hold. Yet P||P, = ChaogZ), so that the system does not fulfill the specification:

Pi||P £ Q1]|Q2.

It is important to note that the A/G-conditions are not jusiraple condition for
ensuring soundness. As the next example illustrates, tteeq &ital element to the
meaning of such a proof. The A/G-conditions must be as leaskpressive as simu-
lation, and they must differentiate between the system lamdpecification, i.e., what
is on the left hand side of the conclusion and what is on th& hgnd side.

Example 4.3. Consider a LTSs R B, Q1, Q2, Q3 with equal alphabé?s and the
following two proof rules:

(@) Pfl(Q1|Qs) = Quf|Q2 (b) (Q1[|P)[|Q3 = Q2
(Q1]|Q2)||Ps = Q1]|Qs3 Q2/[(Qu1l[Ps) = Q3
A/G-conditions A/G-conditions

PlIPs < Q1]|Q2/|Qs QPP < Qs

The upper inequalities are equivalent for both proofs:

Po[[(Q1]|Q3) = Q1]|Q2 < P|[(Q1|Q3) = Q1 AP[|(Q1]|Q3) = Q2
< P|(Q1]]Q3) 2 Q2 & (Q1]|P2)[|Q3 < Q2,

and similarly for the second inequality. Yet the conclusiare entirely different. Con-
sider that the conclusion of (a) implieg|P; < Qq, while in (b) Q relaxes the speci-
fication. The consequences are obvious if one considerswitQout any transitions.
While the conclusion of (a) is only fulfilled by a systes{jA8 without transitions, the
conclusion of (b) would always be fulfilled (as long ag|Qs has an initial state).

The examples showed that there can be transitions in theasedsysten, ||P,
that can be impossible to check for validity by simply loakiat the inequalities in
(4.5). While the desired conclusidh||P, < Q1]|Qz is a statement over a subset of the
state space of all four automa®a, P2, Q; andQy, the inequalitieR||Qj < Q1/Q2
only refer to states in the subspace over the three autdmafp andQ;j. One could
say that common transitions Bf||P, i.e., those with a label in bofip, and>p, are not
predictable in those subspaces. They must be accounteg fionibng the transitions
that are allowed to occur in (4.5). This is formalized by thikofving Theorem:

2The same argument can be made for arbitrary alphabets Bsiirgulation.
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Theorem 4.2 (A/G-simulation) Consider LTSs £ P, Q; and @ with alphabets
Zp = 2q,, Zp, = 20, for which simulation relations Rand R witness, respectively,

P|Q = @1]|Q2 (Ry)and (4.6)

QP 2 QAl|Q (R 4.7
Let the relations Rand R, be defined by

Ri = {(P1,01,9)[362: ((P1,02),(q1,62)) € R}, (4.8)

Ry = {(P2,01,92)|36 : (a1, P2), (G1,%2)) € Re} (4.9)

Then the relation

R={((p1, P2), (02, %2))|(P1,G1,02) € Ry A (P2, 0, 02) € Ro} (4.10)

is a simulation relatior? for P, [|P < Q1| Q2 if and only if for all ((p1, p2), (1, 2)) €
R anda € ¥p, N Zp, the followingA/G-condition holds:

(P, P2) Zpyp, (P P2) = (30 0n g, 0V 30h : G2 >, th). (4.11)
Proof. Consider the relation
R={((p1, P2), (a1,02))|3G2: ((P1,02), (01,G2)) € RuATG1: ((a1, P2), (G1,02)) € Ro}.

We show that under the hypothesis a transitipn pz) ﬂ>F>1sz (P}, P,) implies a tran-

sition (qz, g2) ngHQz (d1,9,) such that((p}, p5), (d;,d,)) € R. Consider such a tran-
sition for (p1, P2, 01, 02) € R, so that there exist; ;G with ((p1,92), (01,62)) € Ry and
(01, P2), (G1,%)) € Ro. LetZy = 5p = Zg, andZ, = 5p, = Zg,.

(@) If o € 1\Z,, then by the definition of parallel composition there is asition
a /
P1 —P pla

and P> does not participate in the transition, i.@z = p,. Sincea ¢ X, it
follows by the definition of parallel composition that thésea transition

(P G2) “pyjj0, (PL.G2)-

Since((p1,02), (01,6G2)) € Ry this implies that there is sonmg with a transition

(ql’q2> iQ;LHQz (qa_v(jZ)

3Note thatR might not be a witness fdP || P2 < Q1| Q2, since not all initial states d?||P, are
guaranteed to have a matching initial statQin| Q2.
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and therefore a transition
a /
01—

exists with((p}, a), (dy,G2)) € Re. With ((a1, p2), (G1,02)) € Ry, it follows that
there is a transition

(dl1, P2) 0y, (01, P2),

which in turn implies that there existsga with a transition
(o1, G2) =y, (Gh. G2)

and((dy. p2), (Gy,d2)) € Ry, and thereforé(py, p2), (0, 02)) € R.

If a € 2,\23, a symmetric argument to (a) proves that a transition

(91,02) g>Ql|\Qz (o1, Gp)
exists with((py, pa), (d;,d)) € R
Otherwisea € 21 N Z, and there is a transition
a / a /
p1 —p, P1 as well aspy =p, po.

According to the A/G-condition of Theorem 4.2 there is a $iian in Q or in
Q.. Let's consider a transition iQ,, a transition inQ; is symmetrical. From

((P1,02), (a1, 02)) € Ry follows that if
2 Sq, G (4.12)
then there exists @, and a transition

(01, %2) 0|0, (01, 8h)-
This implies a transition
Q1 in q
and that((p}, ), (d},d)) € Ri. We must now show thdp,, o, d,) € Rp. Since

(P2,01,02) € R, there exists somey With ((a1, p2), (61,02)) € Ro. This implies
that there is a transition

a
(QL p2) _>Q1HP2 (qg_a p/Z)a
which in turn implies there exist; ’g), and a transition

(QLQZ) £>Q;LHQZ (qgnc_],Z)

with ((dy,p5), (6;,0,)) € Ro. Since the initial choice off, in (4.12) was not
restricted, we can sef, = g, and consequentlf(pj. p5). (d;,05)) € R, which
shows thaR is a simulation relation.
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The necessary direction of Theorem 4.2 follows directlyrfithe definitions of simula-
tion and parallel composition. For dlip1, p2), (d1,02)) in any simulation relation for

P1||P> < Q1]|Qz, and any labelr € 3p, UZp, it holds that a transitiofipy, p2) gy,
(P}, p,) implies either

o 0 €3 NI, 30,05 G g, G AG2 5q, Gy, OF

o a€3gNIg, (i,j) €{(12),(21)}: 3q a4 Sq d.
It is easy to see that the A/G-condition is fulfilled in any bbése cases. O

Note that condition (4.11) is maximal in the sense that itiifilfed for any relation
that witnesse® || < Q1]|Q2. This is underlined by the following corollary, which
relates the A/G-conditions tg1-simulation (see Def. 3.22, p. 33):

Corollary 4.3. Given that ||Q2 =< Q1]|Q2 and Q||P> = Q1||Qz, it holds that a rela-
tion R according to (4.10) is a simulation relation for| < Q1||Q2 if and only if it
is a simulation relation for B|P, <1 Q1/|Q>.

Proof. For the sufficient direction, it follows directly from the fild@tion of <;-simu-
lation that the A/G-condition is fulfiled. The necessaryedtion is guaranteed by
Prop. 3.23. O

Assume/guarantee-reasoning based on Theorem 4.2 isccantién the following
steps:

1. Initialize Ry, andRy, e.g., with the entire or only the reachable state space.
2. ConstrucR from R; andR,.

3. Trim states irR that violate the A/G-condition (4.11).

4

. If states were trimmed, tuiR into a simulation relation, e.g., with a fixed-point
algorithm.

5. If the initial states are contained R thenPy || P> < Q1 || Q2 holds.

This approach is not compositional, becaRds constructed for the composed system
and subject to a fixed-point computation in stép 4. It yieldsdvantage over a non-
compositional check if the fixed-point computationRafandR; is significantly faster
than computingrin the first place. This is most likely the case if few statesch® be
trimmed fromR.

If possible, we would like to avoid the explicit construetiof R and computations
in the space oPy||P, as much as possible. We can do so under the premise that the
initial states are only a small part of the entire state sp&de preemptively remove
potentially violating states already froRy andRy, so that we are guaranteed tlikat
fulfills the A/G-condition [(4.11). The check of the initilades remains, but does not
necessarily require to construct allRfIn the procedure above, we replace steps/2.—4.
with:
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[2*. Trim states irR; andR, that could violate the A/G-condition (4.11) R
I3*. TurnR; andRy into simulation relations.
[4*. ConstrucR only for the initial states.

Sufficient conditions are used to perform steép Zhe following corollary applies
to a number of practical cases, and follows immediately fidmeorem 4.2 and the
definition of non-blocking:

Corollary 4.4. A/G-reasoning according to (4.5) is sound if €3 non-blocking over
21 and @ is non-blocking oveE, with £ UZ, = 2o, N Zq,.

It is often demanded in assume-guarantee reasonin@thandQ, are non-bloc-
king, see e.g. [HQRTO02], and it is easy to check for finiteesmﬁﬂ In the next couple
of sections we present other sufficient criteria for step 2

4.2.1 Separate Trimming

Ideally, one would like to trirR; andR, separately, i.e., without taking into account
the pairs of states that eventually constitl®én (4.10). In such a scheme, a state
((p17QZ)7 (ql7 )) is removed frOITR]_ if

Ja € 30,NZq,, P1 € Spy t pr— PrARGL: (G = ay) ABdh: (G2 o). (4.13)

The computation oR; is performed symmetrically t&;. The overall algorithm for
obtainingR is shown in Figl. 4.2. It follows directly from the definitiorf parallel
composition that it guarantees the A/G-condition (4.14)t,IR; andR; are initialized
with the set of reachable states and turned into simulaéiations before the trimming
so as few states as possible are trimmed because of coniti3).

Example 4.4. Consider the automata shown in Fig. 4.3. Boti|®1 < Q1/|Q2 and
P||Q2 < Q1]|Q2 hold. The simulation relations {Ror P1||Q; < Q1]|Q2 and R for
Q1l|P> < Q1]|Q2 are shown in Tab. 4/1. All the states fulfill condition (4.18),that
none have to be trimmed.

Unfortunately, separate trimming is unsuccessful in méngpt most, practical
cases. This forces us to consider schemes that lelad@dR,, such as the one pre-
sented in the next section.

4Corollary 4.4 is consistent with the assume/guarantesiar simulation by Henzinger et al. in
[HQRTO2]. There, the A/G-rule for Moore machines is showrb&sound if all automata are non-
blocking in the input labels and there is finite non-detefamm Since input- and output labels are
disjoint, and the output labels of the Moore machines thmtamposed are disjoint, In the correspond-
ing setting using LTSs, the conditions of Corollary 4.4 arffifed, so that our rule assures soundness
as well.
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procedure CheckAGSimulationSeparate
Input: labeled transition systenis, P, Q1, Q2
Output: A/G-simulation relation$;, Ry

Ry := reachyio,q:/|q, Re = reachy, mjjaue,

Ryi= GetSimR@lHQleHQz(Rl)

Ry := GetSimRe}, p, o,/ (Re)

Ry := R\ {(P1, 02,01, ) |0 € Zq, NZo, APy 1 PuAB : o S o AR g dp}
Ro i= Ro\ { (01, P2, 02| € S0, N, ATp) : pzi p’z/\ﬂq'l : qliq&Aﬂq/z e 7] £>q/2}
Ry = GetSimR@{HQz.,QlHQz(Rl)

Rz 1= GetSimRe}, p, 0,0, (Re)

Figure 4.2: Algorithm for A/G-simulation by separate trinmg

a
(®)
a
(@)
(@R (b) P (©) Q1 (d) Q2
(9 0 (9 (9
a a b a a
Gy @ @ @
a a a a
e (9 G
(e) P[|P (M Al (9) P1lIQ2 (h) Quf|P

Figure 4.3: A/G-reasoning with separate trimming worksHar 4.4



4.2 Circular A/G-Reasoning with Simulation 49

Table 4.1: Simulation relations for Ex. 4.4 after separaierhing

(@) Ry (b) R
P\ 2% (0,0) (1,1) (2,2) (3,3) 0\ (0,0) (1,1) (2,2) (3.3)
00 o - - - (00 o - - -
(1,1) . « - - (1,1) . « - -
2,3) . . . . 2,3) . . . .

4.2.2 Composite Trimming

In many cases the interaction between the modules is sutla thegparate trimming

is too restrictive and®; andR, must be considered together. Informally, this can be
explained as follows: A safety specification basically a¢stssof forbidding undesired
actions. If these are actions commonRpand P, they are either forbidden (don't
occur) inQ1 andQ- or they disappear in the composition@f||Q.. In the former case,

P; has transitions that are neither@ nor Q», and a symmetric argument holds for
P.. Whether those transitions are stillfa||P> can not be decided by simply looking
atPy|||Q2 or Qq||P.. But there is a sufficient condition: If for all statésagp, 1) € Ry

in which P; has such bad actionB; doesn't, i.e(qs, p2,d2) € R, implies that there is
no outgoing transition with the bad label.

Example 4.5. Consider the automata shown in Fig. 4.4, wherePEx/[ 4.4 was fitted
with a self-loop with label b in state;p= 2. The composed automata are the same as
those shown in Fig. 4.3(e)—(h). Also, the simulation relagiare identical to the ones
shownin Tab. 4/1, sothai PQ> < Q1 || Q2 and @ || P, < Q1 || Q2 both hold. However,
the outgoing transition in state;p= 2 has no match in the associated stafas qgy) in

R;. Trimming the states separately yields the relatiopsaRd R, shown in Table 4,2.
Iterating the fixed-point operator for simulation ofj {ields an empty relation, so that
the proof is no longer possible. In order to be sound, it mastlecked whether for
any statep; = 2, p2) in Py||P, there is also an outgoing transition inAn Ry, p1 =2

is associated with{gy, o2) = (3,3). In Ry, (a1,a2) = (3,3) is only associated with
(p2,02) = (2,3). Since p = 2 has no outgoing transition with label b, the conditions
of Theorem 4,2 are satisfied.

The sets of critical labels and statesRa and R, that could violate the A/G-
conditions are:
Dp, = {(a1,02,a)|a € 2, NZg, A3p1: (P1,G2,01) € RIA
P AR S ARy g S dp) (4.14)

Dp, = { (01,02, @) |0 € Zg, NZq, AIP2: (01, P2,G2) € RHA
P poAFay g AR, g dh). (4.15)
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(€) Pu[[P () QufIQ2 @ PRIQ  (h) Quf|R

Figure 4.4: A/G-reasoning with separate trimming failst bamposite trimming
works for Ex/ 4.5

Table 4.2: Simulation relations for Ex. 4.5 after separterhing

@ R{ (b) Ry
P\ 212 (0,0) (1,1) (2,2) (33) o\ 2% (0,0) (1,1) (2,2) (3,3)
(0,0) ¢ - - - (0,0) « - - =
(1,2) . . - - 1,2) ° . - -

(2,3) - - - - (2,3) . . . °
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procedure CheckAGSimulationComposite
Input: labeled transition systenis, P, Q1, Q2
Output: A/G-simulation relationgy, Ry
Ry = réachh gy i Re '= reachy, pjiaiie,
Ry := GetSimR&l|q,.q,/10, (R1)
Re i= GetSimRe), p, qul: (Re) X X
D, = {(A1, G2, @) |a € 2y N2, AFP1, G2 & (P1, G2, 01, G2) € Ra
a a a
L= P ARy o= gy A gt G2 = dp)
Dp, = {(01, G, @) |0 € Zg, NZQ, A3P2,Ga : (G, P2, Ga, G2) € RN
P2 Py ATy o A B G G
if Dp, NDp, # 0
Ry = Ri\{(P1. G2, 1. )[3Py 1 P> Py A (01,2, @) € D}
a
Ry = RZ\{(_QL P2, 7q2)|3p/2 cP2— p/z/\ (ql’q27 a) € Dpl}
Ry := GetSimRel)q,.q,//e.(R1)
Ry = GetSImR%ﬂ\F‘z,QlHQz(RZ)
end if

Figure 4.5: Algorithm for A/G-simulation by composite tnning

It is a sufficient condition for A/G-simulation that
D =Dp, NDp, =0. (4.16)

If there are such violating states, one can trim the relatiohn elemen{p1, g2, d1)

of Ry is removed ifpy 4 Py A (01,02, a) € Dp,, and symmetrically foR,. The proof
concludes if there is a simulation relati® that is a subset of the trimmed relation
R:. An algorithm is shown in Fig. 4.5, and using the definitiopafallel composition
it is easy to see that the resultiRg andR; fulfill the A/G-condition (4.11).

Note that ifQ; andQ, are non-deterministic, there is a choice whether to remove a
state inDp, NDp, from Ry or Ry. If Q1 is deterministic, the bad state should be removed
from Ry, and symmetrically fof, andR;. If both Q; andQ, are deterministic, there
is no solution as soon &p, N Dp, is non-empty. There is the possibility of trying all
combinations, but that will likely defy the advantages &f W G-approach compared
to simply a composed analysis.
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@ P (b) P (c) Q1 (d) Q2

(e) PL/|P (f) Qu/|Q2 (9) P1lIQ2 (h) R|Q1

Figure 4.6: A/G-reasoning fails in EX. 4.6 because of theahstates

4.2.3 Checking the Initial States

To finalize the A/G-proof, it must be shown that all the iritgates ofP,||P> have

a matching initial state 0Q;||Q in R. For the simulation relation (4.10), it must
be shown that for al(p1, p2) € Po1 x P2 there exist(q1,qz) € Qo1 x Qo2 such that
(pi,q1,02) € R fori=1,2. Itfollows fromR||Q; < Q1]|Q> that for anyp; there exists
some pair(di,dpi) € Qo1 x Qog, but the important point is that this must be the same
pair for bothp; and po.

Example 4.6. Consider the automata shown in Fig. 4.6, all with the alphabet
{a,b,c,d}. All states are initial states. Table 4.3 shows the A/G-fetat R for
P1||Q2 < Q1]|Q2 and R for P,||Q1 =< Q1]|Q2 as well as their quantified counterparts
R, and R,. The simulation relation R constructed according/to (4.509mpty, while
there exists a simulation relation’ Bhat contains all states, since |, doesn't have
any transitions. Therefore the A/G-reasoning fails in #sample.

It follows that the circular A/G-reasoning is only a sufficieondition with respect
to the containment of the initial states. There exist casegichR; andR, exist, but
no simulation relation can be constructed frBjandR, that contains the initial states
appropriately, even though a glotRl exists andP;||P, < Q1||Q2 holds. A sufficient
condition for the containment is that for dlp1,02) € Po1 x Qo2 andgs € Qo holds
(p1,01,92) € R,. Alternatively a symmetric argument is valid fBf.
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Table 4.3: Simulation relations for Ex. 4.6 after separaierhing

@Ry

A\ &% (0,0) (1,0) (0,1) (L.1)

(0,0) * - -~
©0.1) - - -
@R
P\ (0,00 (1,00 (0,1) (1,2)
0 e - -
@R

PR\ %1% (0,0) (1,0) (0,1) (1.1)

(0,0) - - - -

(b) R

pii\ 2% (0,0) (1,0) (0,1) (L.1)

(0,0) - -
0.1) I
(d) Ry
p\AI% (0,00 (1,00 (0,1) (1,2)
0 - * * -

0 R

P\ 2% (0,0) (1,0) (0,1) (1.1)

(0,0) . . . .

53



54 Assume-Guarantee Reasoning

4.3 Circular A/G-Reasoning with Z-Simulation

The structure of circular assume-guarantee reasoning-fmulation is simpler be-
cause of the ability to decompose the specification accgrdinTheorem 3.20, from
which it follows thatPy||Q2 <5 Q; holds if and only ifP||Q2 =< Q1||Q2, analogously
Q1]|P> <5 Q2 holds if and only ifQ1||P> < Q1|Q2. We obtain the following structure:

P1||Q2 =<5 Q1
Q1P =25 Q2
A/G conditions

P[P <5 Q1]1Q2

In contrast to the A/G-rule of Theorem 4.2;simulation allows us to compare au-
tomata of arbitrary alphabets. The definitions6imulation is split into three cases
as it may be that a label is exclusively to the alphabet ofesgsexclusive to the spec-
ification, or common to both. This is also reflected in adaptibthe A/G conditions
(4.11) tox-simulation. The A/G conditions must now ensure not onlyrtbeblocking
of labels common to both specifications and subsystems |dmttee nonblocking of
labels that are not part of the system. We get the followirgitam:

(4.17)

Theorem 4.5(A/G-Z-simulation) Consider LTSS P, Q1 and @ with

Pi||Q2 =<5 Qiand (4.18)
Q1P =5 Qo (4.19)

If there exist simulation relations jRfor (4.18) and R for (4.19) such that for all
P1, P2, Gz, G2 With ((P1, 02), 1) € Ry, (a1, P2), %) € Rz anda € 2o, N 2q, theredd; :
a1 = d, or 3aj : g2 > g, whenever:

(i) a €3p\Zp,and p = p,
(i) ae3p\Zp and p = ph, or
(i) aeZpNZp,and p = pjand p > P, or
(V) a¢3p USR,
then there is a simulation relation for R P> <5 Q1 || Q2 given by

R={((p1, P2), (G1,02))[((P1,02),d1) € R A ((q1, P2),02) € Re}- (4.20)

Proof. In the following discussion we will identify what the A/G-nditions have to
guarantee in order for the proof rule to be sound.

(i) ae(IpUZp)N (2o, UZqg,) and(p1, p2) = (P, Pb):
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(@) If a € Zp,\Zp, then(py, p2) = (p}, Pb) if and only if p; = pj andp, = py.

(a) If a € 2Zq,\Zq, then there exists a transitidps, gz) — (P, ) with
o, = g2 and ((p1,92), 1) € Ry implies with Def[3.1(i) thaty, exists
with g1 = g and((py, o), d;) € Ry. Sincea ¢ 2o, and((qy, p2),d2) €
Ry it follows from Def.|3.1(iii) that there is a transitiofqy, p2) g,
(3, p2) with (0, p2),a2) € Re. By definition of the parallel composi-
tion there is a transitiofq;, g) LN (g3, 95) with of, = gz, and therefore
(P, P2), (0, 0p)) € R

(B) If a € 2g,\2q,, @ symmetric argument tar] shows thatq:,qp) g
(0, o) with gy = gz and((Py, P5). (dy, %)) € R

(y) Otherwisea € g, N3q,. From((p1,02),01) € Ry follows from Def.
3.1(i) that ifq < o then alsooy - o and((py, o), ay) € Ru. If so,
then((q1, p2),02) € R imply with Def. 3.1(i) that((d}, p5),d,) € Re,
and therefore(py, p), (01, %)) € R.
In the case thaty = o, ((qy, P2),d) € Re imply with Def. 3.1(j)
thatqp = o, with ((d}, p5).d) € Ro. Then according to the above,

(P, P5), (0, 0)) € R,
This is a case where the A/G-conditions are needed to ensate th

either d or g, exist. Herea € (2p,\Zp,) N (Zq,NZq,) and p > p
and the A/G-conditions must imply that eithqr% qy or gz g, .-

(b) If_a € Zp,\Zp;, a symmetric argument to (b) proves tia4, o) g (0, )
with (P, P2). (41, %)) €R
For (y), this is a case where the A/G-conditions are needed to ertbate
either ¢ or g, exist. Herea € (2p,\2Zp,) N (Zg, NZq,) and p = p, and
the A/G-conditions must imply that either & o or gz = db.
(c) Otherwisen € Sp, NZp, and there are bothy % p; andpz % ph.
(a) If a € Zg,\2q, then this implies a transitio(p1, do) N (P}, o) with
o, = gz and ((p1,G2),G1) € Ry implies with Def] 3.1(i) thaty; exists
with g1 % o, and((p}, 0b), d}) € Re. Sincea ¢ o, and((qu, pa2), G2) €
R, it follows from Def.[3.1(iii) that there is a transitiofqy, p2) 4,
(., P5) with (07, P5),a2) € Ro. By definition of parallel composition,
(a1, G2) = (g, o) with o, = gz, and thereforé(py, py), (o)) € R
(B) If a € 2g,\2q,, @ Symmetric argument tar] shows thatq:,qp) g,
(0, o) with ¢ = ag and((py, o), (0, %)) € R
(y) Otherwisea € g, N3q,. From((p1,02),01) € Ry follows from Def.
3.1(j) that ifq =  then alsay = o and((p}, ), d}) € Ry. If so,
then((gz1, p2), a2) € Ry implies with Def[3.1(i) thaf (a7, p5). o) € R,
and thereforg(py, p), (01, %)) € R
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In the case that; = gy, ((o1, p2), ) € Ry implies with Def. 3.1(i)
thatgy 2 o, with (g}, ph),0h) € R. Then according to the above,

((Py, P5), (0, ) € R,
This is a case where the A/G-conditions are needed to ensate th

either d or d exist. Herea € (Zp, NZp,) N (Zg,NZg,) and p = P
and p 2 p, and the A/G-conditions must imply that eithar4 a;

a
or CI2—>q2-
(i) o€ (2qUZq,)\(2rUZR,):

(@) Ifa e Zg,\Zg, then((p1,02),01) € Ry implies with Def| 3.1(ii) thaty; ex-
ists withgy = o, and((p1,G2), ;) € Ry. Sincea ¢ o, and((qy, p2), G) €
R, it follows from Def/[3.1(iii) that(qy, p2) = (dy, p2) with ((d, p2),a2) €
R,. By definition of the parallel compositior(gs, gp) — (03,05) with
g, = 02, and thereforé(py, p2), (01, d)) € R

(b) If a € Z,\Z0,, @ symmetric argument to (a) shows that, oz) = (q, db)
with g = a1 and((p1, P2), (dy. %)) € R.

(c) Otherwisea € Zg, N3q,, and since it holds thaf(p1,02),01) € Ry and
(o1, p2),a2) € Ry, either bothg] anddgj, exist, from which it follows that
((p1,P2), (d},9)) € R, or neither exist.This is a case where additional
conditions are needed to ensure that eithkogg), exist. Hereg € (Zg, N

20,)\(Zp, UZp,) and C must imply that eithen,g™ qy or gz LN .
(ii)) o € (Zr UZR,)\(Zq, UZq,) and(pa, p2) = (Ph, Ph):

(@) If a € =p,\Zp, then(py, p2) = (P}, P5) if and only if py g, p; andp), = py.
Then((p1,02),) € Ry implies with Def. 3.1(iii) that((pj,02),01) € Ru.
Sincep, = pz, ((d1, P),G2) € Re and thereforé(p, p), (a1, d2)) € R

(b) If o € Zp,\Zp, then in symmetry to (a)(p, P5), (01,0%2)) € R

(c) Otherwisea € Sp N Zp,. Thenp; = p; andpz = ph. ((P1,02),01) €
Ry implies that((p},02),01) € Ry holds, and((qi, p2),02) € Ry implies
((a1, P), G2) € Re. Therefore((p, ps), (a1, 02)) € R

In the above discussion, four cases were isolated where fBecénditions must en-
sure that eitheq, LA qy or g 4, d,. These are precisely the A/G-conditions stated in
the hypothesis, which concludes the proof. O

Note thatR doesn’t necessarily contain the initial states. As with Af@ulation, it
follows from the definitions of simulation and parallel coosjtion that the conditions
()—(iv) are fulfilled for any simulation relation that wigsses; ||P> < Q1/|Q2. The
checking for containment of the initial states is done assfowlation in Sect. 4.2|3,
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procedure CheckAGSigmaSimulationSeparate
Input: labeled transition systeni, P, Q1, Q2,
Output: A/G-simulation relationgy, Ry

Ry 1= reachh gy i, Re := reachy, o,
R1 := GetSimRe} 0,0, (R1)
R := GetSiImRe}, i, o,(R2)
Ry = Ri\{(p1,02,q1)|3a € g, NZg, :
A (S g Afd: (e S ap) Al(a €S AP, pL P Va ¢ (3p,UZR)]}
Rz := R\ {(t1, P2, o) |30 € 2, N2, :
0, (01 % ) 8 (G % G A[(0 € T ATB) 2 % )V @ ¢ (3, USR))
Ry := GetSimRel) o, 0, (R)
R := GetSimRe}, |, 0,(R2)

Figure 4.7: Algorithm for checking assume-guararfesimulation by separate trim-
ming

with R; = R; andR, = Ry. An algorithm for checking A/G-simulation by separate
trimming is shown in Fig. 4.7. Itis easy to see tRatandR; fulfill conditions (i)—(iv)
after the trimming. Figure 4.8 show the algorithm for conifmsimming adapted to
>-simulation.
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procedure CheckAGSigmaSimulationComposite
Input: labeled transition systenis, P, Q1, Q2
Output: A/G-simulation relation®y, Ry

Ry :=reachy | q,|q,» Rz :=reachy, p, o,
Ry = Rl\{(gl,qul)Ea € 231 NZg,: .
B (= agp) A B : (e = dp) A[(a € Zp \ Zp, ATpPy i p1— PL) VO ¢ (Zp UZR)]}
RZ = RZ\{(qj.a p27QZ)|E|a € ZQ:l N ZQZ :
a a a
Aoy < (= o) A By (G2 = Gp) A[(a € Zp, \Tp, ATPG 1 P2 = Pp) VA ¢ (Zp UZR,)]}
Ry = GetSIqu\‘{HQle(Rl)
Ry = GetSimR%alsz(Rz)
DP1 = {(QLQLG)W € Zplsz‘zszl szz AdprL: (pLCI2>Q1) € RiA
a a a
p1— PpABL s — op AP o — o)
DPZ = {(QLQL a)la e zpl m zpz szl m ZQZ /\ sz . (ql7 p27Q2) e RZ/\
P2 pp A By o gy Al g S g}
if Dp, N Dp, # 0
Ry := Ro\{(P1. %2, ta)|3ar, Py 2 pr > Py A (Ga, G2, @) € Dpy}
Re == Ro\{(q1. P2, G2) |3, P5 : P2 = P (G, G, @) € Dy}
Ry = GetS?mR@ll‘|Q27Q1(R1)
Rz = GetSImR@mprz(Rz)
fi

Figure 4.8: Algorithm for checking assume-guarariessmulation by composite trim-
ming of Ry andR,
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Example 4.7. Consider a reactor with two inlets and one outlet as shown in&@.
The task of a controller is to transfer raw material from Telhto Tank 3, represented
by a label T13, then from Tank 2 to Tank 3, represented by Ti2Bfiaally drain the
mixture to Tank 4, symbolized by label T34. A discrete maeldnk 3 is shown in
Fig.[4.10(a). It contains error states for unmodelled bebgv.e. states with a self-
loop with label error. The error states are reachable when apgrtank is drained or
a full tank filled. The controller model is shown in Fig. 4.10(b

The verification task is to show that no error states are radbh, and that the
mixing sequence is preserved, i.e. that first tank 1 is dchiawed then tank 2. The
automaton for this specification is shown in Fig. 4.11. Thela&ror is in the alphabet
2o ={T13T23error} of Q, but since there are no transitions with that label, it is
always forbidden. For the assume-guarantee proof, the fpation Q was manually
decomposed into specificationg @d @ for the tank and the controller such that
Q1]|Q2 <X Q. Figures 4.12(a) and 4.12(b) show the automata.

Checking the state space af ®>||Qq and Q|| P,||Qz yields that Iy = {(0,0,T34),
(1,1,T34), (2,2,T13),(2,2,T23)} and D, = {}. Ry and R are initialized with the
states of P|Q2||Q1 and Qi ||P;||Q2, and contain no states that could violate the A/G-
conditions. The algorithm in Fig. 3.4 is applied to turn tharto simulation relations.
As a result, both relations contain the initial states and #pecifications Qand Q@
are fulfilled. Because Q> < Q holds, transitivity implies that the global specifica-
tion Q also holds.

Tank 1 Tank 2

Stirrer

Q)

Tank 3

Figure 4.9: Reactor with two raw material tanks
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0 start 1

finish T13
ONENO
stir_off stir_on
4 T23 3
(a) Tank 3P, (b) ControllerP,

Figure 4.10: Labeled transition system models for tank amdroller

T23 T13

Figure 4.11: Global specificatid@ with alphabe®q = {T13,T23 error}
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3 T23
T34 e
T23
(a) Tank Specificatio® (b) Controller Specificatio®,

Figure 4.12: Labeled transition system models for the dgxas®d specifications
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4.4 Related Work

Assume-Guarantee Reasoning Proofs that are based on assertions have been de-
veloped independently by Jones [Jon81, Jon83], irgheguarantedormalism, and
Misra and Chandy [MC81] in thassumption-commitmeframework, see [RBHO01]
for a comprehensive discussion. Proofs of this type have bieed extensively for
discrete and hybrid systems, and the term assume-guaraatsming has established
itself in the literature concerned with hybrid systems.

An overview of compositional reasoning is given by de RoeweRoe98], oth-
ers are available by Berezin et al. in [BCC98] and Xu et al. [XS%&]r a survey of
assume-guarantee reasoning for Moore Machines and Rebdtiteles see [PT98].
A small comparison of A/G-techniques with SPIN and SMV isegivby Pasareanu
et al. [PDH99]. They conclude that assumptions are bettewaed in the state space
than in a formula. A general discussion of the problems afimgsguarantee reason-
ing and the role of interference is given by Collette and Jond®/o recent papers
[CJO00, Jon03]. Non-circular A/G-reasoning was applied entg by Abadi and Lam-
port [AL93], and improved version of which can be foundin [2&]. Completenon-
circular and circular A/G-rules for checking LTL propedibave been presented by
Namijoshi et al. in/ [NTOO], which also contains a small survidgnzinger et al. have
applied A/G-reasoning to reactive systems using MOCHA, awswé environment
for system specification and verification, for which a tuabmtroduction is given in
[HQROOQ]. The framework is based on trace containment [HQR&&4, supports hi-
erarchy [AG00]. The approach has been successfully appieerify an array of
64 dataflow processors [HLQR99]. For A/G-reasoning of lismnproperties see the
works of McMillan [McM99, McMO0O0]. The A/G-rule presenteddte was verified by
Rushby with the automatic theorem prover PVS [Rus01]. The@@@EPAN provides
some functionality to verify refinement of discete, timedteyns and a class of hybrid
systems [AK96, TAKB96].

A/G-Reasoning based on Simulation Relations In [LS95], simulation-based asser-
tional techniques were compared to process algebraicitpatmin the verification of
a small but supposedly typical circuit, a Mueller C elemeftie concept of simula-
tion has been used by McMillan et al. [McMO00, JM01], wheresitalledrefinement
An assume-guarantee rule for fair simulation of Moore maesihas been proposed
by Henzinger et al; [HQRTO02]. It is stricter than the rule dfebrem 4.2 because it
requires non-blocking and finite non-determinism. A mortailied treatment of one
of the same authors can be found in [Raj99]. Viswanathan gtratented assume-
guarantee rules based on traces and trace-trees with atiesithat avoid the use of
non-propositional reasoning such as induction [VVO01]. yrekow that the rule for
simulation by Henzinger et al. [HQRTO02] can be derived frdmit rule for trace-
trees.
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Hybrid Systems with Discrete
Interaction






Introduction

The integration of digital controllers with a continuouslgtive physical system can
result indiscrete-continuousehavior. It is governed by the ongoing change of the
physical component as well as instantaneous changesredtyy the digital logic at
discrete events. The former phenomenon can be efficientijeiteal with differen-
tial equations, and the latter with state-transition gseaph system that exhibits both
types of behaviors is calledhybrid systemand their fusion into a single formalism
has resulted in the paradigm of hybrid automata, as intrediuc 1993 by Alur et
al. [ACHH93].

Hybrid systems are notoriously complex to analyze, and dumehtal properties,
like the reachability of forbidden states, are in generalaaidable. For algorithmic
verification, one must therefore resort to special classbéghrid systems, for which
these problems are decidable or at least semi-computaloleise these to overapprox-
imate more complex models. Because of this need for compntdly manageable
systems we are particularly interestediimear hybrid automatgHen96], which have
been studied intensely, and for which reachability and &tran are semi-computable
with linear predicates. While the following chapters refehybrid automata in gen-
eral, their application in practice involves linear hybaistomata, which which are also
used in PHAVer, a verification tool that are presented in Gévapt.

It is well known, and appreciated by anyone who has tried tifywaybrid sys-
tems in practice, that the computational cost of verifigaiiltcreases exponentially
with the number of interacting components of the system, \aitld the number of
continuous variables. Two widely recognized and fundaalemiethods to counter
this phenomenon, which is referred to as sate-explosion problenareabstraction
andcompositional reasoning/Me use simulation relations to apply both methods, and
discuss the limitations of traditional semantics in thispect.

Following an approach by Henzinger in [Hen96], we define $atmon for hy-
brid automata based on their timed transition system (TE8)astics. While some
continuous variables might only be relevant for the timifighee system, others are
associated with a particular meaning, e.g., the level df@difilling a tank. This im-
plies that if the state of a specification simulates the stgi®f a system, the values
of those variables should also be considered equivaleptandq, e.g., the value of
the level variable in the tank model should be identical ® hlue of any variable
referring to the tank level in the specification. This is a&sleid by requiring that the
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states in the simulation relation are in a given equivaleataion~:. This simulation
with equivalence is calleg:-simulation. TTS-semantics allow us to apply many of the
definitions and algorithms from Part |, with special attentto compositionality. To
apply compositional reasoning at the level of hybrid autaniais necessary that the
TTS-semantics and parallel composition are commutative. stdbw that this is the
case if there are no shared variables. We give symbolic flations of an algorithm
for a computing simulation relation between hybrid systetteemploys operations
in R", and we discuss its shortcomings and discuss ways to impineveerformance.
While the algorithm is similar to the one in Séct. 3.3, its fatation inR" illustrates
the complexity that results from by the difference operaimvolved.

In the following chapter, we formally define hybrid automatad their labeled
transition system semantics. In Chiap. 6 we definsimulation and show that TTS-
semantics and parallel composition are commutative intlBergce of shared variables.
A symbolic formulation of an algorithm to compute the sinida relation is given,
and we discuss approaches to speed up the computation. Gaor@igroof rules
are presented in their symbolic form in Chap. 7, and illustiaty an example. We
present our conclusions for Part Il at the end of this thesBdctl 12.2, pp. 168.



Chapter 5

Modeling with Hybrid Automata

Hybrid automata are a paradigm for models of continuousrelis behavior. They are
based on state-transition systems with a special struthateaeflects the continuous
and discrete components of the behavior. The system isdenesi to have a finite set
of modes, calledbcations in which the continuous dynamics of the variables is given
by functions over time, usually defined implicitly by diféstial equations. An instan-
taneous change in the variables or dynamics is modeled witnaitionto another
location. A variety of hybrid automata concepts have beepgsed since their initial
publication in 1993/[ACHH93]. We present our own blend of thesncepts — not
just to add another species to the zoo, but in an effort toimbtéormalism that most
allows us to apply the methods for labeled transition syst&om the previous part as
directly as possible. However, the modifications are of enfidrather than conceptual
nature. Our choices are motivated in a detailed comparis@ect| 5.4.

In the following section we present our hybrid automaton etathd recall the
definition of linear hybrid automata in Sect. 5.2. In Sec3. &e recall the labeled
transition system semantics from [Hen96], also calistbd transition system seman-
tics, that will allow us to apply the methods for labeled tramsitsystems to hybrid
systems. The chapter finishes with a summary of related wioBectt| 5.4.

5.1 Hybrid Automata

Our formal definition of hybrid automata blends the classfirdtions in [ACHH93,
ACHT95, Hen96]. It differs from those since we attribute a lalmektich discrete
transition without requiring stutter transitions, seetSge! for more detail on related
work. We recall basic notions of variable valuations andvéids before proceeding
with the definition of hybrid automata.

A variable is an identifier that is associated with a real nemitsvalue This is
formally captured by a mapping, calledvaluation, just like an-dimensional vector
xT = (x1,...,%) can be interpreted as a mapping from an index.1nto a value. The
continuous change of a variable over time is defined bgaivity. When no confusion
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arises we will sometimes simplify the notation by writingetilariable instead of its
valuation, e.g.x instead ofv(x).

Definition 5.1 (Valuation, Activity, Projection) [ACHH93] Given a set Var of vari-
ables, avaluation is a function v Var — R. Let V(Var) denote the set of valuations
over Var, where V0) = {0 — 0}. Anactivity is a function f: R=% — V(Var). Let
Atg(Var) denote the set of activities over the variables in Var. Gigeset of vari-
ables Vaft C Var, let theprojection V' = v|,, be the valuation over Vadefined by
V/(x) = v(x) for all x € Var'. The extension to activities is straightforward.

Remark: Usually the set of activities in a location of the system issidered to be
infinitely differentiable [ACHH93], or time-invariant [ACHI5, NOSY92| Hen96ﬂ.
Neither is required for the results in this thesis.

Hybrid automata are state-transition systems with vagglhat can change con-
tinuously over time, or at discrete events. A state is a daarlocation and a valuation
over the variables. The evolution of the variables is caiséd to an invariant set for
each location. A discrete transition from one state to agrathn take place if and only
if source state and target state are in a continuous transiiation, which is associ-
ated with every transition. A behavior only belongs to theeaton if it originates in
a set of initial states.

Definition 5.2 (Hybrid Automaton) [ACH'95, Hen96]A hybrid automaton H =
(Loc, Var, Lab,—, Act, Inv, IniY has the following components:

e A finite set Loc ofocations

A finite set Var of variables. A paifl,v) of a location and a valuation of the
variables is astateof the automaton. The set of all statesS Locx V(Var) is
called thestate space

A finite set Lab of synchronization labels,

A finite set oftransitions —C Loc x Lab x 2V(VanxV(van | gc. A transition

. . a,
(I,a,u,l") e— is also written as 51 17, 1and I’ are calledsourceandtarget
locations, andu is called thecontinuous transition relation.

A mapping Act Loc — 2AVa0) from |ocations to sets of activities.

A mapping Inv. Loc — 2¥(V@) from locations to sets of valuations, call@u
variants.

A set InitC Loc x V(Var) of initial states that lie inside the invariants, i.e.,
(LLv)ehit=ve Inv(I)E

1A setSof activities istime-invariantif forall f € Sd e R=9: f/(t) = f(t+d) €S
2We admit an empty set of initial states because it can occarresult of parallel composition, when
the sets of initial states or the invariants of two automatedisjoint.
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Remark: Some automaton models, like the timed automata in [AD92] ndette
continuous transition relation withguard G C V(Var) and a set ofesetvaluations
RC V(Var) over a set of variablegar’ C Var. In that concept, the variables far

take any value iR after the transition, and remain unchanged otherwise. fféus-
lates into the continuous transition relation

H= {(V7 \/) ‘V €GA VlVar\Var’: \/lVar\Var’ /\\/lVar/ € R}~

We use the following shorthand notation to describe theicoous transition re-
lation: For a binary relatioR over a set of variable¥ar, i.e.,RC V(Var) x V(Var),
we usex to denote the variablewhen it occurs in the second element of a paiRin
E.g., the equatior+ X' = 0 defines the relation

R={(v,V) € V(Var) x V(Var)|v(x) + V' (x) = 0}

Example 5.1. Consider a tank with an inlet valve and a constantly open ouattet
shown in the schematic in Fig. 5.1(a). A hybrid automaton rhofithe tank is shown
in Fig.[5.1(b). There are two locations, symbolized by regtdar nodes, “inout_flow”
for an open inlet valve, and “out_flow” for a closed one. Theighte x represents
the tank level. The activities in the locations are givenliaiy by contraints on
the derivative of x. ConstantsyGCioy > 0 determine the lower and upper rate of
X, and ¢y, dioy > 0 the set of equilibrium points for x if the inlet valve is opdf.
it is closed, the rate is determined by, €,y > 0. An invariant in both locations
constrains x to remain between zero and a constag.XTransitions are represented
by directed arcs. A transition with label “in_start” represés a change in dynamics
caused by opening the valve, and one with label “in_stop” iclgshe valve. The
variable does not change during the transition, so the cargus transition relation
is given by ¥= x, and omitted from the graphical representation. An incaanc
designates the location “inout_flow” as an initial locatiohcan be labeled with the
initial states if they are different from the invariant.

The semantics of a hybrid automaton is defined byrutss a possibly infinite
sequence of discrete transitions and periods of time elpd#igen time passes, the
continuous variables change according to the activitiasthey must remain inside
the invariants. Thus, periods of time elapse are labelddawituration and the activity.
A run contains all necessary information about how the aatomchanges its states,
i.e., labels as well as activities and their durations. Qhé/runs that start from one
of the initial states are considered actual behavior of titeraaton, and are called
executions

Definition 5.3 (Run, Execution, ReachabilityA run ¢ is a finite or infinite sequence
of stategl;,vi) and labelsa; € Labu (R=% x Ats(Var)),

0 = (lo,vo) <% (I1,v1) 5 (I2,v2) ™ ..., (5.1)

satisfying that for all i> 0 holds v € Inv(l;) and either
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Inlet Valve inout_flow
© Ciol VX — il < X
< Ciouv/X— diou
0 < X< Xover
Tank in_start < > in_stop
out_flow
—Colv/X <X < —Couy/X
0 < X < Xover
Outlet
(a) Schematics (b) Hybrid automaton model with non-

linear dynamics

Figure 5.1: TanK with inlet valve and constant outflow

e @; € Lab and there is a transition IMH lir1 with (vi,vi41) € p, or

e ;i =: (i, fi) and f € Act(lj), i = li11, fi(0) = v, fi(t)) = vi.1 and for all t,
0 <t’ <t holds f(t') € Inv(l;).

An executionis a run g that starts in one of the initial states, i.€lp,vp) € Init. A
state(l,v) is calledreachableif there exists an execution with v) = (l;,v;) for some
i >0.

Usually a system can be divided into several components$, ebwhich is then
modeled by a separate automaton. Their interaction isméted by aparallel com-
positionoperator that merges them into one single automaton. Hgtiomata inter-
act in two ways: They synchronize on discrete transitionsl, they share variables.
As discussed previously in Sect. 2.4, shared variablesuwrithstricted access are not
compositional, so that in this Part we limit the composiéibanalysis to hybrid au-
tomata that each have their own set of variables that isrlisjaf all others. The
compositional analysis of hybrid systems with shared e requires a more so-
phisticated model, and will be the subject of Part Ill.

In the following, hybrid automata are considered to intel®csynchronizing on
common labels. If an automaton does not participate in aitian, its variables re-
main constant, which leads to the following compositionraper:

Definition 5.4 (Parallel Composition)Given hybrid automata H= (Log, Var;, Lah,
—i, Act, Inv, Init;),i = 1,2, their parallel composition H; ||Hz is the hybrid automa-
ton H = (Loc, Var, Lab, —, Act, Inv, Init) with

e Loc=Loc; x Locy, Var= Var, U Var,, Lab= Laby U Laby,

o feAct(ly,ly)iff flvare Act(li) fori=1,2,
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o velnv(l,lo) iff vivar € Invi(l;) fori= 1,2, and
o (I1,12) 25 (1,1%) with = {(v,V')|(Vlvar,,V lvay) € Wi = 1,2} ifffori =1,2:

—aclaband} 21/, or
—_ a¢ Lah and k = ||/, IJ| = {(V7\/)‘VlVari:\/lVari}.
o ((I1,12),v) € Initiff (Ii,v]var) € Init; fori = 1,2 and ve Inv(I4,17).

The following example shall illustrate how a system is nallyrmodeled by several
interacting components, each corresponding to a hybrimhaation, and the system as
whole corresponding to their parallel composition.

Example 5.2. Consider the tank with an inlet valve T from Fig1(b), equipped with
two discrete level sensors, land L, positioned at levelspxand x. We model the tank
with sensors in a modular fashion with separate models for ¢éimsars, and combine
them by parallel composition. Figures 5.2(a) and 5.2(b)velybrid automaton mod-
els of the sensors. They only have a single location “idle"wihich the variable x is
unconstrained, i.e., A¢idle) = Ats(x) and Inidle) = R. If the level is abover Ly,
has a self-looping transition with label x_high, otherwiseeamith label x_nhigh. L
works correspondingly. The composed system T||L||Ly is shown in Figl 5.2(¢).
The sets of valuations of x in invariants, activities andi@histates were intersected,
but since x is unconstrained in,land L, they are the same as in the original model T.
The labels are not in the alphabet of T, so the transitionsatded with the con-
straint X = x (not shown). Clearly, the modular model is much more connémaied
intelligible than the composition.

In order to model shared variables into the framework ofreigcinteractions, ac-
cess of other automata to the variable can be incorporabeg ssnchronization labels.
This implies that for a hybrid automaton with a finite numbédiscrete transitions
there can be only a finite number of values for each sharedhlari As a result, such
a set of interacting hybrid automata is unable to performudations over an infinite
number of values, as it is the case, e.g., for continuousbaadcontrollers. Still, it
can be useful to model a system with hybrid automata withezheariables. The fact
that this is not compositional only means that the autonfetbshare a variable should
not be decomposed in a compositional proof.

5.2 Linear Hybrid Automata

We are particularly interested in hybrid automata that camtalyzed in an efficient
manner. Since hybrid automata are systems with an infirdte space, this naturally
involves symbolic computations on sets of states. Our fdiesson polyhedra as a
symbolic representation, since very efficient algorithmesavailable, like the Motzkin
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xhigh o x_high
X2 Xn - t flow idle,idle) 1
X> X (inout_| X> X
high Ciol VX — igl <X
. x_nhig < Ciouv/X— diou .
X < Xn x_low 0< X< Xover Xx_nhigh
X< X X< Xq

(a) Level sensor highy, in_start in_stop

x_nlow x_high
f(—;'?qw X > X (out_flow,idle,idle) X> %
—Col /X < X < —Couy/X
x_low x_low 0 <X < Xover x_nhigh
X<X ‘ X<X

X < %
(b) Level sensor lovi, (¢) Ts=T||Li||Ln with T from Fig.|5.1(b)

Figure 5.2: Tank model with level sensors

double description method [MRTT53] and its enhancements.aR overview on al-

gorithms refer to [FukO4] and implementations, as well athier references, can be
found in [Wil97, BRZ04]. Our verification tool is based on pobdral computations,

and will be described in Part 11. polyhedronis a subset oR" that is the set of

solutions to a finite system of linear inequalities, caliedar constraintFuk04] :

Definition 5.5 (Linear Constraint, Linear Predicated linear expressionover a set of
variables Var is of the forry; ajx; +-b, with 8, b € Z, x € Var. Alinear constraint over
Var is of the form e< 0, where e is a linear expression and the sigiis in { <, <}.For
a given valuation v over Var, a linear constraiptdefines a boolean valug(v) that
yields whethewp is satisfied or not, i.e., whethé&r; av(x) + b < 0 holds. Aconvex
linear predicate is a finite conjunction of linear constraints. AWon-convex linear
predicate, or linear predicate, is a finite disjunction of convex linear predicates.

A very important class of hybrid automata dreear hybrid automata(LHA)P For
LHAs, reachability and simulation are computable with érass using linear predi-
cates. As we will show in Part 11, our definition of simulatigs also compositional
for LHAs with convex invariants. They are defined as follows:

Definition 5.6 (Linear Hybrid Automaton) [Hen%? A linear hybrid automaton
(LHA) is a hybrid automaton in which the invariants and the tommous transition

3The term linear hybrid automaton is ambiguous since it is aked, e.g., in [LPY01], to describe
hybrid automata whose dynamics are given by a linear timeriant differential equation system, i.e.,
X = Axor X = Ax+ Bu. We call such dynamicaffine.

40lder definitions of linear hybrid automata in [ACHH93, ACB5] only admit dynamics with a
constant derivative given for each location.
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relation are given by linear predicates over its variablasd the activities are given
by linear predicates over the time derivatives of the vadgab

Linear hybrid automata are readily used as overapproximadf hybrid automata
with complex dynamics, see Sect. 5.4 for related work. Thjaximation is asymp-
totically complete, i.e., any hybrid automaton can be apipnated arbitrarily close
with a LHA [HHWT98]. The following example shall illustrateish an overapproxi-
mation:

Example 5.3. Consider the nonlinear tank model from Ex.[5.1. Figure 5.3wsho

a linear hybrid automatori that overapproximates the non-linear dynamics in an
interval xe [0,xv] by upper and lower bounds of n intervals. The choice of bounds
was made under the assumption thgt(k) < fiou(x), foi(X) < foi(x), and that they
are monotonously increasing, respectively decreasind, xvif he characteristic curve

of Ex.[5.1 is given by:

(X) = Ciol /X~ diol,
fiou(X) = Ciouv/X— diou,

X) = CavX

(X) = CouvX,

where ¢, Ciou, Col, Cou, Fiol , diou @re constants to be identified by the physical setup.
The automaton shown assumes initial states within the intéxan, 2xy /n], and the
appropriate locations are designated with incoming arcs agihg initial states.

It is worthwhile to note that discrete-time piecewise affaystems, or more pre-
cisely hybrid automata with linear invariants, linear éonbus transition relations and
discrete-time linear dynamics, are also linear hybrid muatia. This underlines the
relevance of the class in applications related to contrstiesys. A discrete-time piece-
wise affine system can be embedded in a linear hybrid autormadalel as follows:

Example 5.4.Alinear hybrid automaton model of a discrete-time, linéard-invariant

differential equation system is shown in Fig. 5.4. A clockintsoduced to measure
the sampling tim&. When t has reached, the invariant forces the transition, the
variables x are updated according to the dynamics and thekci® reset to zero. If

the hybrid automaton is only composed with other sample@ssstthe clock can be
omitted as they will synchronize on the label “tick”.

Linear hybrid automata have received considerable atterdind a model-checking
tool called HY TECH is available [HHWT97]. A symbolic model-checking procedure
for a temporal logic with stopwatches was introduced in [A6H
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Figure 5.3: LHA-approximatiofi of tank T from Fig. 5.1(b)

tick
X =Axt' =0

Figure 5.4: Linear hybrid automaton with linear discretedidynamics

‘
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5.3 Timed Transition System Semantics

Temporal logics like CTL* [CE81] are widely used to define ands@an about prop-
erties of automata, and are based on runs. These propetigsedivided intsafety
andlivenessproperties. Intuitively, a safety property describes #mahething bad can
never happen, while a liveness property tells whether doimggood will always oc-
cur. Rather than with runs, the safe semantics of a hybridhaation can be defined
with an infinite labeled transition system [Hen96]. This sidkerably simplifies many
proofs, allows us to carry over the results of Part |, and swiges the basis for our
further work.

Definition 5.7 (Timed Transition SystemHen96] Thetimed transition system of
a hybrid automaton H= (Loc, Var, Lab,—y, Act, Inv, Ini} is the labeled transition
systenfH] = (S4,LabUR=?, —yy;, Init) where

o (ILv) 2y (V) ifand only if | 254 17, (v V) € pv e Inv(l),V € Inv(l') (dis-
crete transitions),

o (I,v L[H]] (1,Vv) if and only if there exists an activity ¢ Act(l), with f(0) =
v, f(t) =V such that for all {,0 <t’ <t holds f(t") € Inv(l) (timed transitions).

We refer to the subset of [y with labels inLabas thediscrete transition relation

and the one with labels iR=° as theimed transition relation~. The set of valuations
(v,V,t) with ((1,v),(I,V)) €~ is also denoted as> (I).

Example 5.5. Figurel5.5 shows the timed transition relation for a location g with an
invariant umin < U < Umaxand a set of activities given by<au < b, 0 < a < b. Note
how by definition the source and target states are the santesd. The front face of
the tetrahedron is the set of successd($)wof the initial state u= Umjn.

A run of the timed transition system is abstraction of a ruthefhybrid automaton
because of the existential quantification over timed tteors. Formally this can be
expressed as follows:

Proposition 5.8. There is a runo = po o, p1 a, p1--- in H if and only if there is
aruno’ = Po &[[H]] p1 E1—>[[H]] P2--- in [[H]], Where[}i =:tje RZO iff a; =: (ti, f|) S
R=0 x Atg(Var), andaj = 3 otherwise.

Proof. Both directions follow immediately from the definitions ofnsiand the timed
transition system. Any transition in a runidfalso fulfills the definition of a transitions

in [H]. Conversely, any transition ifH]] implies either a discrete transition kh, or
the existence of an activitfj such that a timed transition existshkh O

Corollary 5.9. A state p is reachable in H if and only if it is reachable[id ).
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umax >

Umin

t

o
P

Umin i 0

(umax - Uy in)/ b

(umax - umin)/a

Figure 5.5: Timed transition relation

This abstraction plays an important role in compositioealsoning about hybrid
systems and will be discussed in detail in Sect. 8.2. But, agishow in the next
chapter, it does not modify the safety properties of a sattefacting automata if they

do not share any variables.
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5.4 Related Work

Hybrid systems received increased interest by computenssis in the beginning
of the 1990s, and a number of papers with similar models appeavith more or
less subtle differences in syntax, semantics and terngyol®None of these models
fit exactly for the purposes of the work in this thesis, so wegaeand adapt several
of them. In the following we summarize some of the differene@d motivate our
choices. The relationship between the models in literaisii#ustrated in Fig. 5.6
with a graph of references between the papers. Some of tlephave appeared in
more than one version, so the year of the earliest and the&t [atblication are noted in
brackets. This also explains the circular references tatweme of them. A side-by-
side comparison is shown in Table 5.1. For a very readahleduottion to modeling
timed and hybrid systems, the reader is referred to [LSW97].

Hybrid Automata The verification of hybrid systems was first discussed by Metle
al. in [MMP92]. While their model of hybrid systems is not exjily a hybrid automa-
ton, it is in many respects equivalent to the automaton nsotlelt we discuss more
closely in the following paragraphs. Syntax and terminglogour model are largely
taken from [ACH"95], since it unifies major previous work. We add initial stato the
definition, which are also present in [ACHH93, HPR94, Hen96Lduse they play a
central role in many technical processes, where a systesu@ly only behaves safely
if it is powered up in certain states, and the model itselfisroonly valid in a vicinity
around behaviors starting in those states. We have transibels as in [ACFi95],
but for the sake of simplicity we omit the stutter transigpsince they have no tangible
effect on our work as long as we do not consider shared veﬁﬁtﬂ:onsequently, we
admit finite as well as infinite runs, as is done in [ACHH93, NORYHPR94, Hen96].
In [ACHH93, HPR94, AHH96, ACH95], a run is an alternating sequence of time
elapse and discrete transitions, which simplifies the matdiut requires stutter tran-
sitions to allow a sequence of “time elapse, discrete tti@nsitime elapse” as a run
(by extending it with a stutter transition), and to change #utivity during a time
elapse (by inserting a stutter transition between the aiighgrhe frameworks in
[NOSY92, HPR94] are somewhat counter-intuitive in this sebscause they have
alternating time elapse and discrete transitions, but atbesttransitions. Similarly,
the models in [ACHH93, HPR94, ACFB5] may be counter-intuitive because they do
not always have time elapse transitions with duration zeamely when there is no
suitable activity. This may prevent runs with two conseautliscrete transitions and
no time elapse in between. In [AHH96, Hen96], zero time eddapslways possible by
construction. In the interest of intuitive modeling and areniosnmediate connection to

SWe do include sutter transitions in Part IIl.

6Allowing to change the activity is necessary for closurehwiéspect to fusion of runs. Fusion
closure asserts that a hybrid automaton is completely mi@ted by the present state of the automaton
[AHH96].
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the discrete systems of Part |, we choose to allow arbitragyisnces of discrete and
timed transitions.

Our definition of parallel composition is similar to that &FH'95], but modifies
itin two ways. Firstly, extends it to variable sets that cardifferent, as in [ACHH93].
Secondly, independent transitions must synchronize in [A@%] with a stutter transi-
tion, to enforce that the controlled variables of the nortip@ating automaton remain
constant. We do not have controlled variables in this pad, r2o stutter transitions,
and therefore treat independent transitions the same &3 ®in Part 1.

The continuous dynamics in our model are given by activiteesin [ACHH93,
NOSY92, ACH"95], although we do not require conditions such as infiniffedin-
tiability or time invariance. In contrast, the activities[AHH96,/ Hen96] are specified
implicitly by differential equations, which simplifies senarguments, e.g., about ap-
proximate equivalence and abstraction.

Linear Hybrid Automata Linear Hybrid Automata were introduced in [ACHH93],
but, as in [NOSY92, ACFi95], the dynamics are restricted to piecewise constant
derivatives. This restriction is relaxed in [HPR94, AHHO&96] to a linear differen-
tial inclusion, which is also the model we use. An extengigatinent of the analysis of
linear hybrid automata can be foundin [Ho95], which alsddess a detailed descrip-
tion of methods to over-approximate nonlinear hybrid awttanwith LHA. A method

for constructing conservative LHA models by approximatihg linear phase-portrait

is given in [HWT96a, HHWT98].



5.4 Related Work

79

[AD94] [HNSY94] [NSY93] [MMP92] [KPSY93]
A Symbolic Model From ATP to From Integration Graphs: A
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Timed Automata Real-Time System. Hybrid systems Hybrid Systems Hybrid Systems
('90—'94) ('92—'94) ('91-'93) (91) (92)
[ACHH93] [NOSY92]
Hybrid Automata: An Alg. An Approach to the
Approach to the Spec. and Description and Analysis o
Verif. of Hybrid Systems Hybrid Systems
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of Convex Approximations
(94)
[AHH96] [ACH*95]
Automatic Symbolic The Algorithmic
Verification of Analysis of Hybrid
Embedded Systems Systems
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N4

[Hen96]

The
Theory of
Hybrid Automata
('96-'00)

Figure 5.6: Graph of references between hybrid systemsiti@fis. The year of the
first and latest version of the publication is shown in bréske
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Table 5.1: Side-by-side comparison of hybrid automata diefirs

Publication  [[ACHH93] [NOSY92] [HPR94] [AHH96] [ACH95] [Hen96]

Invariant exception sets time can progress  invariant sets convex invariant sets invariant sets iavarsets
==lnv predicate

Initial states  no/ ye@ no yes no no yes

Labels no yes no sets of labels yes, ircl. yes

Transitions transition relation guard and update guard andaction action predicatewith transition relation  transition relation
CV xV functionV —V functionV —V closureoperator CV xV CV xV

Stutter trans.  unlabelled no no label set 0 label no

Dynamics activities time-invariant func. activitiesR=° — V, convex linearate time-invariantactivi- flow predicate over
R0 v cCC® V x RZ® — Vwith f(0) = 0, denoting predicatedefining  tiesR=% —V XUX

f(v,0)=v additive change derivative

Semantics finite or infinite run LTS (no zero time  finite or infinite run  infinite trajectory finite or infinite run
(alternating time elapse transitions), (alternating time (alternating time (alternating time
elapse & discrete  run (time elapse & elapse & discrete  elapse & discrete  elapse & discrete

transition), piecew. discrete transition or transition),v € Inv(l) transitions w/o transition), LTS
left- or right-closed only discrete trans.) fort € [0,t;] labels)
Zero time iff 3f € Act(l) : neveP iff Act(l)#0 always iff3f € Act(l) :
elapse f(O)=v f(0)=v
Parallel cartesian product - - action predicates indep. trans. syn-
composition may change throughchronize witht-
closure trans., same vars
LHA deriv. const. const. in linear constraints in lineardioate const.

finite or infinite
trajectory (arbitrary
time elapse & dis-
crete transitions),
LTS (over invariants)

always

via LTS, indep.
trans. synchronize
with O-time-trans.

in linear predicate

2hybrid system without, hybrid Muller automaton with initend accepting states
btime-can-progress predicate and evolution function aderib time by definition, but in semantics R>°



Chapter 6

Simulation Relations for Hybrid
Automata

In order to be able to compare two autom@atandQ, we define a preordet such that
P < Qif any behavior ofP finds a match irQ, formally captured by the existence of a
simulation relationbetween their states. A stagesimulatesa statep if the systemQ
shows the same behavior starting from stagsP does starting from state In such

a comparisoni could be, e.g., an implementation a@a specification, oP a refined
model andQ a more abstract model. Since for safety properties of a tyhriomaton
it is sufficient to examine the behavior of its associated W& also define simulation
based on the LTSs, following the approach in [Hen96]. Foatestto simulate a state
p, an outgoing transition i must be matched by a transitiongnwith an identical
label. From the TTS-semantics it follows that any time etegfsould be matched by an
identical time elapse. Depending on the application andrtbaning that is attributed
to the variables in the process of modeling or when desigthiegpecification, it might
be desirable to consider certain variables in the systenspadification equivalent.
This is imposed by requiring that states in the simulatidatien are also in a given
equivalence relation [Hen96], formalized by the conceptefimulation.

In the following section we define-simulation for hybrid automata. In Sect. 6.2,
we apply the compositional reasoning framework from Pasthytbrid automata, tak-
ing into account the implications for the equivalence iefla that accompany:-
simulation. The computation of simulation relations fobhy automata inR" is
discussed in Sect. 6.3, and we outline strategies to impitsvefficiency, and how
to apply parametric analysis. The chapter concludes witmangary of related work
in Sect| 6.4.

6.1 Simulation Relations with Equivalence

The simulation between hybrid automata is defined basedenithulation between
their corresponding timed transition systems. We Zisémulation, since classic sim-
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ulation is contained as a special case if the alphabets dndidés of the inequality
are equal.

Definition 6.1 (~-Simulation) Given LTSs P,Q and an equivalence relatiei (SoU
SQ)Z, Q=s-simulatesP, written as P<., Q, if and only if some R~ witnesses X5 Q.
For hybrid automata H, Hz, Hy <~ Hz if and only if [Hy] <~ [Hz].

The equivalence relatios is usually defined implicitly, e.g., by demanding that
certain variables are identical handQ. To simplify the definition of equivalence
relations, we writeM® for the reflexive, symmetric and transitive closure of atieta
M. In this fairly general definition of simulation with equleace, two special cases
are of particular practical interest:

e timed simulation all states are considered equivalent so that only the gmin
between discrete transitions matters,

e strict simulation a subset of the variables are required to be pairwise idgntic
in bothP andQ, while the other variables are irrelevant.

While this distinction is so far not made explicit in literagutimed simulation is used,
e.g., in [WL97], and strict simulation, e.g., in [PLS98, TROPLO1, TPLO2, TP02].
The following example shall illustrate how specificatioas cequire equivalence be-
tween some of the variables:

Example 6.1. Consider a reactor with a constant outflow, a stirrer and a lanain-
itoring controller as shown in Fi@.ﬁ. We use the tank with discrete level sensors
Ts from Fig. 5.2(c) to model the reactor. The stirrer is not midetk explicitly. The
controller, whose model is shown in Fig. 6.2, opens the inletesavhen the level sinks
under x and opens it when the level is aboyenith a maximal sampling time of@x

It does so based on whether the labels x_high and x_low or toeinterparts x_nhigh
and x_nlow are enabled. The decision is triggered by a clothad is restricted by
the invariants to a maximal value ofgy i.e., the automaton can remain a location
a maximal time gax then a transition must be taken. It can equally take thediran
tion at any previous instant. Figure 6.3 shows specificatistomata for the following
properties:

¢ Invariant: The level is alwaysmin < X < Xmax
e Sequencing: The stirrer is turned off before the inlet vadveosed.
e Timing: The inlet valve is open for a maximum time,ft

The specification is fulfilled ifg[|C <~ Qa||Qb||Qc, with an equivalence relation

~= {((kﬂ U), ((la,|b,|c),V)) € STsHC X %aHQbHQJ U(X) = V(X)}C'
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Inlet valve @ Stirrer

Controller Reactor

Y

LIS

Outlet

Figure 6.1: Reactor with level monitoring controller

filling
d=1
0<d< dmax

stop_stirrer
d=1
0<d< dmax

stir_on stir_off
d=0 d=0

start_stirrer stop_inflow
d=1 d=1
0<d < dmax 0<d < dmax

in_start in_stop
d=0 d=0

start_inflow draining |
d=1 d=1 gy

0<d < dmax 0<d < dmax

Figure 6.2: Level monitoring controll&®
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idle
Xmin < X < Xmax in_stop

in_stop
t'=0

stir_off in_start

closed
t=1

t S tmax
(a) Level invarianQ, (b) Stirrer off before inlet (c) Inlet valve closed at
valve closedQ, MOSttmax Qc

Figure 6.3: Specification automata

Similarity and bisimulation are equivalence relationsdshen simulation. While
similarity defines equivalence based on the branching beha¥ the initial states,
bisimulation requires a one-to-one equivalence of alkstat the relation, i.e., effec-
tively of all reachable states. Definitions and algorithorssimilarity and bisimulation
of hybrid automata have been giveniin [Hen96], where theyaar®ngst other things,
applied to obtain finitary equivalence classes.

Definition 6.2 (=-Similarity). Given LTS P, Q and an equivalence relatio (SpU
S0)?, Q is~-similar to P, written as P~ Q, if and only if P<~ Q and Q=~, P. For
hybrid automata H, Hz, H1 ~~ Hy if and only if [H1]] ~~ [H2].

Definition 6.3 (=~-Bisimulation) Given LTS P, Q and an equivalence relatistC
(SPUSQ)?, arelation R C S x Sy is a ~-bisimulation relation if and only if R.
witnesses P<. Q and R! witnesses @<~ P. Q is~-bisimilar to P, written as
P =, Q, if and only if there exists such a relation. For hybrid aueta H, Ho,
H; 2. H, if and only if [H1] =~ [H2].

As established in Prop. 3.3, simulation is a necessary tiondor similarity, and
similarity is necessary for bisimulation. It immediatedlléws that the equivalence is
also preserved:

Proposition 6.4. Forall P, Q,P=Z. Q=P~.Q=P=<.0Q.

We will use bisimulation and Prop. 6.4 extensively in thetrssctions in order to
commute the parallel composition operator and the TTS-aéosa This is the key to
applying the compositional framework of Part |, and onlygibke because we exclude
shared variables.

1The level monitoring controller is a popular example in higitsystems literature. Similar models,
although not quite identical, can be found in [Ho093, HPR4¢ latter of which appears again in
[ACH™95].
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6.2 Compositional Reasoning

For hybrid automata with disjoint variables, the timed sition system and the paral-
lel composition operator are commutative (up to structis@hnorphism) if the equiv-
alence relations fulfill certain conditions. Together wittiariance under composition,
this property allows us to carry over the compositional fsaxf Part | from labelled
transition systems to hybrid automata. This is formalizgdhe following proposi-
tions.

Lemma 6.5. For any valuations ¥, v, over disjunct sets of variables \iarespectively
Var, there exists a unique valuation v over \farvVar; UVary with v|ya,=v; for
i =1,2. Given any v it holds thatjvand v exist and are unique.

Proof. Letvbe defined ag(x) = v;(x) for all x e Var;, i = 1,2. Since th&/ar; partition
and coveWar, v exists and is unique. O

Proposition 6.6. For any H;, H, with disjoint variables and an equivalence relation
~ such that((l1,12),v) = ((I1,v1), (I2,v2)) for Vvary, = Vi for i = 1,2, it holds that
[Hal[Hz] =~ [Ha][|[Hz]-

Proof. First we show thafH1||Hz]] <~ [H1])||[H2]. Let

R= {((('17|2),V),<(|17V1),(|27V2))) VlVarHi:Vi fori= 1,2} .

With Lemma 6.5 and the definition of parallel compositionalidws that for all ini-

tial states((11,12),V) € Initgy, 1, there exists somg(ly,va), (I2,V2)) € Initgy g H,] -
Furthermore, R C~ and the alphabets on both sides are equal, so that only condi-
tion (i) of Z-simulation applies. From the definition of parallel comitios of hybrid
automata it follows that the projections of the invariamtstivities and discrete tran-
sition relations ofH;||H, exist inH; andH,. Therefore for each transition from a
state((l1,12), V) there exists a corresponding transition from the dtdievs ), (I2,v2)),
VivarHi =v; fori = 1,2, and their target states are agaifRinConsequentlyR is a wit-

ness forfHy|[Hz]] <~ [Ha]||[H2]. A similar argument shows th& * is a witness for
[Ha]l1[H2]l =~ [Ha|[H]. O

For hybrid automata with disjunct variables;simulation is a precongruence with
respect to parallel composition if it is consistent with gaivalence relations used.
Since an equivalence relation is reflexive by definitiorehains to discuss transitivity
and invariance under composition:

Proposition 6.7 (Transitivity). For any H;, Hp, Hz with disjunct variables, iIH<~, H
and B =~, Hz imply Hy =<~; Hz if (I1,v1) =1 (I2,v2) and (I2,v2) ~ (I3,v3) imply
(I1,v1) ~3 (I3,v3). 2

2The transitivity of the equivalence relations within thesives does not help here, since they range
over different state spaces.
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Proof. LetR; be awitness fofH1]] <, [H2]l, andRz for [Hz]] <~, [Hz]. By Def.[6.1,
R1 C~1 andR; C=y. According to Prog. 3.11R= {(p,s)|39: (p,q) € RiA(q,s) €
Ry} is a witness fof{H1]] <5 [[Hs]]. With the hypothesis it follows thd& C~3, soRis
a witness foH; <~, Hs. O

Proposition 6.8 (Invariance under Compositianfor any H;, Hp, Hs, with Vary, N
Vary, = 0fori=1,2, Hy <~, Ha implies H||Hz <~, Ho||H3 if (I1,v1) =1 (I2,V2) im-
plies((11,13),u1) ~2 ((I2,13), U2) With U [var,, = Vi for i = 1,2 and W |vary, = U2 var, -

Proof. Let Ry be a witness fof[H1]] <~, [H2]. By Def.[6.1,R; C~4. According

to Prop 3.11R = {(((l1,v1), (I3,V3)), ((12,V2), (I3,v3)))| ((I1,v1), (I2,V2)) € Ru} is @
witness for[H1] ||[Ha]] < [Hz]l||[Hs]. With Prop! 6.6 and Prop. 6.4 it follows that

R = {((('1,|3),V)a((|1,V1)»(|3,V3))) ‘VlVarHi:Vi fori= 1,3}

is a witness foi[H1 ||H3] <5 [[H1]||[H3], and

R = {((('2,V2)’ (I3,v3)), ((I2,13),V)) ’VlVarHi: v fori = 2,3}

is a witness fof[H2])||[Hs]] <= [H2||H3]. With transitivity of Prop. 3.11 follows that

R = {(((12.12),9). (12,v2). (12.))) | ((11:VLvan, ). (12:V2)) € R Vivan, = Va |

witnesseg{H1||Hz]] =<s [Hz2]l||[Hs], and again by transitivity

R" = {(((Ilv |3),U1) ) ((|27|3)a UZ))) | ((Ilvvl)a (|2,V2)) € Ry,

Ui lVarHi =vfori=12, UllVarHSZ UZlVarH3 } .

is a witness foiH1 ||Ha] <s [H2||Hz]] Under the hypothesis it follows th& C~,, so
R is a witness foH; <~, Hs. O]

We now formulate two main theorems in our compositional ceasy framework:

compositionality and decomposition of the specificatiors b&fore, we use the wit-
nessing simulation relations from corresponding proofBart | to obtain criteria for
the equivalence relations.

Theorem 6.9(Compositionality) Consider HA P, P, Qq, Qo, with Vap NVarg, = 0
fori=1,2. If R <5, Qi fori =1,2, then R||P> <~ Q1]|Q2 holds if((ki,u), (li,vi)) €=;
for I = 17 2 Implles(((k17 kZ)a U), ((lla |2)7V)) 6%1 U\LVal'pI - uia VlVarQi = Vi-

Proof. According to Prop. 3.7, compositionality follows from theeprder proper-
ties, commutativity of the composition operator and ir@ade under composition.
Let R be witnessing relations fd? <~; Qi. Let pi = (ki,u;) andg = (Ii,v;). With
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Prop/3.11, it follows from[Pi]] <5 [Q1]] that [Pi]}||[P.] <5 [Qa]l||[P2]], with a wit-
nessk = {((p1, P2), (01, P2))|(P1,01) € R1}. Similarly, it follows from[[P.]] <5 [Q2]]
and commutativity that a witness fdiQ1]]||[P.] <= [Qui]||[Qz] is given byR’ =
{((a2, p2), (1, 92))| (P2, G2) € Re}. Transitivity thenimplieqP1 || [P2]] <= [Qa]}[[[Qz]
with a witnessR” = {((p1, p2), (01,92))|(P1,01) € Ri A (p2,02) € Ro}. Applying
Prop.6.6, it finally holds thalP1||P.]] <5 [Q1||Q] with a witness

R: {(((kl7 k2)7 u)7 ((lla |2)7V))‘((kh UlVarpl )7 (li;VlVarQi )) S R| for I = 1) 2}
Under the hypothesis it holds thRtC=, so thatR witnesse®||P; <~ Q1]|Q2. O

The following example shall illustrate how compositiotaljustifies the use of
abstractions in proofs:

Example 6.2. Consider the tank level monitor system of [Ex. 6.1 with the immat
tank model T from Fig. 5.1(b), the level sensors in Figs.®.2Hd[5.2(b), and the
controller C in Fig/6.2. The system is the compositioa=H ||L||Ln||C. To per-
form an algorithmic analysis, we can use an overapproxinmabyg a linear hybrid
automaton, e.g.j from Ex. 5.3, shown in Fig. 5.3. The models for the level sen-
sors remain the same. The validity of the abstraction, fteat T <~, T holds with
~1={((k,u),(1,v)) € St x S¢| u(x) = v(x) }< is usually guaranteed if one of the well-
established methods was used, otherwise it can be establistuedkally. Then compo-
sitionality yields T|L;||Ln||C <~ T||Li||Ln||C, with

~={((k ), (1,V)) € Sty iLalic ¥ Sy jLyic] UC) = VOO I©.

So instead of P we can veri®= T||L;||Ln|/C, and any safety properties will be pre-
served.

The second main theorem in the compositional frameworlestttat the verifi-
cation of a decomposed specification, i.e., the right sidthefinequalityP < Q, is
equivalent to verifying the composed specification. Thanefthe parallel composi-
tion operator behaves like a logical AND operator:

Theorem 6.10(Decomposition of SpecificationConsider any HA P, @ Q», with
Varg, NVarg, = 0. If P <~ Q1]|Qz holds, then P<; Q; if (p, ((I1,12),Vv)) €~ implies
(p,(h,VLVarQi)) ~jfori=12. If P =4, Q fori= 12, then P=x Q1||Qz holds if
(p, (li,v)) €= fori = 1,2 implies(p, ((11,12),v)) €, lea,Qi: V.

Proof. We follow the proof structure of Theorem 3.20 and construetimessing
simulation relation to be able to reason about the equicalerlations. Assume
that P <. Q1]|Q2 holds, witnessed by a relatidR With Prop. 6.6, Prop. 6.4 and
transitivity it follows that[[P]] <> [Q1]||[Q2] with a witnessing simulation relation
R = {(p, ((I1,v1), (I2,v2))|(p, ((I1,12),V)) € R.Vlvarg = Vi fori =1,2}. According
to Prop! 3.18 R = {((01,02),qi)} are witnesses foffQ1]}||[Q2] <5 [Qi], i = 1,2.
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From transitivity follows the sufficient direction of theebrem with witnesseR, =
{(p. (1, w) 13}, v 2 (P, ((12,12),V)) € R Vlvarg = Vi} for (i, j) € {(1,2),(2,1)}. Under
the hypothesisR’ C~;, which concludes this part of the proof.

For the necessary direction, assume ®at.. Q; with witnessingR, for i = 1,2.
Using compositionality and Prop. 3/19, we & <s [Q1]||[Q2]] with a witness-
ing relationR = {(p, (q1,d2))|(p,1) € RLA (p,02) € Rz} With Prop! 6.6, Prop. 6.4
and transitivity it follows thaR = {(p, ((I1,12),v))[(p. (i, Vlvary ) € R fori=1,2} is
witnessingP <5 Q1||Q2, and under the hypothesis holdsC~:. O

The following example shall illustrate the usefuliness efomposing the specifi-
cation, while taking into account equivalence relations:

Example 6.3. Consider the tank level monitoring system of/Ex| 6.1 and isifipa-
tion Q = Qa||Qu||Qc shown in Fig. 6.3. Let the equivalence relations for the decom
position be given by

~a = {((kU),(la,V)) € Srgic ¥ Sq,| U(X) = v(x)}°

~ = {((kU),(Ib,V)) € Srgic x S, }°

me = {((ku),(e,V)) € Srgic ¥ S }©

~ = {((kU),((lalb,1c),V)) € Srgic x Squljqylicl UX) = V(X0}©

With Theorem 6.10, we can the decompose the specificationoadd show that
Ts||C =<~ Qal|Qp||Qc- The application of Theorem 6.10 allows to verify each speci-
fication separately in the form

TSHC —<za Qa
T5||C <~ ~p Qv
TS||C ﬁN Qc

Ts|C =~ Qa|Qu|Qc”

Using the equivalence relation

Rab = {((k7 U), (Ia7|b)’v)) € SrsHC x %aHQb| U(X) = V(X)}Cv

this is easily shown by splitting the proof in two steps:

Ts||C Z~, Qa Tsl|C =~ Qal|Qb
T5/|C =, Qo Ts||C <~ Qc
Ts||C =~ Qal|Qp’ Ts||C <~ Qal|Qp||Qc

Itis easy to see that the decomposed specifications in the@xample each only
refer to certain aspects of the system. We can further siynthie proof by using
compositionality and abstraction:
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Example 6.4.1n Ex.[6.3, we showed that the specificatior-@a||Qp||Qc of the tank
level monitoring system of Ex. 6.1 can be verified by ched®ndQ, and Q sepa-
rately. The specification gxefers only to controller commands, so it can be verified
using only the controller C. Let

~ = {((k’u)7(|b,v))€ScXSQb}c

It is easy to see that a simulation relation that Witnesse_sN&g Qo is given by

R={((k),(,v))|(k € {filling, stop_stirrerdraining start_inflow start_stirre}
Al = poss_onV (k= stop_inflowAl =on) }.

With invariance under composition according to Theoremah8@ decomposition of
the specification follows:

C=4 Qb
Tsl|C <~, Qb

For Qz and Q,, the stirrer operation is irrelevant. We construct an abstion of the
controller that omits these steps, which is shown in Fig. 6idceSwe do not want to
model the resets of the clock after the stirrer commands, weudifferent clock and
for clarity call it ¢ instead of d. The abstracted model adds the delay in theestirr
commands to the delay the states that follow, resulting ielaydof2dnax. We impose
no particular equivalence between the old and the new claclets

e = {(ku),(1,v) € S x K)°

It is easy to see that G C, or it can be verified algorithmically. In addition, con-
sider the abstracted tank model of Ex.16.2. Using the egeinad relation

~ = {((kU),(1,v) € Src x St e}

we get with compositionality that

T =y
C =ne
TIIC =~ T|IC

—

@]

The abstracted systeR = T||L;||Ln||C can therefore be used to verify,@nd Q..
With equivalence relations

a = {(kw, (V) €St Le > Sl u(x) = v(x)}%,
L= (k) (V) € Sry 6 X Saal U = VOO,

Q

Q
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x_nhigh
d=0

filling
o=1
0<o6< dmax

x_high

stop_inflow
60=1
0 < 0 < 2dmax

in_start
o' =0

in_stop

start_inflow draining

o0=1 o0=1
0< 6 < 2dmax 0< 0 < dmax

Figure 6.4: Abstraction of level monitoring controll€rafter omitting stirrer com-
mands

the complete proof now goes as follows:

C=~

T 1

C=~.C
T|Li[[Lnl|C =+, Qa
T[Li[|Ln[IC =~ Qe

T|ILiILnlIC =~ Qal|QblIQc

Since the worst case complexity of verifying simulationgases exponentially with
the number of systems involved, we can expect the colledtleassand simpler mod-
ules to be considerably quicker than the verification of thik fystem with the full
specification.

Abstracted models, such as in the examples above, can hetmsitderably speed
up the analysis, and experimental results will be proviagedart 11. In the next sec-
tion, we will discuss methods to compute simulation relaialgorithmically, based
on geometric operations iR".
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6.3 Computing Simulation Relations inR"

The computation of a simulation relatiéththat witnesse® < Q for hybrid automata
P andQ must be done in a symbolic fashion, i.e., with sets of statadiane, in order
to obtain finite algorithm, or at least a semi-algorithm. iew of an implementation,
valuations oven variables are interpreted as pointsif, and a relatiorR as a map
from pairs of locations t®™™, wheren andm are the number of variables Pand
Q. Where useful, valuation identifiers will be written undeatiethe set to clarify
the ordering of variables. While the computations as sucmaréifferent from their
discrete versions in Sect. 3.3, their versiori&ih requires embedding and reordering
operations that add to the computational cost. The symbelisions illustrate where
the computationally expensive difference operation issesary. The following oper-
ations are used:

e intersection: ﬁﬂ IE ={ulue AAu € B},
e difference: ﬁﬂﬁlﬁ ={ujue AAnu ¢ B},
e projection: Lf\‘/l” ={u|3v: (u,v) € A},
e embedding: ﬁ\\“v" ={(uVv)jue A},
e reordering: Lﬁ/|"»“ ={(v,u)|(u,v) € A}
To fulfil P<Q, a stafe of a hybrid automatéhmust conform withQ in discrete and

timed transitions:
e adiscrete transition is either not enabledPior is matched irQ and

e atime-elapse is possible limust also be possible @.

If it fails to do so, it is called dad state. The simulation relation is computed by suc-
cessive approximation. First, it is initialized with thats in the equivalence relation
~. Then bad states are subtracted until convergence. Justhaseachability, this is
undecidable for linear hybrid automata but does convergeany practical cases. To
force convergence, the relation can be restricted by witdgtiie complementR.

Let k be a location oP, | a location ofQ andB' (k,|) the set of states iR that
have no matching discrete transitionsQn Similarly, letB!¢(k,1) be those that have
no matching timed transitions Q. ThenR s the largest fixed-point of the operator

R(k, 1) :=R(k,1) =B (k,1) n=B®(k,I). (6.1)

Finally, Q simulatesP if all initial states inP find a match in the simulation relatid®)
i.e., if for all locationsk in P holds:

Initp(k)ﬂ—'U(InitQ(I)|“’Vﬂ R(k,l))[ = 0. (6.2)
u I v uv

u
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procedure GetSimRel
Input: Hybrid automatd,Q, equivalence relatioRe over S U Sy
Output: a simulation relatioiR

R:={(p,a) € S x Sl(p,q) € Re}

while there exist(k,I) with R(k,1) N (B' (k,1) UB*®(k,1)) # 0 do
R(k,1) == R(k, 1) N —B (k, 1) N —~B(k,|)

end while

Figure 6.5: Semi-algorithm for computing a simulation tiela

procedure HAGetBisimRel
Input: HA P,Q, equivalence relatioRe
Output: a bisimulation relationiR

R:={(p.0) € S x K[(p,q) € Re}
R:=0
while R# R do
R:=R
forall (k1) € Loce x Locg do
R(k,1) := R(k,1) N =B (k,1) n—B®(k,I)
R(I,k) :=R(I,k) N =B" (k,1)"tn-B®(k,I)~*
end for
end while

Figure 6.6: Semi-algorithm for computing a bisimulatiotati®n

The symbolic version of the discrete algorithm from FFig. i8.4¢hown in Fig. 6.5. The
algorithms for finding a simulation relation are readily ptial to generate a bisimu-
lation by initializing R symmetrically and subtracting bad staB& R(k,|) not only
from R(k,1), but also subtracting—* from R(1, k). A simple semi-algorithm is shown
in Fig. 6.6.

6.3.1 Symbolic Computation of Bad States

In the definition of simulation, there is no distinction been discrete and timed tran-
sitions. In both cases, a transitionRPmust be matched by a transition@if the label

is in both alphabets. We differentiate between them in tHeviing because they are
defined by different sets of the hybrid automaton. Sincedhbelk of a timed transition

are always in the alphabet of both TTSs, we only need to takeaioccount the case

Def. 3.9(i).

Discrete Transitions With the definition of the TTS, we can associate a transition
with labela € Labp with a discrete transition in the hybrid automat@nAccording to
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Def. 3.9(i), a statél,v) simulates a statgk, u) in a discrete transition if
(ku) Zp (K, u) = 307,V) 1 [(1,v) 2o (N VYA (U, V) € RK, )]

Consider a pair of transitions, in P andt in Q. With the definition of the timed
transition system, the set of states that violate this d¢amdfor are:

Biy(s,t) == {(u,v)[Vu' : s[ue Inv(k) AU € Inv(K) A (u,U) € ]
vV ivelnv()AV elnv(l) A(vV) e na(d,V) e RK, 1IN}

For a symbolic computation with the projection operatomiist be transformed to
have only existential quantifier§:

B(i(s,t) = =={(u,v)[3u : [ue Inv(k) AU € Inv(K') A (u,U) € y]
ARV i [velnv() AV elnv() A (vV) en A (U, V) e RK, I}

The symbolic computation is carried out in two projectiocmresponding to first the
guantification of//, and then the quantification ovet. We will now describe the bad
states using the symbolic operations. The enabled stakearia

Ep(s) = Inv(k)|*Y Ninv(K)|“Y N u, (6.3)

u,u u u u,u
the enabled states @ with (U,V) € R(K,l’) are
Eo(t) = <|nv(|)|“’-W AInv(I")Y%Y A g Y A R(k’,l’)“’*""/> J . (6.4)
uv \Y \4 \AY4 vV TRV
Then the bad states for the pair of transitisrsdt are given by
Bl (st) = | Ep(9)|""YN~Eq(t)| " (6.5)
ud CAY uv

A state in a pair of location&, ) is only bad if it is bad for all pairs of transitiors
andt with the same labed € 2p N 2q:

B (kl.a)= | ((ﬂ B}g)(s,t)). (6.6)
t=

s=(kapk) \t=(.anl)

A similar argument yields the states that violate conditigrfor a labelb € Zg\>p:

B (k1) = | <ﬂn|“”Vv“uﬂR<k',l'>“’*Wﬂ : (67)
u,v

t=(bn )\ WY vV

SForaseAC {(u,v)}, the projection eliminates the existential quantifiéfy= {u € A|3v: A(u,v)}.
The complement of this quantifier+(A],) = {u€ A|fv: A(u,v)} = {u€ Alwv: =A(u,v)}.
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For condition (jii) and a labet € >p\Zq, the bad states are given by

Bfiiy(k1.0)= | <u |U7U’vaﬂR(|d,|')uv“'VN . (6.8)
t=(l,c,n.l") u,u’ vV uv
In total, the set of bad states due to discrete transitiotigisinion of the above sets:
B”(k,l): U B‘(ri)(k,l,a)u U Bt(rii)(k,l,b)u U Bt{m)(k,l,c). (6.9)
aczpng bezg\Zp cexp\Zg

Timed Transitions  SinceR=? is in the alphabet of botfiP]] and[[Q], only condition
Def. 3.9(i) applies. A staték, u) simulates a staté,u) in a timed transition if

(k) Sppp (KoU) = 3(7,V)  [(1,) gy (11, V) A (U,V) € RIK, 1))

For an automatoR in a locatiork, the set of time successors in the spacgiof,t) is
given by the timed transition relatiorp (k) of the timed transition system, as defined
in Sect[ 5.3. Using this notation, we get the timed bad statés|):

B(k, 1) = ~{(W,v) ]Vt > 0: VU, (U, U, t) €~op (K) : 3V, (VV, 1) €~og (1) AR, V)}
Using only existential quantifiers, the bad states are diyen

B(k,1) = ={(u,v)|#it > 0:=[A, (u,U,t) €~p (K) :
S[B(wV,1) €xg (N ARW, V)]
==={(u,v)[3t >0:[3U, (u,U,t) e~p (K) : =[3(V,V,t) E~q (N ARWU,V)]].}

Symbolically, the inner bracket can be written as

Eg(k,” _ (“"}Q () |u’,v,\/,t N B\/u’,v,V,t)J (6.10)
uvit A s u vt

and the timed bad states for a pair of locatidkg) are then given by

Ble(k,1) = <wp (k)|“’“/"”tmﬁE(t§(k,I)“7“/""1)[ . (6.11)
uu't u vt wv

The computation oRis complicated by two nested difference operations, the i
ference operation i (6.1) and the oneg in (6.5), (6.7),) @8 {(6.11). In the general
case, these can not be simplified because the projectioatapes are not commuta-
tive. It is therefore essential to the performance of anylémgntation to emphasize
the simplification of these operations, as discussed indxesection.
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6.3.2 Performance Improvements

The following ways to improve the performance of the compaiaof a simulation
relation have been reported in literature. Experimentsililie will be presented in
Part 11.

Simplification of the Simulation Relation: According to [6.1)-(6.11) two nested
difference operations are necessary. Given the complekitye difference operation,
this is a terrible price to pay. Consider two linear predisdteeach a disjunction of

n; convex predicates withy linear constraints. Theiffy N —f, consists ofng - Ny - My
convex predicates withm + 1 linear constraints each. Consequently, a substantial
effort of an implementation must go into simplifying prealjesﬂ

Restriction to reachable states: If only the initial states oP andQ are of interest,
the simulation relation can be initialized with the prodo€the reachable states of
P andQ [WL97]. Often this yields a tremendous speed-up, since the fpace is
substantially smaller. However, if the reachable stateesmtoo complex quite the
opposite can be true. It has shown particularly advantagyéminitialize R with an
overapproximation of the reachable state space. That waypmfits from the speed
but still retains a necessary result, not just the sufficamtdition the overapproxi-
mated reachability analysis would yield by itself.

Computing the complement of the Simulation Relation: For certain cases, it can
be better to iterate on the complement of the simulatiorticeldF\V98]. This moves
the difference operation from (6.1) fo (6.4) and (6.10), ¢artinot avoid it. Since the
difference operations in (6.1) turn into unions, it is pbsio use overapproximation.
This can also be used to force terminati&is still a simulation relation after termina-
tion, but not necessarily the largest and therefore notssecdy a witness foP < Q.
However, this is a particularly interesting optiorRis used for minimization.

6.3.3 Parametric Analysis

For verifying simulation, it is the relatioR between states that is parameterized. Con-
sider the case where an automakdimas parametess. According to[(6.2), an automa-
ton Q simulates an automatdhif

PAn R)k =0.
P.q b

4The importance of simplification was also emphasized in BJd$ecause of its impact on the
containment and emptiness tests in reachability analysis.

Initp N — InitQ
P q
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Consequently, the bad parameters, i.e., the ones violatimgegion, are given by
B = {w|3p € Initp: #ig € Initg : (p,q) € R},

which can be written symbolically as

B= |Initen— | InitgP9N R . (6.12)

w

If the specificatiorQ is parameterized, the quantification over the parametef<,
is existential. Then the bad parameteris P are given by

B = {w|#z:Vpe Initp: 3q € Initg : (p,q) € R},

and symbolically written as

B=- |- |InitpNn— InitQ|p7qﬂR . (6.13)

W,z w

6.4 Related Work

Compositionality and Abstraction Henrik Ejersbo Jensen et al. have worked on
compositionality and abstraction in the field of timed auddanand presented several
case studies using thePBAAL tool [Jen99, JLS00]. Olivero showed that a subset
of linear hybrid automaPahas a discrete abstraction that preserves ATCTL formulas,
which are a real-time extension of ACTL [OSY94]. Discrete giations for hybrid
automata have also been the subject of [ADI02].

Simulation A notion of equivalence between simulating states of hykkigtems
was proposed by Henzinger in [Hen96]. Pappas et al. defimedlation for linear
systems with such a notion [PLS98]; later the works of Talbuetdal. generalized this
concept to hybrid abstractions that preserve timed langgiftP01]. The same group
also extended simulation into the realm of control systema general setting that
takes account continuous as well as discrete interactietvgeen hybrid systems. A
general formulation was presented in [TPLO1], and a forsnalwith explicit use of
simulation relations can be found in [TPLO2]. Recently, dation relations have also
been applied to discrete time systems [TP02].

Timed simulation for modal hybrid systems is presented in §&JL. where the
authors also include silent, or un-observable, transitaord distinguish between weak

Swith slopes+# 0, invariants and guards of the forfh < x < u}, if the slope changes through a
transition, the variabl& is in the assignment, the invariant is bounded in directigposite of the slope
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and strong simulation. lweak simulationpa sequence of silent transitions is equivalent
to a single timed transition of length zero. In strong sirtiolg, the silent transitions
must simulate the same way as other transitions, which sjporeds to our notion of
simulation. Silent transitions of the concrete system a@asilg be taken into account
usingZ-simulation. Consider the inequaliy <z Q. In Z-simulation any transition
with a label inP that is not inQ is equivalent to a silent transition. By introducing
a dedicated silent labab that occurs in no other automaton, this is even invariant
under composition. Silent transitions in the specificatipnan not be captured that
way. Algorithms for computing simulation are presentedHiiK95]. Refinement of

a class of timed automata with integer semantics is supghostéRABBIT [BLNO3].






Chapter 7

Assume-Guarantee Reasoning

Assume-guarantee reasoning is a form of compositionalf imaehich the specifica-
tion of a subsystem is only fulfilled under assumptions altbetrest of the system.
For simulation-based assume-guarantee, we assume thstean§yis given in com-

ponents, i.e.P = Py||...||P, and the specification can be decomposed so that there is
a sub-specification for each component of the system@Q.e: Q|| ... ||Qn. The goal
is to show that

Puf[...|[Pn =~ Qul[ .. [|Qn. (7.1)

The decomposition of the specification, as in Theorem|6.1d@ya us to verify each
sub-specification separately, i.e.,

Pif[...[[Ph 2~ Qifori=1,....n,

but in the following we instead aim at exploiting the knowdedtheQ;, if fulfilled,
provide about the system for reducing the complexity of ttuop

A fundamental assumption for the arguments in this chapsténat the specifi-
cationsQ; are significantly simpler than the system descriptions.y@mén will the
proposed methods be of advantage. The simplification candied in the fact that
more behavior is admitted i@; than inR. E.g., a system that expects deliveries Mon-
days between 10:00 and 11:00 and Wednesdays between 9:02 &@dmight have
a simple specification in which deliveries occur daily befaoon. In such case€y
is a conservative overapproximation®f i.e., it holds tha® <, Q;. Composition-
ality, according to Theorem 6.9, then guarantees (7.1)ifettpuivalence relations are
compatible:

P =<~ Q1
I:)2 jmz Q2
P[P <~ Q1|Q2

Another source of simplification can be disregard to belratiat is irrelevant with re-
spect to the specification, or the operating conditionsititainsiders. E.g., a chemical
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process control system usually has modes for automatiaptimeh, manual operation
as well as cleaning and maintenance. The verification of dymtion recipe might
not need to take into account what happens when the systamddesly switched to
cleaning mode. In this case, the specification might simphta&in a state “cleaning”,
in which any behavior is admitted, so that it is still an oygm@ximation, or we might
assume that the system simply never enters the cleaning.fibéee are many other
kinds of assumptions and simplifications one might like tude in order to decrease
the complexity of the proofs, and in the context of hybridteyss the potential ap-
plications are still under investigation. In this chapter deal with assumptions that
do not immediately lead to conservative approximatioses, ihat for som&); it holds
thatR £, Q.

We adapt the assume-guarantee rules from Chlapter 4 to hystiehss by taking
into account the notion of equivalence between states. plementation purposes,
we provide a symbolic computation R". The next section deals with non-circular
assume-guarantee reasoning, in which a chain-rule siylevant is used that is based
simply on the precongruence properties. In contrast @r@agsume-guarantee reason-
ing requires the detailed inspection of the witnessing &tan relations in order to
be sound, and will be covered in Sect. 7.2. A summary of rélaterk is given in
Sect/ 7.3.

7.1 Non-circular Assume-Guarantee Reasoning

Non-circular assume-guarantee reasoning has the form lbéia cule, in which the
knowledge about the behavior of the system in a proof stegésl in the next one.
Practice has shown that this form of reasoning is very nhtana corresponding con-
cepts are widespread in engineering applications, e.gcace control. Recall the
non-circular assume-guarantee reasoning rule from Sdct. 4

PL=<s Q1
Q1]|P =5 Q2
P[P <5 Q1]1Q2

It is valid for hybrid automata if the variable sets on bottles of the composition
operator are disjoint throughout the proof, i\éayp NVarg, = Varg NVarp, =Varg N
Varg, =0for (i, j) € {(1,2),(2,1)}. However, we must take into account equivalence,
and to do so we construct a witnessing simulation relatidms Teads to the following
theorem:

Theorem 7.1(Non-circular Assume-Guarantee Reasonignsider hybrid automata
R, Qi with Varg NVarg, =Varg NVarp, = Varg NVarg, =0for (i, j) € {(1,2),(2,1)}
for which holds that P=<~, Q1 and Q|| <~, Q2. Then R||P, <~ Q1]|Q> fol-
lows if ((Kg,u1),(I1,v1)) €=1 and ((I1,k2),w), (I2,v2)) €rsp, vy = WiVarQl, implies
(((kl,kz), U), ((|1, |2),V)) €~ with UlVarplz Uy, UlVarPZZ WlVal’Pzi and VlVarQi: v; for
i=12
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Proof. We follow the proof in Sect. 4.1. Ld®; be a witnessing relation fd?; <~,
Q1, andR; for Qq||P> <5 Q2. Let pi = (ki,u;) and g = (I;,vi). With Prop!3.11,
it follows from [[Pi]] <5 [Q1] that [Pi]J||[P.] =z [Qu]l|[P:], with a witnessR =

{((p1, p2), (A1, P2))|(P1, 1) € R1}. Also, according to Prop. 3.18]][|[Po]] =5 [Qu]]
with a witnessRy = {((p1, P2),d1)|(P1,d1) € Ri}. Applying Prop. 6.6, this implies

[PL]I[[P2] =5 [Qu[P.]l, with a witness
R'= {((plv (kZanVarpz)),(('1,k2),W))|(p1, (|17WlVarQ1)) c Rl}-

Using transitivity andRy, this implies[Py]||[[P2] =5 [Q], with a witnessing relation
Ry ={((p1, (k2 U2)), A2) | (P1, (11, Wlvarg, ) € Ra, (((11,K2), W), G2) € Re, Uz = Wl var, }-
By composition of the specification according to Theorem 3t6llows with R} and
R that [P1][[ [Po]] <5 [Qu]||[Q2]] with a witness

R" = {((pl’ (kz, Uz)), ((|17V1)aq2))|(p17 (|17V1)) € Rla ((('1,k2),W),q2) S R27
Uz = WlVarp27V1 = WlVarQ1 }-

Applying Prop! 6.6, it finally holds thdiP;||P2] <5 [Q1]|Q2] with a witness

R={(((ke,kz2),u), ((I1,12),v))[((Ke,u1), (I1,v1)) € R, (((I1, k), W), 02) € Ry,
Uz = W/ varp,, V1 = Wlvarg, ; Ui = Ulvarg ,Vi = Vlvarg, fori=1,2}.

Under the hypothesis it holds thRtC=, so thatR witnesse® ||P, <~ Q1||Q2. O

The following examples shall illustrate how non-circulaiGAreasoning provides
a formal basis for very natural assumptions and simplifecesti

Example 7.1. Consider the tank level monitor system of [Ex. 6.1 with the @&t
tank model Tfrom Fig.[5.2(c). The automaton R is an abstraction of a reaotodel

R with non-linear dynamics, and it is guaranteed by constoncthat R < R holds.
Then RIC < Qq||Qc can be verified algorithmically, and with Theorem 7.1 and a de-
composition of the specification follow&C < Q| Q.

7.2 Circular Assume-Guarantee Reasoning
The circular assume-guarantee rule from Sect. 4.2 goedlawso

Pi||Q2 =<5 Q1
Q]| =5 Q2
A/G conditions
Pu|[P2 <5 Q1]|Q2

If the variable sets are disjoint, i.e.\arp, N Varp, = @ andVarg, NVarg, = 0, we can
use Prop. 6.6 to apply Theorém 4.2 to hybrid automata.
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Theorem 7.2(A/G-Z-simulation with Equivalence)Consider hybrid automata; RQ;
with Varg NVarg, = Varg NVare, = Varg NVarg, = 0for (i, j) € {(1,2),(2,1)}, for
which holds

Pi[Q2 =~, Q1 and (7.2)

PflQ1 =%, Q2. (7.3)
For a shorter notation, let p= (ki,u;), g = (li,vi) and uv,w; be defined by Warp =
Ui, V]varg = Vi, W lvarp = U, w.l\,aer: vj for (i,]) € {(1,2),(2,1)}. If there exist
witnessing simulation relationsiRor (7.2) and R for (7.3) such that for all pg
with (((ki,1j),wi),qi) € R for (i,]) € {(1,2),(2,1)} and a € (Zg, N Zg,) UR there
A, : qu = o or 3qh : @2 = g, whenever:

(i) a €3p\Zp,and p % p,

(i) ae3p\Zp and p = ph, or
(i) aecZpNZp,and p = pjand p > P, or
(iv) o ¢ 2Zp UZp,,

then there is a simulation relation for PP <~ Q1| Q2 given by

R= {(((klvkz)au)v ((ll,I2),V))|(((ki,|j),Wi),C]i) €R for (Iv J) € {(172)7 (2a 1)}}7 (74)

and consequently R~ if (((ki,lj),wi),q) e~ for (i, ) € {(1,2),(2,1)} implies that
(((kb kz), U), ((lla IZ)?")) €.
Proof. Because of the disjunct variablas,v andw; are well defined for any set of
ui andv;. With Prop/ 6.6, we obtain witnessing simulation relatid¥s which are
isomorphic toR;, for

[PIQ2] =~ [  and

[P[Qa] =~, [Q2]
to which we can apply Theorem 4.2. Together with the hypdshegields that

R = {((p1, p2), (a2, 42))[((pi,0y), &) € Rifor (i, }) € {(1,2),(21)}},  (7.5)

is a witness fol[Py] | |[P2]] <~, [Qa][|[Q2]- Applying Prop. 6.6 again we can perform
the composition before the semantic TTS operator and sutes® for R to finally
obtainR. O

Since there is an infinity of states, symbolic operationstrhesemployed similar
to the computation of the simulation relation in Sect. 6.3k in the computation
of the simulation relation, for hybrid automata there is stidction between discrete
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and timed transitions. To simplify notation, in the followi consider the continuous
transition relatioru to be restricted to the invariants, i.e. for all discrete$itions:
(o) WS inv(DA (a1’ [y C inv(l’) (7.6)
vV AY4
This can be forced by intersectingwith Inv(l) x Inv(I") without modifying the se-
mantics of the automata. Checking for A/G-simulation inesithe construction of
simulation relationdR; andR,. States that violate the A/G-conditions are trimmed
before or during the construction process. While conditigng(ii) and (iv) can be
decided strictly fromRy, respectivelyRy, (iii) involves both relations. Two approaches
are presented: A separate trimmingRafandR, overapproximates (iii) by trimming
states that have transitions in either relation, which imgotationally simple, but of
limited applicability in pratice. On the other hand, a cormip® trimming associates
statesp; and py via the states; andqp in the relations, at the price of maintaining a
relation over the state space@f, Q, and the common alphabet of all automata.

7.2.1 Separate Trimming
Discrete Transitions

Symbolically, the states in locations andl, of Q; and Q, that have no outgoing
transitions with labeh are given by

EQq.(l1.12,8) == U N by [720= U N2 L, |2 (7.7)

tl:(ll’aﬂlvlll)vl’\/l t2:(|27a-,f727|/2)\/2*‘/2

The set of states that have an outgoing transitio® inut none inQ, or Qs is then:

Btlr(k, Il,I27a) = U H lu |u,v1,vz N EQ1Q2(|1, I2,a)|“"’1“’2 (7.8)

s=(ka k)WY

Timed Transitions

Since the time is always in the alphabet of the TTS of a hylutdmaaton, only condi-
tion (iii) applies. The violating states are:

BL(K, 11, 12) =~p (K) Lug [*Y2Y2 M= o, (1) Ly g [4V221
uu't vVt

N7 0, (12) Lt P12 (7.9)
Vo,V t

BLE(K, 1, 12) = Bfte(k,h,lz)iuwz (7.10)

Separate checking for A/G-simulation goes as follows:
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1. Ry is initialized withRy := reach(P1||Q2||Q1) or Ry := Sp, X Sg, X Sy,

2. Forall(k,lz,11),ac Zp NZg, NZg,:
Rl(k, lo, |1> = Rl(k, lo, |1) N —\Bt]r(k, I1,lo, a) N —\Btle(k, I1, |2), which satisfies con-
ditions (i) and (iii).

3. For aII(k, |2, |1), ac le n ZQZ\(ZPI U sz) :
Ri(k,12,11) :=Ra(k,l2,11) N\ =Eq,q,(l1,12,a), which satisfies condition (iv).

4. Ry 1= GetSimRel 0,0, (R1)-

5. Repeat 1) - 4) foR, analogously.

o

If containment of the initial states Ris guaranteed, they ||P> < Q1]|Qo.

7.2.2 Composite Trimming
Discrete Transitions

The sets of critical labels and statefipandR, that could violate the A/G-conditions
are projected onto the state spac&efandQy:

DY (I1,12,a) = (Rg(ll,k,lz)|“*"1"’zﬂ BY (k,ll,lz,a)ﬂ , (7.12)
V1,V2

k V1,U,v2 u,vy,Vo
analogously foD1. The potentially violating states of condition (iii) Ry are then:

BI°(k 1128 = | Lo "2 DY (11, 12,8)[ Y2, (7.12)
s=(k,a,u k)Y

Timed Transitions

D¥(11,12) = | [ Re(l1. k,12)[* 12t BE'® (K,I,12) , (7.13)
K V1,U,Vv2 u,v,vo.t ViV t
B¢k, I1,12) = <WF; (K) Lug [“V2V2t N D14, |2)“7V17V2=t> [ (7.14)
u,u’
R u,vq,Vo

Composite checking for A/G-simulation goes as follows:
1. Ryis initialized withRy := reach(P1||Q2||Q1) or Ry := Sp, X Sg, X Sy;-

2. Forall(kl,11),a€ 2p N le N ZQZ\ZPZ .
Ri(K,l2,11) := Ry(Kk,I2,11) n=B"(k,I1,15,a), which satisfies condition (i).
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3. Forall(kl,11),a€ 2o, N ZQz\(Zpl U sz) :
Ri(k,12,11) := Ra(k,I2,11) N\ =Eq,q,(l1,12,a), which satisfies condition (iv).

4. Ry 1= GetSimRel 0,0, (R1)-
5. Repeat 1)-4) foR, analogously.

6. ComputeDtlr(Il,Iza), Dtle(|1,|2), Dt2r(|1,|2,a), the(|1,|2).
If Dtlr(|1, |2,a) N thr(|;|_7 |2,a) =0 anthle(|1,|2) N the(|1, |2) = 0 goto 10).

7. For aII(k, |2, |1), ac Zpl N sz N le n ZQZ :
R]_(k7 lo, |1) = R]_(k, lo, |1) ﬂﬁB&rC(k, I1,lo, a) ﬂ—\BtleC(k, l1, |2), which satisfies con-
dition (iii).

8. R = GetSiquﬂlHQz,Ql(Rl).

9. Repeat 7) - 8) foR, analogously.

10. If containment of the initial states Riis guaranteed, they ||P> < Q1/|Q>.

7.2.3 Checking the Initial States

To finalize the A/G-proof, it must be shown that all the ifis#ates ofP;||P, have a
matching initial state of)1/|Q2 in R, i.e., that for all(py, p2) € Initp, x Initp, there
exist (qz,02) € Initg, x Initg, such that(pi,q:,02) € R for i = 1,2. It must hold for
all locations(ky, ko) € Initp, x Initp, that

|I’]itpl(kl) |ul’UZ U |nitpl(k2) ‘ul"uzﬂ
Up V7]

- U <|nith<|l)|Ul~,U2«,V1-,V2 ) |nith(|2)|Ul~,U2«,V1-V2

1,12 V1 V2

Ug,V2,V1 Uz,V1,V2

N Ry (Kplp,lp)|"02¥i2 0 Ry (k2,|1,|2)|“17“27V17V2)J =0. (7.15)
Ug, U2

7.3 Related Work

Tasiran et al. applied A/G-reasoning to a class of timedesgstwith synchronous com-
position and use non-blocking as a requirement to breakitbelarity [TAKB96]. A
non-circular approach to A/G-reasoning has been applieHdyman to distributed
real-time systems using the theorem prover PVS [Ho098]. i¢u&warup use a dura-
tion calculus to verify timed systems, and also provide aftsurvey of compositional
rules in [XS98]. Furia uses TRIO, a typed linear metric logind PVS in his thesis
to compositionally verify timed systems and applies it t@searvoir-controller system
[Fur03].



106  Assume-Guarantee Reasoning

The compositional verification of hybrid systems is still@vdloping field. Alur
and Henzinger extend in [AH97] the A/G-principle from raeetsystems to timed and
hybrid systems. They check for receptiveness in order takcgcularity and show
that the check is complete forxEBTIME. Thomas Henzinger et al. applied the assume-
guarantee principle to hybrid systems|in [HQR98] and havevaldped hierarchical
model that supports nesting of parallel and serial comjpos[HMPO1]. They use
the language MsAccio to verify two cooperating robots. Rajeev Alur et al. use the
modeling language EARON for the modular design of interacting hybrid systems ad-
dressing different aspects of hierarchy [ADEL]. In [Ho093], Hooman uses modified
Hoare-Triples to compositionally verify a water level mmming system. Together
with Vitt he applied a similar approach to a steam boiler oanéystem using PVS
[VH986].
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Introduction

In the previous part we showed that hybrid automata can bgzethcompositionally
with labeled transition system semantics as long as theg sttavariables. In this part
we will show weaker compositional rules when variables draed, which entails
a drastic overapproximation of their interaction. We idfgra class of automata in
which the shared variables are unrestricted in such a wayhisaoverapproximation
has no effect. This class is of practical relevance, sincanitmodel digitally controlled
plants.

The core of applying compositional methods to hybrid systerith shared vari-
ables lies in two restrictions: using an I/O-framework toirol access to variables and
identify which variables are equivalent between the sysiachthe specification, and
using timed transition system (TTS) semantics to obtaimaptgable problem. In our
I/O-framework, each variable is “owned” as a control valeatyy exactly one automa-
ton. In all other automata, it is considered an input vagdbht can change arbitrarily
at any time. Most importantly, a transition in which the owdees not participate
cannot change the its value. In certain cases this allows emriclude that a transition
that is possible in an automaton will also be possible in trafosition with another,
which is a key to compositionality. As a semantic basis wetinsed transition systems
(TTS), which abstract from the continuous change of vagisibly existential quantifi-
cation. A change in a variable over a certain time is possibiee TTS if there exists
some activity in the hybrid automaton for such a change itttivee. This allows us to
obtain a finitary representation of many systems, e.g.gysityhedra. Applying TTS-
semantics leads to a complete overapproximation of theéramis interaction that can
prevent the application of compositional methods in margesabut we identify two
important classes in which this is not the case: for hybrigbata with unrestricted
inputs, and for linear hybrid automata with convex invatsafiT S-simulation is com-
positional. The adaptation of the assume-guarantee rutegirevious parts leads to
the fundamental result additional conditions, the A/Gditians, must ensure that the
specification allows transitions on common labels and tilapse, and that transitions
on independent labels do not violate the invariants of theciéipation. We provide
A/G-conditions that can be checked in one pass on the siionleglations, and that
can be checked with a complexity that is insignificant coragdo the complexity of
checking simulation for the individual components.

In the next chapter, we will introduce our hybrid I/O-autdoramodel, and pro-
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pose run semantics as well as hybridized TTS semanticsdtahthe location/vari-
able separation. They differ from the semantics of the previparts with a special
environment labet that serves to “encode” the invariants of hybrid automataguis-
bels. If one automaton simulates another, it will also haygwalent, or more relaxed,
invariants. The environment action holds a special pladheénparallel composition
operator that prevents independent transitions of onevaattin to violate the invariant
of the other. We also show consistency between run and TT&rg@s. In Chapter
[9, we define simulation based on the TTS semantics, and iielat¢he trace based
simulation used in literature — the main difference beirgt thace based simulation
is not computable algorithmically in the general case. Wanstihat TTS-simulation
is consistent with trace simulation since it is implied by Because of the shared
variables, compositionality as in the previous parts dagsold for TTS-simulation.
We propose a weak compositional rule that requires as ani@utli condition that
the composition of the timed transition systems of the sjpation is equivalent to
the composition of the hybrid automata models. We call syskess for which this
holdsTTS-compositionalThis is generally not the case, but we identify two impartan
classes of systems that are TTS-compositional: systenhsunitestricted inputs, and
linear hybrid automata with convex invariants.

The overapproximation of TTS-semantics, although irr@hvfor TTS-composi-
tional systems, is also prevalent in our adaption of assgnagantee reasoning to
HIOA, presented in Chapter 10. The assume/guarantee rulenigrsin structure
to the ones in the previous parts of this thesis, but adds dittmmfor the environment
action that amounts to checking that the invariants agréetive specification.

We conclude this part with an overview on PHAVer in ChapterRHAVer is a ver-
ification tool for linear hybrid automata that differs frorther existing tools through
exact and robust arithmetic, and an experimental impleatient of simulation check-
ing that allows us to perform compositional and assume#fmiae reasoning. PHAVer
also has the capability to conservatively approximate affiynamics, i.e., of the form
X = Ax—+ b, on the fly. The computational complexity is managed by limgithe num-
ber of bits and the number of constraints in polyhedra. Thaber of polyhedra is
controlled by partitioning the state space into cells, guulyang the convex hull to the
states in a cell. Experimental results for a navigation herark and a tunnel diode
circuit demonstrate the success of the approach. While igittea timeframe we were
not able to apply these methods to simulation checking, vieveethey will be vital
to the success of future implementations. Our conclusionBart Il can be found in
Sect!| 12.3, pp. 169.



Chapter 8
Modeling with Hybrid 1/0O-Automata

The existing theory of hybrid I/0O-automata as developed yaych, Segala and Vaan-
drager [LSV03] is very powerful, but it would be cumbersomeapply our framework

from the previous parts in that formalism. Since our focusrisobtaining a simple,

computable framework for compositional reasoning, we psepa simpler concept of
hybrid 1/0-automata that, while not as powerful as the onkyoich et al., allows us

to reuse many results of the previous parts of this thesis.dovieot impose an 1/O-

structure on the synchronization labels in order to avoierlosad that is irrelevant to
the central ideas of this thesis. The directed communicat&sociated with an 1/O-
structure on the labels can be modeled in our framework dmedtin Sect! 2.3, so

that the generality of our approach is not restricted by tmgjtsuch a structure.

In the next section, we introduce our model of hybrid I/Oemiaita, which is a
simple extension of the automata used in Part Il and not aggolas, e.g., the HIOA
of Lynch et al. This allows us to use results from the previpags and keep the
proofs simple. In Sect. 8.2 we present the timed transitimtesn semantics. Since
we consider equivalence between the automata based onltfsion of variables,
we define hybrid labeled transition systems (HLTS) thatimetiae location/valuation
structure of hybrid automata. The semantics of a HIOA ara thigen as a timed
transition system (TTS), which attributes a HLTS to each AlI®he composition of
the TTS is different from the composition of the HIOA, whicleWlustrate with some
examples. Their relationship will be formalized in the nelktipter with the help of
simulation relations.

8.1 Hybrid I/O-Automata

We extend the hybrid automata model from Part Il by diffeiatitig between state, in-
put and output variables. The output variables are a subd®t control variables, and
can be declared as input in other automata. The controllédblas of an automaton
cannot be changed by another automaton, which will refletierparallel composi-
tion of automata. We proceed with our definition of hybrid H0tomata and their
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trace semantics. The relation to other existing work wilblddressed in Sect. 8.3.

Definition 8.1 (Hybrid I/0O-Automaton) A hybrid input/output-automaton (HIOA)
H = (Loc, Vag, Varn, Varg, Lab,—, Act, Inv, Inij consists of the following:

o A finite set Loc of locations.

o Finite sets ofcontrolled variables Vag, input variables Var, Varc NVar, = 0,
and output variables Vap C Varc. Let Var= Varc U Var and let theexternal
variables be Var = Var U Varp. A pair (1,v) of a location and a valuation is a
stateof the automaton and th&tate spacds Sy = Locx V (Var).

¢ A finite set Lab of synchronization labels.

e A finite set of discrete transitions C Loc x Labx 2V(VanxV(var . | oc. A tran-
sition (I,a,,l") €— is also written as [l I}

e A mapping Act Loc — 22V from |ocations to activities.
e A mapping Inv Loc— 2V(Va) from locations to sets of valuations.
e AsetInitC Locx V(Var) of initial states such thafl,v) € Init = v e Inv(l).

As before, the semantics of a hybrid 1/0O-automaton is captbyy the concept of a
run, which is any admissible sequence of changes in the stabe@futtomata, and of
anexecutionwhich is a run that starts in of the initial states. We coesithe inputs
for the automaton open, i.e., possibly changing spontastga@und arbitrarily within
the invariant, and account for them with environment trémss that have a dedicated
labele

Definition 8.2 (Run, Execution)Arun o is a finite or infinite sequence of statgsv;)
and labelsa;j € Labu e U (R=9 x Atg(Var)),

0= (lo,vo) 2> (I1,v1) 2% (Ip,va) I . (8.1)
satisfying that for all > 0 holds v € Inv(l;) and either
e gj € Lab and there is a transition I%H lir1 with (vi,viy1) € U, or

o ai=cand§ =lit1, Vilvare= Vi+1lvare, Of

e a; =: (t, fi) and f € Act(ly), li = li+1, fi(0) = v, fi(ti) = vi11 and for all t,
0 <t' <tj, holds f(t") € Inv(l;).

IThese are similar to the stutter transitions in [AC3#5], where they are included in the syntactic
definition of automata. We feel they should be part of the sgits, but see no tangible difference.
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An executionis a run o that starts in one of the initial states, i.€lg,vp) € Init. A
state(l,v) is calledreachableif there exists an execution with v) = (l;,v;) for some
i >0.

In the 1/0O-setting we can differentiate between behavioamfautomaton that is
visible to the outside world, i.e., inputs and outputs, aridrnal behavior that is con-
sidered invisible to the outside world. Since the focus afiauestigation is the con-
tinuous interaction, we have no such distinction for syonofmation labels. In general,
we are interested in the output a system produces for a gnpart,iand also decide
equivalence between systems based on the outputs theycprémuthe same input.
We therefore consider sequences of inputs and outputshiergas the externally vis-
ible behavior of the system. Formally, the continuous eloituof the in- and output
variables and the sequence of labeled transitions defitasa
Definition 8.3 (Trace) Atrace 1(o) of aruno = (lo, Vo) fo, (l1,v1) &, (I2,v2) a, .
is the sequence of labes € Labu e U (R=? x Ats(Varg)) defined by

e [ = a; whena; € Labu g, and
e B = (t, filvare) whena; € R0 x AtgVar), whereq; =: (t;, f;).

We say that is a trace of P if it is a trace of any execution of P and denotegét of
traces of P by trace®).

The projection operator extends to traces in the straightfad way: 1/ = 1 |varis
the trace with the same labels the same times andg] = g; |var, Wwherei ranges over
the length of the trace.

Hybrid automata are combined by a parallel composition atperwhich enables
the modular modeling of complex systems. For I/O-autonmaatagtion of compatibil-
ity is needed. In the following, letli = (Log, Varg;, Varn;, Varg;, Laky, —i, Act;, Inv;,
Initj), i = 1,2, be hybrid I/O-automata.

Definition 8.4 (Compatibility) Hybrid I/O-automata H,H, are compatible if their
control variables, Vag1 and Vag,, are disjoint, and any inputs from each other’s
variables are part of the output variables, i.e., ¥an Varc, = 0 and Vai; NVarcj C
Varg; for (i, ]) € {(1,2),(2,1)}.

The parallel composition operator determines how two aatanmteract. Changes
in the continuous variables must be matched in both, andcaedéstransition can only
change a variable if the automaton, who has it as a contri@hlat agrees.

Definition 8.5 (Parallel Composition of HIOA)Given compatible HIOA IH Hy, their
parallel composition Hy || Hz is the HIOA H with

e Loc=Loc x Locy,
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e Varc = Varcy U Vare, Varg = Varp U Vargy, Van = (Var 1 U Var2) \ Varo,

Lab= Laby ULahp,

f € Act(ly, l2) iff f lyas€ Act(li),i=1,2,

ve Inv(lg,lp) iff v]var€ Invi(l;), i= 1,2, and

(I,12) 25 (1, 1%) with 1= {(v,V')| (Vlvar,, V' lvay) € Wi = 1,2} ifffori = 1,2:

— aclLab and} ﬂi l{, or
- a¢ Lah and h = ||/| I-*li = {(Vﬂ/)‘ViVarCi: V’iVarCi},

((11,12),V) € Initiff (Ii,Vlvar ) € Init;, i = 1,2.

8.2 Hybrid Labeled Transition Systems

We usehybrid labeled transition systenas a formal model fotimed transition sys-
tems which will provide the semantic basis for hybrid automataey preserve most
of the structure of the hybrid automaton while abstractiogrf the continuous activ-
ities and invariants. In contrast to the LTS of Rart I, th&ir a location/valuation
structure that will simplify many proofs and allow us to defiaquivalence directly
based on valuations. The separation of input- and outpidhlas is preserved to ob-
tain consistent semantics. For shared variables, we ne@#tédnto account that the
input variables can change arbitrarily at any time. Theretee introduce-transitions
that will represent such a change in the semantics of Hfomese transitions will be
of vital importance in the proofs on compositionality andcalar assume-guarantee
reasoning.

Definition 8.6 (Hybrid Labeled Transition Systemj hybrid labeled transition sys-
tem L = (Loc, Vag, Var, Varg, Z, —, Init) consists of

o a finite set Loc of locations,

o finite disjoint sets Var Varc of input and control variables, and a set \ac
Varc of output variables; let Vag Var, U Varc, Varg = Var U Varg,

e asetZ of labels that contains a special labekalled environment label,
e atransition relation—C Locx V (Var) x £ x V(Var) x Loc, and

e a set of initial states Ini€ Locx V (Var).

2The environment label is closely related to the stutterllabgACH +95], see Sect. 8.3.
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Similarly to hybrid automata, HLTSs interact by synchramizon common labels,
and control variables can only change if the automaton thatsahem participates
in the transition. However, contrary to the parallel compas used in for LTS in
Partg | and I, transitions with non-common labels are n@é&rindependent. They
must synchronize with environment transitions, which w# used in the semantic
definition of HIOA to preserve the invariants through sintiaa.

Definition 8.7 (Parallel Composition of HLTSE Given HLTSs | .= (Log, Varg;,
Var, Varoi, Zi, —i, Init), i = 1, 2, with disjoint sets of control variables, theparallel
compositionL, || Lz is the HLTS L= (Loc, Varc, Varn, Varg, Z, —, Init) with

e Loc=Loc; x Loy,

e Varc = Varg U Vare, Varg = Varp; U Vargy, Var = (Var1 U Var2) \ Varg,

e > =21U2y,

((I1,12),v) S ((15,15), V) iff fori = 1and i= 2:

— a ez and(li,vlvar) > (I/,V lvar) O

— a ¢ and(li,vlvar) > (I/,V lvay), and

Init = {((I1.,12),v)|(Ii, Vlvar ) € Initi,i = 1,2}.

The behavior of a hybrid automaton is associated with a byladdeled transi-
tion system, itdimed transition systefTTS). Such TTSs were already introduced in
Sect! 5.3 to define the semantics of the hybrid automata ofIPahose focus was on
compositional reasoning with disjunct variables.

Definition 8.8 (Timed Transition System)rhetimed transition systemof a HIOA H
is the HLTS[H] = (Loc, Varc, Var, Varo, Z, — [y, Init), wherez = Labu R=%U¢ and

o (1LV) By (1 V) iff 1 ZE 17 (v V) € pv e Inv(l),V € Inv(l')
(discrete transitions),

e (I,v) i’[HH (I",v) iff | =1" and there exists & Act(l), f(0) =v, f(t) =V, and
W,0<t' <t:f(t') € Inv(l) (timed transitions),

. (laV)_i’[[H]] (1, V) iff 1 =1/, Vivae=V vare, %,V € Inv(1)
(environment transitions).

3This definition of parallel composition is similar to that[iien96], where independent transitions
must synchronize with transitions of zero time elapse awstef the environment transtitions we use.
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The loss of information about the activities of the hybridcamaton can lead to a
different behavior when comparing the composition of tintreahsition systems with
the timed transition system of the composed hybrid autonigtés will be discussed
in more detail in Sect. 9, when the comparison of systemsisdtized by the notion
of simulation relations.

We now show that the timed transition system semantics arsistent with our
run-semantics. The proof is straightforward, since thesterice of a run segment
immediately corresponds to the existence of a transitioaénTTS, and vice versa,
because their definitions are practically identical.

Proposition 8.9. In any HIOA H there is a ruro = pg % p; 2% py--- if and only
if there is a runo’ = pg &’HHH p1 ﬂ’[[H]] p2--- in [H], wheref =:t; € R=Ciff a; =:
(t, fi) € RZ9 x AtgVar), anda; = B otherwise.

Proof. Both directions follow immediately from the definitions ofnsiand the timed
transition system. Any transition in a runtdfalso fulfills the definition of a transitions
in [H]. Conversely, any transition ifiH] implies either a discrete or environment
transition inH, or the existence of an activitfy such that a timed transition exists in
H. O

Corollary 8.10. A state p is reachable in H if and only if it is reachable[id]).

We end this section with examples that shall illustrate tifferénce between the
composition of two HIOA and the composition of their TTS.ditively, a HLTS only
carries information about which states can transition tictyhand whether by time
elapse or by a discrete transition, but not about the trajesst taken to get there. Con-
sequently, the composition of two timed transition systerfhbybrid automata with
shared variables is an overapproximation of the hybridesyst behavior because non-
matching trajectories in the systems can be paired. As dstrated by the following
example, a continuous input is completely abstracted away:

Example 8.1. Consider hybrid automata;Rand B, both with a single location k, re-
spectively I, no labels or discrete transitions. Lettfave a state and output variable
u, and activities defined implicitly by= au, a constant a< 0, no invariant, and an
initial state (I,up). Let B have a control variable x and activities= u, i.e., unre-
stricted activities for u, an invariant & ¢ with a constant c and an initial staté, x).

Then[[Py]] has timed transitiongk, u) L[[plﬂ (k,€?u), and those offP,] are given by

3F(t) € Ats(u), F(t) > c: (I, (x,u) S x+/ 7)dr, f(t
which corresponds to

(1, (x,u)) L’[[Pz]] (I,(X,u)) forany t> 0, (X,u) e R?,X > x+ct,u >c.
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The timed transitions dfP||P.]] are

(1), 06) S gryy (K1), (x+ (€ = u,eu)),

with (€ — 1)u > ct and €'u > c. The timed transitions dP])||[P:]] are

(K1), (%)) S rgmg (K1), (X, €M)

forany t> 0,xX € R,X > x+ ct,e®u > c. The value of x became dissociated from the
value of u in the target states. While the latter is certailyross overapproximation,
we can still deduce some properties @f| P from looking at[P1] ||[P-]], e.g. a check
for simulation with a parameterized specification could giglat x> xg+ct, c<u <

up forallt > 0.

Another example shall illustrate how the composition ofethtransition systems
does not respect a non-convex invariant of the composeddsystems:

Example 8.2. Consider automatajRand B with invariants shown as hatched regions
in Figs. 8.1(a) and 8.1(b). The shaded regions show whiclestate in the timed
transition relation with the initial state, represented bgat. While the TT$P;]] and
[Po]] respect the invariants of;Prespectively £ their composition Fig. 8.1(d) shows
a spurious set of states that does not exist in the TTg|FLPshown in Fig[ 8.1(c).

8.3 Related Work

The theory of hybrid I/O-automata has been developed extndy Lynch, Segala
and Vaandrager [LSVW96, LSV01, LSV03]. Their framework iswpowerful and
general, and based on practically arbitrary trajectorfesset of variables, which can
have different dynamic types. Since our focus is on obtgirirsimple, computable
framework for compositional reasoning, we propose a siropieept of I/O-automata
that, while not as powerful as the one of Lynch et al., allowsareuse many results
of the previous parts of this thesis, and admits simple grolbfis an extension of the
hybrid automata of Part/ll in the direction of [LSV03]. Moreegisely, it is related to
the pre-HIOA in [LSV03], since we do not impose enabling giuhactions or input
trajectories. It differs in that we allow the set of initightes to be empty, do not
impose axioms on the set of trajectories and do not imposeatgans on the discrete
transitions. Moreover, we do not differentiate betweenarimal and external actions.
Since the basic components of our hybrid automaton modebWweady discussed
in Sect. 5.4, we only discuss the extensions. In our modedtitygut variables are part
of the controlled variables, while in [LSV03] they are pafttioe external variables.
The hybrid automata in [ACH95] also have controlled variables, but have no distin-
guished output variables. The parallel composition of liyautomata in [ACH 95]
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Figure 8.1: Composition of timed transition systems with-4gonvex invariant
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is semantically but not syntactically identical. It aclgs\the effect of constant con-
trolled variables in independent transitions using stutensitions The stutter label
T in [ACHT95] is part of their syntactic definition of hybrid automalsie have moved
this label to the semantic of hybrid automata, i.e., the @afimof runs — through
which it finds its way into trace-simulation — and hybrid l&gktransition systems
(HLTSs), along with a corresponding definition of parallehwosition for HLTSs.
There is essentially no difference, and one could rewriteghrt of this thesis with the
syntax of hybrid automata of [ACFD5]. Note that the parallel composition of HLTS
would still have to keep its present form. Also note that theimnment labek is
different from a silent label, which are considered invisitvith respect to simulation
— then called weak simulation. For compositionality to halde must use strict sim-
ulation with the environment label, while it might still desble to have in addition a
silent label with respect to which weak simulation is apli®ur parallel composition
operator for HLTS is similar to that for LTS in [Hen96]. Thes: independent transi-
tion must synchronize with a transition of zero time elajgs&tead of the environment
transitions that we use.

4A stutter transition in [ACH 95] is a self-loop with a dedicated labelfor which the controlled
variables remain constant while the others can changeanibyit






Chapter 9

Simulation Relations for Hybrid
I/O-Automata

A simulation relation between automdaandQ relates states iR to states of) that
show the same, or more, behavior. The autom&las considered to contain the be-
havior of P, in the sense of an overapproximation, if every initial stat P finds a
corresponding initial state d in the relation. This is denoted &= Q. We will
introduce two definitions of simulation: simulation thabigsed on traces, and simu-
lation based on the timed transition system (TTS) semantiice based simulation
is compositional but has no finitary representation, whiabhbits its algorithmical
implementation. Simulation based on the TTS semantics @otier hand is compo-
sitional only in special cases. We identify two importastsdes: hybrid automata with
unrestricted inputs, and linear hybrid automata with cagrimeariants.

In the following section, we give definitions for trace- an@S-simulation, and
discuss their relation. In Sect. 9.2, we give a weak comijoositity rule for TTS-
simulation, and identify classes of hybrid systems for Wwhid S-simulation is com-
positional. The chapter concludes with Sect. 9.3 on relaiartt.

9.1 Trace- and TTS-Simulation

In Part/ Il, we determined which variables in a system showldespond to which
variables in a specification by an equivalence relation. Gusitipnality was only
given if the equivalence relations agreed on the relevatgst For HIOA, we consider
input- and output variables equivalent, and to obtain caitjpmality we impose that
a system and its abstraction must have the same output keemi@nd the abstraction
can not have more inputs than the system. Also, their alghabest range over the
same labels. To accommodate differing alphabets, we ca@a@i-gsimulation as in the
previous parts. We do not do so for the sake of clarity, aswloisld unnecessarily
complicate the formalism. If the above conditions are figlfi| we call the automaton
comparablédo its abstraction. In the following, I€&andQ be HLTSP = (Locp, Varcp,
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Varp, Varop, Zp, —p, Initp) andQ = (LOCQ, Vach, VanQ, VaroQ, ZQ, —Qs |I"IitQ).
We define formally:

Definition 9.1 (Comparability) For HLTS P,Q, P izomparablewith Q if Zp = 3,
Varg C Varp and Vapg = Vargp. For HIOA Hy,Hp, H1 is comparable with K if
[H1] is comparable witH[H,].

The externally observable behavior of a hybrid I/O-autamat defined by its
traces. We define simulation based on traces and will latepeoe it to a definition
based on TTS-semantics. The following definition is an modifon of the one given
in [LSV03], see Sect. 9.3 for details.

Definition 9.2 (Trace-Simulation for HIOA) (adapted fron{LSV03]) Given compa-
rable HIOA Hy,Hp, arelation RC S, x Sy, is atrace-simulation relation for Hy, Hy

if and only if for all (p,gq) e Raruno; = p 2, ¢ in Hy implies a runo, = q N q
in Ha with 7(01) |varg,= T(02) lvare, and (p’,d') € R. We say that bitrace-simulates
H; if there exists a trace-simulation relation R for HH, such that for all pe Inity,
there exists someg Inity, such that(p,q) € R, written as H < Ha.

While trace simulation is compositional [LSVO03], it is foretlyeneral case com-
putationally intractable, since functions are comparest @ infinite number of time
points. One has to reduce the problem to a finitary form,tioeg, set of finitely many
values that are to be checked. This could be achieved, g.fmiting the set of activ-
ities to a parameterized family of functions. Symbolic aitions can then be applied
if the symbolic sets of valuations can be described by sonite fiepresentation such
as polyhedra, possibly in the form of an overapproximati@ur approach abstracts
even further: We define simulation between hybrid I/O-awdtabased on their timed
transition system semantics. That way the information eir tontinuous evolution is
lost, but we obtain a computable framework for an intergstiiass of hybrid systems
— mainly, linear hybrid automata.

Definition 9.3 (TTS-Simulation) A relation RC Sp x S is asimulation relation for
a pair of HLTS P,Q if and only if for alip,q) € R o € Zp, p’ € S holds:

® Ulvargq= Vlvargo, Where p= (k,u) and g= (I,v) and

e p>p = 3deS:(@dA(P.d)ER),
A state gsimulatesa state p if there exists some simulation relation R Wiilg) € R,
which is written as p< q. QsimulatesP, written as P< Q, if and only if there exists
a simulation relation R such that for all @ Initp there exists a e Initg such that
(p,q) € R. For HIOA H,Hy, let Hy < Hy if and only if [H1]] < [H2]. We call this
TTS-simulation.

We define similarity and bisimulation, as before in Partsdi@ihas equivalence
relations based on asymmetric and symmetric simulation:
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Definition 9.4 (Similarity, Bisimulation) Given HLTS P,Q Q isimilar to P, written
as P~ Q, if and only if P< Q and Q= P. A relation RC S x & is a bisimulation
relation if and only if R witnesses R Q and R'! witnesses & P. Q isbisimilar to
P, written as P= Q, if and only if there exists such a relation. For HIOA H,, let
H; ~ Hy if and only if [H1] ~ [H2]] and H; = H, if and only if [H1]] = [Ho].

We now show that TTS-simulation is consistent with tragatdation in the sense
that it is implied by it.

Proposition 9.5. For any comparable HIOA IHHy, Hy <t Hy implies H < Ha.

Proof. Let R be a witnessing trace simulation relation betwegrandH,. We show
that for all (p,q) € R, wherep = (k,u) andq = (l,v), the conditions of Def. 9.3 are
fulfilled.

We start with the equality of the external variables. Consagy (p,q) € R. There
is always a ruroy = p 5 p’ possible inH;, whereu = U'. Becausé, trace-simulates
Hy, this implies a runo, = q LN q in Hz, with 7(01) [vare,= T(02) lvarg,. It imme-
diately follows thatv|var,= V' |vare,= Ulvare,, Which fulfills the first condition for
TTS-simulation.

We now show that a transition in the TTSIdf implies a transition in the TTS of
Ho, with both target states iR. Consider a transitiop i’[[Hﬂ] p’in [H4]). It follows

directly that there is a rum; = p a, p' in Hy, wherea’ = a if o € LabyUeg, and
a'=(a,f)ifae R=0, wheref is some activity oH;. Becauséi, trace-simulatebl,

this implies a ruro, = q L q in Ha, with 7(01) [varg,= T(02) lvars, and(p’,d) € R

It follows from the definition of the TTS that there is a tréii g i[[Hz]] q, where
B=pif B clabUeg, andB =t if B’ = (t,g) for some(t,g) € R=C x Aty(Var,).
Fromt(01)|vare,= T(02)|var, follows that = B’ = a if a e LabyUg, andB =t =«
otherwise. So from a transition {fH1]] we have deduced the existence of a transition
in [[H2]] with identical label, and their target states lieRnConsequenthyRis a TTS-
simulation relation, and from the definition of trace sintida it follows that it is also

a witness, which concludes the proof. O

In the following section we will examine how HLTS-based slation can be ap-
plied in compositional reasoning.

9.2 Compositional Reasoning

In order for the simulation concept to be applied in a contpmsal analysis, it must

hold under different contexts, i.e., when the automata ameposed with other au-
tomata. This is captured by the concept of a precongruertuehvwas also been used
extensively in Parts | arid 1l. Before we can show that HLT Sesation is a precon-

gruence, we need the following lemma:
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Lemma 9.6. Given HLTS P,Q,S, S compatible with P and Q, let R be a simulation
relation for P=< Q, and let((k,u),(I,v)) € R. For every xe V(Varp UVars) with
X|varp= U there exists a stateg/V (Varg UVars) with Ylvarg="V and Yvars= X|vars.

Proof. Consider a staté¢(k,u),(l,v)) € R and an arbitrary valuatior € V (Varp U
Vars) with X|var,= u. By the definition of simulationyarog = Varop andVarg C
Varp, andulvarge= Volvargp: Ulvano= Vlvarq- Consequently, it holds that

XOlVarop: VOlVal’op: VOJ,VaI'oQ (9 1)
XOlVanQ = VOiVanQ (92)

Let y be a valuation inV (Varg U Vars) such thaty |varg\varp= X lvarg\var, and
Ylvarg= V. It must be shown from the latter term th@k,arsmVarQ: X|vargvarg- Then
it follows thaty|vars= X|varg. It holds thaIVLVaanVars: Vlvangrvars, and with[(9.2) it
follows thatyLVaanVarS: learlQmVarS. From the definition of compatibility it follows
thatVarsgNVars = VarpgNVars. It holds thalyLVaronVarS: V|VarpgnVars; and with

(9.1) it follows thatylVaroQﬁVarg,: XlVaronVars- ThereforeylVarsﬂVarQ: XlVarsﬂVarQa
which concludes the proof. O

Proposition 9.7. Simulation of HLTS is a precongruence with respect to paratien-
position, i.e., for any HLTS P,Q,S holds

o reflexivity: P< P,
e transitivity: P<QAQ=<XS=P=<S,and
e invariance under composition: RQ = P||S=< Q|| S.

Proof. Let p= (k,u), q= (l,v), s= (m,w) denote the states & Q andS.

Reflexivity: Pis trivially comparable t&. R= {(p, p)} is a witness thak is reflexive,
sincep > p' = (p2 P A(P,P) €R). Forall (ku,K,u) € R Ulvar,= U [var, and
Ulvarge= U lvarge- FOr any initial statepg in P there is a stat@’ = po with (p,p’) € R.

Transitivity: First, we show thaP is comparable t&. SinceP is comparable t®)
andQ is comparable t&, we have

Varps= Varpg = Varop and Vars C Varg C Varp, (9.3)

as well ags = Zg = Zp, and thereford is comparable t&.

Let Ry be a simulation relations fét < Q, andR, for Q < S. We show by structural
induction thaR= {(p,s)|3q: (p,q) € RiA(q,s) € Ry} is a simulation relation. Since
Q < S there exists an initial stagg for any initial stategp of Q. Similarly, there exists
an initial stateqp for any initial statepy of P. Therefore, any initial statpy of P has
a corresponding initial sta® in R. Consider a statép,s) € R. Then there exists a
q= (I,v) with (p,q) € Ry and(q,s) € R;. Therefore it holds thatl |var,= Vl]vang
AUlvarge= Vlvarog andv|vans= Wlvans AVlvargs= Wlvargs: With (9.3) follows that
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Ulvars= Wlvans AUlvargs= Wlvargs: SiNceRy is a simulation relation, a transition
p = p implies that there exists g with = ¢ and (p,q) € Ry. Similarly, there
exists as' with (¢,s) € Ry, and thereforg¢p’,s') € R.

Invariance under Composition: Let P, Q andSbe hybrid labeled transition systems,
and letp = (k,u), g = (l,v), s= (m,w) denote their respective hybrid states. First, we
show thatP||Sis comparable tQ)||S. SinceP is comparable t®, it holds that

Varog = Varop and Variq C Varp, (9.4)

as well as>q = Zp. ThereforeVarogqUVarps = Varop UVargs andVarig UVars C
Varp UVans. SinceVariqNVarog =VansnVaros= 0, Varqs= (VargUVars) \
(VaroqUVarps) = (Vanq \ Varos) U (Varis \ Varog). Similarly, Varps= (Vanp U
Varns) \ (Varop U Vargs) = (Varp UVars) \ (Varog U Vargs) = (Varp \ Vargs) U
(Vans |\ Varog). Consequentlyarqs C Varp|s, andP||Sis comparable tQ|[S.
Consider a simulation relatioRy for P < Q. Let a state inP||S be denoted by

(k,m,x), wherek € Loce, me Locs andx € V (Varp UVars). Similarly a state irQ||S
is denoted by(l,m,y). We show by structural induction that

R={((k,m,x),(I,my)) | Fu,v: ((k,u), (I, V) € Ro,
XlVarp: UaYlVarQ: \A XlVarSZ YlVars}

is a simulation relation.

It must be shown that for any initial statkp, my,Xo) there exists an initial state
(lo, Mo, yo) with ((ko, mp,Xo), (lo,Mo, o)) € R. By the definition of parallel composi-
tion, it holds for(kog,Xo) that there exists ag with (ko,Up) € Initp andup = Xo | vare-
SinceP < Q, this implies that there exists some initial stég Vo) € Initg for which
it holds that((ko, uo), (lo,vo0)) € Ro. From Lemma 9.6 it follows that there exists a
Yo € V(Varg UVars) such thatyp [vars= Xo lvars @andyp lvaro= Vo. Consequently,
((ko, Mo, %o), (lo, Mo, Yo)) € R, and furthermorglo, yolvar,) € Initq and(mo, yolvars) €
Inits, which by the definition of parallel composition implies tiil, Mo, Yo) € Initgs.

Now we show that for any(k,m,x),(I,m)y)) € R holds X van g =Y Vangs,
andlearo(QHs): ylvar()(QHs). Since((k,m,x), (I,my)) € R, there existsl = X|var, and
V = Ylvar, With ((k,u),(I,v)) € Ro. Consequentlyx|varoq= Vlvaroo= Ylvarso and
Xlvan\Varoe= Vlvano\varng= Ylvang\vareo: SiNC€X|vars= Ylvars it follows directly
thatXlVarosz ylVaros anXmVan s\Vargo™ ylVanS\VaroQ-

Consider someg(k,m,x),(I,myy)) € R It must be shown that for any transi-
tion (k,m,x) %pys (K,m,X) there exists a transitiofl,m,y) “qs (I,m,y) with
((K,m,x),(I",m,y)) eR

(i) a € Zp: Then by the definition of compositiotk, m, x) ipus (K,m',x) im-
plies (k,u) LN (K',u") with u = X|var, andu’ = X |var,, as well as a transition
(m,w) E)S (m,w) with w = X|vars, W = X [varg and 8 = a if a € ZpNZsg,
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and B = ¢ otherwise. With((k,u),(I,v)) € Ry the transition inP implies a
transition (1,v) %q (I’,V) such that((K,u),(I’,V)) € Ry. From Lemma 9.6
it follows that there exists & € V(VargUVars) such thaty' |vars= X |varg
andy lvarg= V. By definition of parallel composition, there exists a tréinsi

(I,my) Sqs (I',m,y). Consequently,(K,m,x),(I’,n,y)) € R

(i) a € £5\Zp: Then by the definition of compositiofk,m,x) % (K, n,x) im-
plies (m,w) % (m/,w') with w= X|varg: W = X [vars andX|varep= X |varep, @and
an environment transitiofk, u) £p (K,u') with u = X|var, andu’ = X |varp.
Therefore((k, u), (I,v)) € Ry implies that(l,V') exists with(l,v) 5q (I’,V¥) and
((K,u),(1,v)) € Ry. From Lemma 9.6 it follows that there existg' & V (VarqU
Vars) such thaty’ |vars= X |vars andy Ivarg= V. Consequently, it holds that
((k,m,x), (I,m,y)) eR

O

Corollary 9.8. From Prop.9.7 and the definition of HLTS-simulation of HIOAoit
lows that HLTS-simulation of HIOA is a preorder, i.e., reflexand transitive.

The composition of two HIOA has a semantics that differs fitie composition
of their TTS, which is why invariance under composition donesapply to simulation
between HIOA. This also voids compositionality as it waslaaple to LTS in Pari |
and hybrid automata without shared variables in|Part IIh&following we will obtain
a weaker compositionality rule by showing that there is autation relation between
the two.

The composition of TTS is a conservative abstraction of tylerid automaton
behavior, i.e., if there is a transition in the composed liyautomaton then there is
also one in the composition of the TTS:

Lemma 9.9. For any compatible HIOA IH H, and labela € Lab, ULab, U € holds:

((11,12),v) Sy ((1512).V) & ((11,12),v) S (12:12),V)

and for all o € R=0 holds:

((11,12),) Sy g (1L1)V) = ((11,12),9) S g ((12:15),V).

Proof. We show that the transitions are identical for all exceptithed transitions, in
which case there is only implication.

e discrete transitions witlr = Lab, N Laby:

((12,12),) Sy 1) ((11,15),V) & (Oef. of TTS)3p: (I1,12) <oy, (1,12)
with (v,V) € g, ve Inv(l, 1), vV € Inv(17,15)
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< (Def. of PC of HIOA) Ju: 1 M>Hi I/, (Vlvan,V lvar) € pi and Vlvay €
Invi (1), V' [var € Invi(l]), i = 1,2

& (Def. of TTS) (i, Vlvar,) l)[[HiH (1L var), i = 1,2
& (Def. of PC of HLTS)((11,12),V) < i,/ ((15:1).V)

¢ discrete transitions withr € Lab;\Laly, (o € Laby\Lab; is symmetric):
a,

((12.12),9) Sy g ((3,15),V) & (Def. of TTS)3p: (11,12) T2 1, (1,15)
with (v,V) € g, ve Inv(l, 1), vV € Inv(17,15)
& (Def. of PC of HIOA)3pu: Iy A 1L (Vivary, V lvar) € i andV]yar, €
Invy(ly), V'/lVarl6 Invy (11 h VlVarcz— V’lVarczl VlVarzv\/lVarz |nV2(|2) lr = |/
< (Def. of TTS)(I 17ViVar1) Ha]) ( 1V lvar), (|27ViVar2) MHe (! 2,V lvar,)
& (Def. of PC of HLTS)((l1, |2),v) Sl 1Ha] ((15,15),V)

e environment transitiongy = €:
&
((11,12),V) = g 1 ((11,12),V)
& (Def. of TTS)V|varuvare,= V IVarevarg: V € InV(l,12), V' € Inv(14,15)
& (Def. of PC of HIOA and associativity of projection)var.;= V' |var; and
V]var € Invi(l;), V' lvar, € Invi(l{), i =1,2
& (Def. of TTS)(Ii,Vlvar) = pry (11,V lvar), i = 1,2

< (Def. of PC of HLTS)((I1,12),V) =y 1 ] ((11,12),V)

e timed transitionsg =t € R:

((11,12),v) i’[[Hl\le]] ((13,15),V) = (Def. of TTS)3f(t) € Act((I1,12)), f(0) =
v, f(t) =V andwt’,0 <t’ <t: f(t) € Inv(ly,l2), (I1,12) = (13,15)

= (Def. of PC of HIOA) f |var, € Acti(I1) andf |var, € Ack(l2), f(0) =V, f(t) =
vV andvt/, 0 <t' <t: f(t )lVarle Invy(I1) A f(t )lVarZG Invs (1)

= (Def. of TTS) (Ii,Vlvar) —grg (1Y lvar)
= (Def. of PC of HLTS)((ll, |2>7V> L)[[Hlﬂ [ TH2] ((lilh |é),\/)

O

Lemma 9.9 prompts a simple corollary to identify HIOA for whithe HLTS se-
mantics and parallel composition are commutative. Sinteithmediately leads to
compositionality on the HIOA level, we call automata thdfifiuthis condition TTS-
compositional

Corollary 9.10. For any compatible HIOA i Hz holds[[H1 || Hz]) = [Ha]l || [Hz]] if for
any te R the existence of transition(, v]var) L[[Hi]] (i, vlvar,) fori = 1,2 implies a
transition ((I1,12),V) L>[[H1HH2]] ((11,15),V).

The overapproximation that results from composing the Td@sbe formally ex-
pressed as a simulation:
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Proposition 9.11. For any Hy, Hz, [H1 || Hz] =< [Ha] || [H2]-

Proof. From the definitions of parallel composition it follows ditly that variables,
alphabet and states are identical. With Lemma 9.9, a tiansit [[H1||H;] also is
a transition in[H4] ||[H2]]. ThereforeR= {(((I1,l2),Vv),((I1,12),Vv))} is a witness for
simulation. O

Recall that the compositional rule for systems without stharariables, Theo-
rem 6.9, was given by

H1 < GiAH2 <Gy = Hi||H2 < G4||Ga.

With the shared variables in HIOA, this implication is no ¢@m valid, and we must
show in addition that the right hand side supports the oyegmation introduced
by the HLTS-simulation. This leaves us with a weaker form afpositionality for

HIOA:

Proposition 9.12(Weak Compositionality) For any HIOA H,H»,G1,G, with Hy <
Gy, H, X Gy and [[Gl]] || [[Gz]] < [[GS]_ | | Gzﬂ it follows that H.HHZ = G1| |G2.

Proof. According to Prop. 9.7, all the precongruence propertied, therefore com-
positionality, hold for the TTS, which leads fd1]||[H2] < [Ga]l||[G2]. With the
hypothesis and transitivity we géH]|||[Hz]] =< [[G1]|G2]. According to Prop. 9.11
holds [H1||Hz]] < [[H1]||[H2]] and with transitivity follows[[H1 ||H2]] < [G1]|| G2]
0

We will now use Corollary 9.10 to identify classes of HIOA for ish TTS-
simulatin is compositional. The definition of HIOA permits BIOA to restrict and
change input variables. In seeking strong compositionalé define what it means
for an HIOA to have no influence on a set of variables, e.ginfists:

Definition 9.13 (Unrestricted Variables)A hybrid I/O-automaton has anrestricted
invariants with respect to a set of variables Vaf for all v € Inv(l), V € V(Var),
V' lvar\var= Vlvarvar: V' € Inv(l). It hasunrestricted activities with respect to Ver
if any activity over Varis accepted, i.e., for all g Atg(Var), f € Act(l) there exists
a f' € Act(l) with glyar= ' lvar @nd flyapvar= f'lvarvar- If both conditions are
fulfilled, it is calledunrestricted in Var'.

The first condition prevents the variables to trigger anynéve Changes in the
system must be caused by other variables, such as a sampaiilg cThe second
condition effectively prohibits the use of the variableghia definition of the activities.
For unrestricted inputs, this prevents inputs of the farm f(u). In such a case, the
only way for the automaton to react to its inputs is by an mady triggered discrete
transition, whose guard can depend on the inputs. Obvipushgstricted inputs are
a severe restriction to make, but it also has a high meritrdtgeno excess behavior
when composing the TTS, and so the system is fully open to ositipnal reasoning:
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Theorem 9.14. For any compatible HIOA K Hp, where for(i, ) € {(1,2),(2,1)}
holds that H has unrestricted variables Van Vargj, it also holds thaf[H1 || Ho]] =

[Ha | [Hz].-

Proof. We show thaH1,H, fulfill conditions of Corollary 9.10. Since for botH; the
activities for the common input variables are unrestrieed the control variables are
disjoint, there exist activitie§ € Act(li) with f/ [var;= fjlvars; andf{ lvar;= filvar

for (i,]) € {(1,2),(2,1)}. Therefore we can pick the activities from the variables
of both and obtain a joint activity:Ley € Ats(Var) be such thag|var,= filvar
Ilvan\vare;= filvan\varg; for (i, j) € {(1,2),(2,1)}. For all variables, the activity is
either identical with the activities df;, or H; has unrestricted activities and invariants.
Thereforeg € Acty,|,(l1,12) and for allt’,0 <t’ <t holdsg(t) € Invy,|m,(11,12).

Consequently, there is a transitifhy, 12),Vv) L’[[Hl\le]] ((13,15),V). O

A class of HIOA with unrestricted input variables is given diigitally controlled
processes. The continuous inputs are unrestricted andesénsp that the change of
the inputs in between sampling points is irrelevant. If tbatooller has continuous
outputs they usually change only at discrete samplingvatsr These can by modeled
by a zero-order-hold element. If this zero-order-hold ffilteincluded in the process
model, both inputs and outputs of the controller are samplBde following is an
example of a controller with unrestricted inputs:

Example 9.1. Consider a tank level monitoring system consisting of a tark @on-
tinuous outflow, a discrete inlet valve (modeled as part eftdnk), and a controller.
The tank is modeled as a HIOA,Bhown in Fig 9.1(b). Its inlet valve is operated
by the controller via the labelspenand closethat represent the opening and closing
of the inlet valve. The level x of the tank changes at a rate x < r; if the valve is
open, and at a rate of ry < x < —r4 if it is closed. The location “undefined” repre-
sents states that were excluded from the model and are orthabée by transitions
with label “error”. P, has the state and output variable x, and no input variablee Th
controller, modeled by -Pin Fig. 9.1(a), is triggered by the timer d evedyseconds
to check the level of the tank, and instantly decides whethepén the valve, close
it or do nothing, and returns to the idle state; Ras the input variable x, the control
variable d and no output variable. The goal of the verificatwill be to show that the
tank level stays within the limitsx< x < xv and that the model remains within the
modeling bounds, i.e., produces no “error’-transitions.

Example 9.2. Consider the tank level monitoring system from|Ex. 9.1. Theifipa-
tion Q for the tank-controller system is that the level in thek stays betweenyand
xm. This invariant can be specified using a single location,resn in Fig/ 9.2. Self-
loops allow the labelg, “open” and “close” at any time. The label “error” never
occurs, so that states that are beyond the model boundariss mot be reachable. Q
has the state and output variable x, and no input variables.
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filling
0 < X< Xover
<X

open undefined

draining
0 < X < Xover
—fg<Xx<—ry

close
X2 Xp

checking
d=1
d=0

(b) ControllerP,

Figure 9.1: Tank level monitoring system

Figure 9.2: Specificatio of the composed system
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There is another interesting class of TTS-compositionhtiaysystems: the Linear
Hybrid Automata from Sect. 5.6, as long as they have convesesiricted invariants
with respect to their common variables. The reason is tteacthass of activities of
LHA allows us to generate an activity once the existence pfaativity is guaranteed:

Lemma 9.15. (adapted from [Ho95]).et | be a location of any linear HIOA with a
convex invariant Inl), and vV € Inv(l) be any valuations inside it. If there exists an
activity f € Act(l) and a durationd € R=? such that {0) =v, f(6) =V and¥vt’,0 <

t' <d: f(t') € Inv(l) then there also exists (t) = v+t/d(V —v) € Act(l) andVvt’,0 <
t'<o:f'(t') elnv(l).

Simply put, a straight line between two points is always aiviig as long as the
invariant is convex. The necessity of convexity was alredidgtrated by EX. 8.2.
Lemma 9.15 allows us to infer an activity of a hybrid autonnafimm the mere exis-
tence of a transition in its TTS. We can use this in compaséioeasoning to conclude
that if the TTS of two LHA have transitions with the same seurad target valuations,
then both share a common activity that connects the vahmstand therefore this ac-
tivity also exists in their parallel composition:

Theorem 9.16.For any linear HIOA H, H, with convex invariants holds that

[H1[|Hz] = [Ha]l || [H2])-

Proof. We show that the conditions of Corollary 9.10 are fulfilled. Bfidition of the

TTS, the transitiondl;, v;) i[[Hi]] (Ii,v}) imply that there exists activitie§ that respect
the invariants. With Lemnia 9.15 it follows that

f/(t) =v+t/d(V —v), fori=1,2,

are also valid activities. Sincé] |varrvar,= f) lvannvar, there exists an activity
f € Ats(Vary UVary) with f |ya;= fi for i = 1,2. By definition of parallel compo-
sition, f respects the invariant ¢i1||H in the location(l1,l2) and f € Act((I1,12)).

Consequentlyf is a witness for the transitiof{l1,12), V) i[[Hlqu]] ((I3,12),v). O
We can now show that linear HIOA with convex invariants arspositional:

Corollary 9.17 (Compositionality) For any HIOA R,P, and linear HIOA Q,Qo,
Q1,Q, with convex invariants, for which holdg X Q1, P < Q5 it also holds that

Pi[P2 < Q1[|Q2.
Proof. The conclusion follows directly from Prop. 9.12 and Theo@d®. O

Given that any HIOA can be approximated arbitrarily close¢hwinear HIOA
[HHWT98], linear HIOA allow us to perform compositional rexéng for any HIOA.
This even motivates the use of hybrid automata in the arsabtyfspurely continuous
systems: They can be approximated with linear HIOA, whiehthen analyzed com-
positionally.
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9.3 Related Work

Simulation While simulation that abstracts from internal actions, likdLSV03],

is useful in practise, it renders the analysis more diffianli complicates the proofs.
Since our focus is on the continuous interaction, we keeysitnple concept of syn-
chronization labels that are accessible to all automatarral actions, which are not
restricted by the specification, can be modeled by addiridasabs to the specification
for those labels.

Compositionality A compositional framework for abstraction of hybrid contgs-
tems was presented [TPLO4]. Abstraction is defined as thetemde of a mapping
between sets of generalized action maps over the statesr bootext it corresponds
to trace inclusion. The authors show that simulation andrhiktion is composi-
tional. A very general discussion about compositionaktyarried out in [dAHO1].
The authors separate the interface of modules from the tiefirof its behavior and,
using game theory, infer general properties that abstmastmust fulfill in order to
support compositional reasoning. In [BS98] the authorsudisdifferent composition
operators and their effect on deadlock-freedom and maxpnagress. Compositional
refinement is shown for the hierarchical modeling language®oN in [AGLS01].
Refinement is defined as trace inclusion. The structure andrgers of the hierarchi-
cal constraints on flows are defined in a way that composiitgria guaranteed. The
existence of continuous dynamics in the composition of ldybystems is examined
in [SLO2], where a procedure for computing theer viability kernelis presented that
allows one to conclude that the activities of the composeatesy are non-empty. The
inner viability kernel has to be non-empty for the approactvork. Our definition of
unrestricted inputs is closely related to the notiombliviousHIAO in [LSVO03].



Chapter 10

Assume-Guarantee Reasoning

Assume-guarantee reasoning aims at deducing the behdvaocamposed system
from an analysis of parts of the system under assumptiong #erest of the system.
Consider a system with hybrid automda= P, || P> with specificationQ = Q1| Q.
The goal is to show thad || P> < Q1| Q2, which by definition is equal to showing that
[P]|Po]] = [Q1]] Q2] for their timed transition systems.

In Sect! 4 we introduced non-circular and circular assunmez-antee rules for la-
beled transition systems, which we will in the following atigo hybrid systems with
shared variables. As in the previous chapter, we must opevith timed transitions
systems since TTS-simulation is not compositional for gaineybrid 1/0-automata.
While in cases with continuous input this can lead to a praeikidy large overapprox-
imation, it does enable the proof for some interesting exasnand applications. No
overapproximation takes place in the special cases ideahiiifi Sect. 9.2, i.e., hybrid
automata with unrestricted inputs and linear hybrid autarmath convex invariants.

In the following section, we formulate a rule for non-cirauteasoning. It uses the
weak compositionality rule from Sect. 9.2. In Sect. 10.2, wepose an adaptation
of the assume/guarantee rule of Part | to HIOA. The assuraedgtee conditions are
enhanced to ensure that independent transitions of onmataa do not violate the in-
variants of the other automata. A summary of related workbeafound in Sect. 1013.

10.1 Non-circular Assume-Guarantee Reasoning

Non-circular assume-guarantee reasoniogrurs if the abstraction of one automaton
serves as the guarantee to another, yielding a triangulaitste:

iRl % ool
1 = 1]/ Q2
P[P =< Q1| Q2 ' (10.1)

The proof is straightforward using the precongruence pitaseof simulation for
HLTS and Prop. 9.11P; < Qg implies [Pi] || [P2] = [Q1]l]| [P2] due to the invari-
ance of the simulation of HLTS under composition. Througmnsitivity it follows
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from [Qu]] || [P] = [Qu || Q] that[[Py] || [P2]] = [Q1 ]| Q2] With Prop/9.11 and apply-
ing transitivity we gef[Py || P} =< [Q1| Qz]l, which by definition of simulation yields

P[P =< Q1| Q2.

10.2 Circular Assume/Guarantee Reasoning

As discussed in the previous parts of this thesis, a circasaume/guarantee proof
is only sound if additional conditions, in the following t=d A/G conditions ensure
that Q; andQ» do not block transitions in their composition that are eadldbr the
composition ofP; andP,. We recall the basic structure of a circular assume/guaeant
proof:

(P IQ2] = [Q1]lQ2]
[QuIIIP] = [Qu]lQ2]
A/G conditions

PP = Q1]|Q2

(10.2)

The following example shall illustrate how efficiently asse/guarantee reasoning can
simplify proofs by reducing the number of continuous valeaband abstracting from
dynamic details if only the range of variables is of impodan

Example 10.1. Consider the tank level monitoring system from/Ex. 9.1. Tdyw#re
global specification Q from Fig. 9.2 using assume-guararg@soning, specifications
Q; are created manually for each subsystem. It is then chetkadheir composition
guarantees Q, i.e., that{Q. < Q. The specification &for the controller, shown in
Fig.|10.1(b), simply requires that the controller keepstduek level inside the bounds
Xm and %y. Q2 has no state variables and x as an input variable. Note thatere-
sents the function of the controller, and is a proper spediifin, i.e., it has nothing to
do with the controller implementatiors PApart from allowing to abstract from imple-
mentation details such as the timer d, a proper specificat@mmthe advantage that it
doesn't have to be reinvented whenever the implementatampels. The specification
Qs for the tank, see Fig. 10.1(a), is a simplified version pf Fhe inflow and outflow
rate are overapproximated and the invariants as well as tleation “undefined” are
omitted. The essential information that guarantees thetfaning of the controller
within the A/G-reasoning is that the level rises after opgniri the valve, and falls
after closing. The label “error”is in Lalg, , but is never allowed. Qhas the state and
output variable x, and no input variables. Note that neithem@Qr Q, are conservative
overapproximations ofPand B.

To simplify the notation, we write for valuationgp instead ol|yar, U} ip iNstead
of ulvar, etc. The A/G-conditions for HIOA are given by the followirfgeorem:
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filling
0<x<

close

close

open close

open

draining
—fg <x<0

open
(a) Tank specQ1 (b) Controller specQ;

Figure 10.1: Modular specifications for A/G-reasoning

Theorem 10.1(A/G-simulation) Consider hybrid I/O-automata FQ;, B comparable
to Q, fori=1,2 and with

[PIIQ2] = [Qul[Q2] and (10.3)
[QuflI[R] = [Qull Q2] (10.4)

If there exist simulation relations;Ror (10.3) and R for (10.4), the relation

R={((ks,kz,X), (I1,12,2)[Fyi. [}, 2 : (k. 1, %), (1,1}, 2)) € R,
yilplz lewyile: Zlevlei: ZlQi for (I’ J) € {(15 2)7 (2’ 1)}} (105)

is a simulation relation for P|| P> < Q1]| Q2 (but not necessarily a witness), if for all
((ka,k2,%), (I1,12,2)) € R, a transition(ky, kz,X) iplupz (K, K5,x) implies that there
exists a transition

(IinLQi) E’[[Q,]] (IllvzllQ|)7 Z/lpjﬁQi: XlleﬂQ]v(L J) € {(17 2)7 (27 1)} (106)
andB=c¢if a Gij\Zpl orB=aifaezpnip,.

Proof. Let Z; = Zpj. The proof shows thak is a simulation relation. Note that while
in (10.5) is uniquely defined; is undefined in the variabléarg \ Varg, for (i, j) €
{(1.2),(21)}.
Comparability: SinceR and Q; are comparableyargp,|p,) = Varor UVarop, =
Varog, UVarog, = Vargg, ||, - Also, it holds that

Vaneyp,) = (Vane,UVarp,)\ (Varop UVarop,)
(Varp, \ Varop,) U (Varp, \ Varop )
(Van P \Varon) @] (Van P, \Varle).

Similarly, Var q,j0,) = (Vanq, \Varog,) U (Varq, \ Varog, ). With Vang, C Varp,
it follows thatVar, (Ql1Q,) € Var(pypy) andPy||P, is comparable tQ;||Q>.
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Equality of Inputs and Outputs: It is a prerequisite for simulation that the input
and output valuations d?||P, and Q1||Q2 must be equal for all states R For-
maIIy, if ((kl,kz,X), (|1,|2,Z)) € R, it holds thab(lo(leQj)Z ZLO(Qille) andxl|<QiHQj>:
z|)(q\q))- Note thatvar g q,) = (Varp \ Varog) U (Varg; \ Varog ). Also, it holds
thatVar qq;) = (Vang; \ Varog) U (Vang; \Varog ). FromR||Q; = Qi[Qj it fol-

lows that for any((k;,1j,¥i). (Ii, [}, 2)) € R holds:yi loruor = % loguog, and

Yilaoiog)uie\oq)= 41101\0Q)u(;\0q) - (10.7)

Sinceyi |p= X|p, Xlor= Xlog=Zloqg. Also, 7 |q= zlq, SO thatx|og= Zloq,
which shows fori = 1,2 that the output valuations are equal. Now we show that
the input valuations 0Q1||Q. are input valuations oy ||P,. SinceVarq, C Varnp,
Yilr=x|p implies thaty; |iq,= X|iq,. It holds thaty; |q,= z|q;,Z lg= z|g. With
(10.7) it follows thatz] (1q,\00;)= Yil 101\ 0q;) and therefore it holds that o, 0q,)=
yii(lQi\OQj): Zl“Ql\oQ]): A’('Qi\ij)' Fori = :I.7 2 th|S ShOWS that the input Va|uati0nS
are equal.

Simulation: Consider a staté(ki, kz,X), (11,12,2)) € R. We show that for any transition
(k17 k27x) £>F’]_HPZ (k&, k/27Xl) (108)

there exists a transitiofi, 12,2) g, |q, (I7.15,Z) with ((Ky, k5, X), (11,15,2)) € R. By
the definition of parallel composition, (10.8) implies tsitions

(ke x|py) ey (KX 1) and  (k,xlp) e, (KoX |py),

whereqa; = a if a € Z; andaj = € otherwise foii = 1,2. Under the hypothesis (10.6),
there exists a transition i@, or in Q2 with a corresponding labeat;. We assume
01 = a and a transition irQ, and show that there exists a transition[R]]||[Q2] .
which entails a transition ifiQ1||Qz]] and whose target states lieRa. Afterwards we
must show that they lie also R,. An analogous argument can be madeJf= a and
there is a transition Q1.

We assume a transitiaity, z|.o,) Zq, (15,71 q,) with
z/lplﬁsz XllP]_ﬁQp (109)

so that the transitiotky, 12, Y1) < [pj/(10,] (KL 15,Y1) exists with

Vil = Xlp and (10.10)
Vil = Zlo,- (10.11)
Then((ky,l2,y1), (11,12,21)) € Ry implies that there exigt, I, and a transition

. .
(I1,12,21) =0, (11,12, 2)
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with ((K;.15.y4). (11.%.2))) € Ry, which implies(i1, 211g,) %o, (11,2 lo,). We now
demonstrate that the target states of the transition ligiby showing that there is
a transition in[[P])||[Q]], which entails a transition ifiQ1||Q.]] and whose target
states lie irR,. This creates a transition [f]||[Q1]] if Z | g,~p,= X |0,nr,. Note that
Varg, NVarp, C Varg, UVargg, C Varp,. With Ry and (10.10) follows that}] g,np,=

}/]:i,r?lmpzz X/J,lepz. Therefore the transitio(kz,ll,yz) i)[[Pz}]H[[Qlﬂ (k/2,|1,)/2) exists
wi

Yalp, = Xlp, and (10.12)
Yol = 24l - (10.13)

Then((kz,l1,Y2), (I], l2,2;)) € Ry implies that there exiﬂi,l_’,i’2 and a transition

~ ~ a ~, - A,
(Ilv |27 ZZ) —Q|Q2 (lia |/27 Z,Z)

with (K, 11,5), (11,15,2)) € Ro. Note thatarp, NVarg, C Varg, UVarog, C Varp,.
With R2 and (10.12) Tollows that; 1p,nQ,= Yo lPno,= X} lpno,. Because (10.9) is
the only restriction orfl5, Z | g,), we are free to chodg =15 andZ | g,= %,/ q,. This
fulfills the conditions of{(10.5) and concludes the proof. O

Note that ifR, Q; are TTS-compositional HIOA, (10.3) and (10.4) in Theofef®9.
take the simpler but equivalent form

[P1]|Qell [Q:]]Q2] and
[Qul[P2l Q11| Q2

The A/G-condition is trivially fulfilled if for every labelr Labgi NLabg, eitherQq or
Q2 is non-blocking, and that in each location@®f||Q; either one has no invariant, so
that in at least one of them timed transitions are alwaysledab

The A/G-condition|(10.6) looks similar to the requiremefitsomulation for the
composed automata, but differs in two important pointssthjr the target states are
not required to lie within the relation, so there is no fixethpeomputation necessary.
Secondly, itis only required that either one@f or Q» has a corresponding transition.

=
=

10.2.1 Trimming

The A/G-condition (10.6) is nearly identical to the caseateel already in Part Il on
systems without shared variables, and a similar trimminguggiested in Sects. 7.2.1
and 7.2.2 can be applied. On has to additionally take cate’n}wqui: x’ipmi holds.
To operate on relations that referRoQq, Q- instead o, Qj, Q1||Q2, one can use the
following relationsR; for (i, j) € {(1,2),(2,1)}:

Ro= {((k 1.y, (1i,v0)) 305,202 (1, w), (1,15, 2)) € R,
vi=2lg}- (10.14)
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Example 10.2.Consider the level monitor and its specifications given inlBx1. Let
the parameters beger = 200, X = 20, Xy = 180, x = 30, X, =176, 1, =2, =5,
rq=1,r4 =3, 5 =1 Foraninitial set of stated0 < x < 160, d = 0, the verification
is successful. The sets of critical stateg ind Dg, are empty, and the condition of
Def.[9.3 for containment of the initial states is fulfilled.

10.2.2 Checking the Initial States

To finalize the A/G-proof, it must be shown that all the iritates ofP,||P> have

a matching initial state of1||Q2 in R. For the simulation relation (4.10), it must be
shown that for allky, kp, ), (k1,X|p,) € Initp,, (kz,X|p,) € INitp, there exists;, yi, [}, 2;
such that:

o ((ki1jy0): (,15,2)) € R,
* Vilr=X|p,

* Vilg=2lq; Yilg€ Initg;,
® 7]ge€ Initg,.

Recall from Sect. 4.2.3 that there exist cases in whRghand R, exist, but no
simulation relation can be constructed frén and R, that contains the initial states
appropriately, even though a glob& exists andPi||P, < Q1||Q2 holds. A suffi-
cient condition for the containment is that for &, l2,y1) with (ki,y1lp,) € Initp,,
(I2,y1lq,) € Initg, and(ly,v1) € Initg, there exists(fz,il) with 21 | g,= v1 such that
((ka,l2,y1), (11,12,21)) € Ry. Alternatively a symmetric argument is valid fBp.

10.3 Related Work

In [HMPO1], Henzinger et al. present an extension of thewgleage Masaccio and
show that it supports assume/guarantee reasoning foretiksand linear hybrid au-
tomata. Their frameworks includes hierarchical modeliagabilities as well as a
serial composition operator. However, the soundness oAtBerule is restricted to
certain cases, e.g., that the components cannot deadkeckatly. In our understand-
ing this corresponds to the case of unrestricted inputs apiatienabledness, and is
contained as a special case in our A/G-conditions. The ebaprpvided in this pa-
per relies on periodic sampling of the states, which fulftls sufficient condition for
compositionality given by Theorem 9.14.



Chapter 11

PHAVer - A Novel Verification Tool for
Hybrid Systems

Systems with discrete as well as continuous dynamicshiérjd systems, are notori-
ously complex to analyze, and the algorithmic verificatibinygbrid systems remains
a challenging problem, both from a theoretic point of viewed as from the imple-
mentation side. Ideally, one would like to obtain either aaat result or a conservative
overapproximation of the behavior of the system, e.g.,@aséhof reachable states. An
exact computation is possible with linear hybrid automatdX) [Hen96], which are
defined by linear predicates and piecewise constant boumdiseoderivatives. They
were proposed and studied in detail by Henzinger et al. ésge,[Ho95] for an exten-
sive discussion) who presented in 1995 a tool called HyTeahdould perform vari-
ous computations with such systems [HHWT97]. It featuredvegptul input language
and functionality, but suffered from a major flaw: its exattrametic was using limited
digits, thus quickly leading to overflow errors. While it wagsessfully used to ana-
lyze a number examples, see, e.g., [HWT96b, Tom96,  ®EFHPWTO01, CEGO01],
the overflow problem prevents any application to largeresyst

The valuable experiences with HyTech have prompted a nuofltseiggestions for
improvement, a summary of which can be found in [HPWTO01]. Werasls the most
pressing ones with PHAVer (Polyhedral Hybrid Automatonifyer), a new tool for
analyzing hybrid automata with the following features:

e exact and robust arithmetic with unlimited precision,
¢ on-the-fly overapproximation of piecewise affine dynamics,
¢ improved algorithms and termination heuristics,

e support for compositional and assume-guarantee reasgning

INot addressed are more advanced input capabilities likaruiey, templates and directional com-
munication labels, since we consider these easily and npg®griately handled by a GUI-frontend or
editor. A simple procedure for modeling directional comneation with hybrid automata can be found
in [HLFEO2].
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PHAVer's extended functionality and computational robess open up new applica-
tion domains as well as research issues that were abandeoadde of the limitations
of previous implementations. Exact arithmetic brings, ddlition to the satisfaction
and beauty of formal correctness, the significant advarabgeeparation of concerns.
Problems of convergence, combinatorial explosion and et@mohinism can be identi-
fied as such, which is very difficult if they are intertwinedthvhumerical difficulties.
In our experience, this greatly aids in the understandirgysfems and analysis meth-
ods, since without exactness one can be quickly misled tibatid complications to
numerics. We give a brief overview of the functionality of R¥r, and illustrate
our on-the-fly algorithm for overapproximating piecewiséng dynamics with LHA,
which partitions locations with user-specified constimetcording to a prioritization
function. The applicability and competitiveness of PHAVememonstrated with a
navigation benchmark proposed in [FI104].

Computations in PHAVer use convex polyhedra as the basicstiateture, and ap-
ply the Parma Polyhedra LibraryPPL) by Roberto Bagnara et al. [BRZH02]. The
PPL supports for closed and non-closed convex polyhedrasract arithmetic with
unlimited digits. While floating point computations are ingmtly faster than exact
arithmetic, there is a considerable overhead and tweakimajed, e.g., to solve prob-
lems like containment and equality, that is unnecessarnnwbeputing exact. On the
other hand, exact computations usually lead to a signififamtt exponential rise in
the length of the coefficients of polyhedra. To manage thepetational complexity,
we propose overapproximating methods to limit the numbditsfin the coefficients
and to limit the number of constraints used to describe padyd. Experimental results
show that the overapproximation is negligible, and the dppe@mounts to more than
an order of magnitude for systems that are still computalitle @actness. For more
complex systems, where the analysis with limited compjestitl performs well, exact
methods very rapidly reach the computational limits.

In the following section, we present our experimental impdatation of simula-
tion and assume/guarantee reasoning in PHAVer and ilbestia PHAVer syntax with
some small examples. In Sect. 11.2 we give an overview onegaehability algo-
rithm implemented in PHAVer, and the operators involved. d&scribe the on-the-fly
overapproximation of affine dynamics, and give experimemtsults for a navigation
benchmark. In Sect. 11.3, we propose methods to reduce tinglexity of polyhedral
computations by conservative overapproximation. Expenital results for a tunnel-
diode oscillator circuit show the effectiveness of the apph. The chapter concludes
with Sect. 11.4 on related work.
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11.1 Simulation Checking and Assume/Guarantee-Rea-
soning

We illustrate the simulation checking in PHAVer with the kdevel monitor exam-
ple from Chaptelr 8. It is a paradigmatic example for provingaitance of a system
with feedback controller with assume/guarantee-reagprimder the assumption that
the controller guarantees the invariant, the controllestesy remains in a restricted
operating region that corresponds to the invariant. Tharasfguarantee conditions
break this circularity, which otherwise would be unsounet fikst present a simulation
check for the composed system, and then verify the same tyopth decomposed
specifications and assume/guarantee reasoning. An exiterdgon of the tank level
monitor example will be used to present experimental redolt the computational
gains.

The system consists of two components, the tanknd the controlleP,, which
we model with linear hybrid automata. The hybrid I/O-autéomamodeling the tank
is shown in Fig. 11.1(a), and the corresponding PHAVer madé&lig.|11.1(b). The
tank has an inlet valve that can be opened and closed by theten and a constant
outflow that results in a net outflow if the inlet valve is cldsand a net inflow if it is
open. The model boundaries are marked with transitionsavigtibelerror in order to
detect when the model runs the danger of surpassing them.

We give a brief summary of the syntax. The definition of theomdton begins
with the declaration of the controlled variablend the synchronization labels. Then
the location filling is defined with its invariant, and witls time derivative given as a
linear predicate over. Note that in the declaration of the derivativei t { ...}, the
derivative is simply written as. The transitions are defined in the form

when guard sync label do {transition relatior} got o target location

The transition relation and guard are redundant predieaiesomewhat redundant, but
guards are often used in modeling hybrid systems and threreémvenient to include.
The guards are combined with the transition relation by thesgr. The transition
relation is defined as a linear predicate ovendx’ , wherex’ denotes the value of
after the transition. Unrestricted predicates that ar@tbhbyTr ue. The initial states
are declared at the end with a comma separated list of loatiames and predicates
adjoined to each location k8

A HIOA model of the controller and its PHAVer implementatiane shown in
Fig. 11.2. It has a timed, declared as a controlled variable, and measures the tank
level x, which is declared as an input variable. The controller damihe tank level
everyd seconds and decides instantly whether to open the vahag it|a@r do nothing.
Itis the task of the controller to keep the tank lexalithin certain limits, i.e., to ensure
invariance of an intervakm, xu] for the variablex. This is a global specification for the
composed system, and is modeled by the HIQAhown in Figl 11.3. The invariant
interval is specified as in the invariant @ and self-loops permit all labels except
error. The specification is therefore only fulfilled if the systeemains within the
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filling
0 < X< Xover
L <x<r

open undefined

draining
0 < X < Xover
—fg <X< —ryg

(a) Hybrid automaton

aut omaton P1

state_var: X;

syncl abs: open, cl ose, error;

loc filling: while 0 <= x & x <= x_over wait {r_il <= x & x <= r_ih};
when True sync close do {x' ==x} goto draining;
when True sync open do {x’==x} goto filling;

when x==x_over sync error do {x'==x} goto undefined;
loc draining: while 0 <= x & x <= x_over wait {-r_dh <= x & x <= -r_dl};

when True sync open do {x'==x} goto filling;
when True sync close do {x'==x} goto draining;
when x== sync error do {x'==x} goto undefined;
I oc undefined: while True wait {True};
initially: filling & x_0l <= x & x <= x_0h;
end
(b) Input file

Figure 11.1: Model of tanke;
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close
X = Xp

X < X< Xp

checking
d=1
d=0

(a) Hybrid automaton

aut omat on P2

state_var: d;
i nput _var: X;
syncl abs: open, cl ose, t au;

loc idle: while 0 <=d &d <= delta wait {d==1};
when True sync tau do {d'==0} goto checking;
loc checking: while d == 0 wait {d==1};
when x <= x_| sync open do {d' ==d} goto idle;
when x >= x_h sync close do {d ==d} goto idle;
when x_|I < x & x < x_h sync tau do {d’ ==d} goto idle;
initially: idle & d==0;
end

(b) Input file

Figure 11.2: Model of controlle®,

aut omaton Q
state_var: X;
syncl abs: open, cl ose, error, tau;
I oc al ways:
while x_m<=x & x <= x_M
wait {True};
when True sync open do {True} goto always;
when True sync close do {True} goto always;

when True sync tau do {True} goto al ways;
initially:
always & x_m<= x & x <= x_M
end
(a) Hybrid automaton (b) Input file

Figure 11.3: Model of specificatio
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model boundaries, which were staked off by error transstion
We will first verify the composed system by checking for siatidn, and then
check for assume/guarantee simulation. We define coefficien

x_over := 200; X_m .= 20; X_M = 180
x_| .= 30; X_h = 175, r_il =2
r_ih = b5; r_di = 1; r_dh =3
delta = 1; x_0l .= 40; Xx_0Oh ;= 160

PHAVer by default initializes the simulation relation witie convex hull of the reach-
able set. We turn this option off witBl M_PRI ME_W TH_REACH=f al se; Then we
define the system withys=P1&P2; and compute the simulation relatiéhwith the
commandR=get _si n( sys, Q ; This produces the following output:

Conposi ng automata P1 and P2

Assigning discretely reachable states to sinulation relation
Fi xpoi nt conputation on simnulation relation

Sinmul ati on Rel ation converged after 5 iterations.
State relation size:4 loc pairs, 20 conv. polyh.
Ini states in sinulation relation: yes

First, P, andP, are composed. Then the simulation relation is initializenwin-
constrained predicates for the locations that are reaelimldboking only at which lo-
cations are connected by discrete transitions. Then thalaiion relation is computed
with a standard fixpoint algorithm similar to the one presdrin Sect. 6.3. Finally, the
initial states are tested for containment. We can out putetagion withR. pri nt ;
and the output is shown in Fig. 11.4. For each location pailisinction of convex
linear predicates is shown. The conjunctions are repreddoy commata, and one
element of the disjunction per line is shown. We now demaistthe assume/guar-
antee verification of the specification. First, decompogegtificationsQ; are chosen
for each component of the system. For the A/G-specificafipiof the controller we
chose the invariant set, and it is equal to the global spatificQ except thak is an
input instead of a controlled variable. The A/G-specifimafQ; of the plant, i.e., the
component to be controlled, is its behavior restricted ts thvariant set. Both are
shown in Figl 11.5.

First we verify that the decomposed specifications indeeataquiees the global
specification. Wittspec=QL&®; andi s_si n( spec, Q ; we get

Conposing automata QL and Q@

Checking QI~@ <= Q
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State relation:

[0,0]:

1(3): x - x> =0, x > 200

2(3): x - x> =0, -x" >>=-200, d >1

3(3): x - x> =0, -d>0, -x >=-200

4(3): x - x* =0, -x >0, -d> -1, d>=0
5(3): x - x’ =0, -x + 5+xd >= -175, -d >= -1, d >= 0, x >= 20
[2,0]:

1(3): x - x> =0, d>0

2(3): x - x> =0, -d>0

3(3): d=0, x - x =0, x> 200

4(3): d =0, x - x* =0, -x > -180, x >= 20
5(3): d =0, x-x" =0, -x >0

[3,0]:

1(3): x - x’ =0, -x >0

2(3): x - x* =0, -x > -200, x’ >0, d>1
3(3): x - x> =0, -d>0, -x > -200, X’ >=0
4(3): x - x> =0, x > 200

5(3): x - x* =0, -x > -180, -d >= -1, d >= 0, x + 3*xd >= 23
[5,0]:

1(3): x - x =0, d>0

2(3): x-x" =0, -d>0

3(3): d=0, x-x" =0, -x>0

4(3): d =0, x - x> =0, x > 200

5(3): d =0, x - X =0, -x > -180, x >= 20

State relation size:
4 loc pairs, 20 conv. polyh.

Figure 11.4: Simulation relation fé* < Q

Primng sinulation relation (convex hull reach)
Conputing reachabl e states of QL~Q@

Conputing reachable states of Q
Fi xpoi nt conputation on simulation relation

Sinmul ati on Rel ation converged after 2 iterations.

Found no bad states.

State relation size:2 loc pairs, 2 conv. polyh.
Ini states in sinulation relation: yes

We recall the structure of the assume/guarantee proofhatfar linear hybrid au-
tomata we need not differentiate between the TTS-semaantidgshe automata them-
selves:

P|Q = Q1|Q2
QP = Q1]|Q2
A/G conditions

PP, = QfQ2

The reasoning is obviously circular: With the first ineqtyalive check whether the
plantP; restricted to the invariant s€, indeed exhibits the restricted dynam@s. In
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aut onat on QL
state_var: Xx;
syncl abs: open, cl ose, error;
loc filling:
while 0 <= x & x <= x_over
wait {0 <= x & x <= r_ih};
when True sync close do {x’'==x} goto draining;

filling
0<x<ii

open when True sync open do {x’'==x} goto filling;
| oc draining:
open while 0 <= x & x <= x_over
P close wait {-r_dh <= x & x <= 0};
when True sync open do {x'==x} goto filling;
close when True sync close do {x' ==x} goto draining;
draining initially:
“fg<x<0 filling & x_0l <= x & x <= x_0h;
end
(a) Hybrid automato, (b) Input file forQ;

aut onat on Q

i nput _var: X;

| oc al ways:
while x_m<= x & x <= x_M
wait {True};

when
initially:
always & x_m<= x & x <= x_M
end
(c) Hybrid automator®), (d) Input file forQ»

Figure 11.5: A/G-specifications
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the second inequality, we verify that the controlReygiven the restricted plant dynam-
ics, guarantees the invariant. The assume-guaranteetiomsdiill ensure that this
circularity is broken, i.e., that both remain always in tlegion of their mutual guar-
antees. The assume/guarantee verification is implemestachgbrid version of the
composite trimming algorithm in Fig. 4.5 of Sect. 4.2.2, Seet! 7.2.2 for the hybrid
formulation. We start the verification with the commaaut_si n( P1, P2, QL, Q) ;

The simulation relation®; andR; for both inequalities are computed. First the one
for P[] Q2 < Q1| Q2

Checki ng A/ G simul ati on P1&P2<=QL&QR

Fi

Conposing automata QL and @

Getting sinrel R1
Conposing automata P1 and Q@

Primng sinulation relation (convex hull reach)
Conputing reachabl e states of P1~-Q@

Conputing reachable states of QL~Q
Xpoi nt conputation on simulation relation
Sinmul ati on Rel ation converged after 2 iterations.

Found no bad states.
State relation size:2 loc pairs, 2 conv. polyh.

Then the one foP, || Q1 < Q1| Q2:

Conposing automata P2 and QL

Prim ng sinulation relation (convex hull reach)
Conputing reachabl e states of P2~Ql

Conputing reachable states of QL~-Q

Fi xpoi nt conputation on simulation relation

Sinmul ation Rel ation converged after 4 iterations.
Found no bad states.
State relation size:4 |loc pairs, 4 conv. polyh.

Then the sets of potentially violating stat@&8! for discrete transitions aril'® for
time elapse, are computed and subtracted fRemndR,, which must afterwards again
be subjected to a fixpoint computation to turn them back imwkation relations. The
check concludes with testing whether the initial statesargained:

Getting Dtr and Dte
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Fi xpoi nt conputation on simulation relation

Si nul ation Rel ation converged after 2 iterations.

Found no bad states.

State relation size:2 loc pairs, 2 conv. polyh.
Fi xpoi nt conputation on simulation relation

Sinul ation Rel ation converged after 4 iterations.
Found no bad states.
State relation size:4 loc pairs, 4 conv. polyh.
Ini states in Rl: yes
Ini states in R2: yes

Ini states in simulation relation: yes

The A/G-check came to the same result, albeit not with areas® in speed due to
the small size difference between the system and the A/Gifggaions. The simula-
tion check of the composed system took 1.9 s, while the A/Eigation took 6.2 s in
total.

The tank level monitor in the above form is not large enougttie assume/guar-
antee reasoning to pay off. We extended both models withtiaddl locations to
obtain a parameterized result over the size of the model.cbh#&oller was extended
by nc locations and a min. and max. sampling time. The locatioaseatered after
the control decision, representing other tasks that megjte up the controller’s time.
The simple tank model was replaced by a LHA-approximatioa nbnlinear model,
which was presented as Examlple 5.3. The square-root chestictof the outflow of
the tank was approximated Iy intervals, resulting in &r locations, one each for the
draining and filling modes.

Table[11.1 show the results for an Intel Pentium 4M with 1.2GF68MB RAM.
With increasingn = nt = nc the A/G-reasoning (A/G-Sim.) shows a clear advantage
over simulation checking of the composed system (Sim.) exed over a convex-hull
reachability analysis (Reach.). This correlates with the sif the simulation rela-
tions, |R| for the composed analysis afdR;| = |Ry| + |Ry| for A/G-reasoning, each
measured in the number of locations. For both analyses Wittbmposed system,
i.e., simulation and reachability, the composition costdmes the dominating factor.
However, even the net time of the reachability analysisfliesh = 80 at over 60 s,
which clearly demonstrates the superiority of the assunaefmtee approach.

11.2 Reachability Analysis

A reachability analysis computes all states that are cdededo the initial states by
a run. PHAVer enhances the standard fixpoint computatioorigthgn for reachability

with operators for the partitioning of locations and the @lification of sets of states.
The partitioning of locations is used when affine dynamiesaerapproximated with
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Table 11.1: Analysis of extended tank level monitor model

n Sim.  Reach. A/G-Sim. |R| Y |R|

1 0.46 s 0.30s 1.21s 4 6
10 10.67s 3.67s 528s 183 42
20 33.70s 14.49s 9.76s 490 82
40 197.53s 109.07s 19.44s 2030 162
80 1826.59s 1217.35s 43.13s 9312 318

LHA-dynamics, where locations are split into smaller paotémprove the accuracy.
The simplification operator fulfills two purposes: Firsttiie overapproximation of
sets of states with a simpler representation keeps the eaitypfrom growing beyond
computationally manageable limits. We propose methodsriib the number of bits
and the number of constraints used in describing sets @sst&econdly, since termi-
nation is not guaranteed for linear hybrid automata, oy@@pmation of the sets of
states as well as the set of derivatives can be used to aateet®mnvergence and possi-
bly force termination by reducing the model to a class wheaghability is decidable.
The challenge lies in trading speed, termination and resoconsumption against the
loss of accuracy.

The algorithm used in PHAVer for computing the set of reatdhalates is shown
in Fig./11.6. We give a brief summary of the operators uset!XL.& andYs,...,Y; be
arbitrary sets of states, each described by a set of convglguira for each location.

Post-Operators: The operatotime _elaps€X,Y) computes the successors of a set
of statesX by letting time elapse according to a ¥ethat attributes a set of derivatives
to each location. The successors of discrete transitiangiaen bytrans pos{X). A
detailed description can be found in [Ho95].

Overapproximating Operators: The operatocheap differencéX,Y) computes a
overapproximation oK \ Y by returning the polyhedra i¥ that are not individually
contained in some polyhedraXf The gain in speed usually far outweighs the fact that
more states are iterated than necessary [Ho95]. Wiibn approxX,Y), the union of
new stateX and old state¥ can be overapproximated, e.g., by using the convex hull.
This must take place before thiene elapseoperator in order to be sound. For exact
computation, the operator is skipped. If there are no netest®r a location then
the operator returns the empty set for that location. 3ihglify operator is used to
reduce the complexity the representation of states by ppeoaimation. It can also be
applied to the set of derivatives in the location. Currentasin PHAVer forsimplify
include a bounding box overapproximation, limiting the maenof bits used by the
coefficients of constraints, and limiting the number of ¢oaiats.
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procedure GetReach
Input: a set of initial state§
Output: the set of stateSg reachable frong
(S,{S}) ;= partition_loc(S,{S });
W, S :=time_elaps€s);
while W # 0 do
N := trans pos{W);
(N, (S,SR,W)) := partition_loc(N, (S, Sr,W));
N := cheap differencéN, SR);
N :=union approXN, R);

N := simplify(N);
N :=time_pos{N, simplify(time_deriv(N, Inv)));
SRi=KRUN;
W:=N
od.

Figure 11.6: Reachability Algorithm in PHAVer

Partitioning Operators: The operatorpartition_loc(X, (Y1,...,Y;)) partitions the
locations with states iX as described in Sett. 11.2.1 and maps the statés.in,Y;

to the new set of locations. Witlime deriv(X,Y) the set of derivatives is computed
that any state iiX might exhibit, provided that the states are confined:to

time deriv(X,Y) = {(I, f(t))|3(I,v) € X, f € Act(l),t e R=0:
(fO)=vaWt' ,0<t' <t:f(t')eY)} (11.1)

In the following two sections we propose methods for lingtihe number of bits
and constraints in polyhedral computations. The pariitigiof locations and the over-
approximation of affine dynamics with LHA dynamics are dissed in Sect. 11.2.1.

11.2.1 On-the-fly Overapproximation of Affine Dynamics

While PHAVer's computations are based on linear hybrid aatanmodels, it also
accepts affine dynamics, which are then overapproximatederwvatively. The ap-
proximation error depends on the size of the location anddymamics, so PHAVer
offers to partition reachable locations during the analy$he partitioning takes place
by splitting locations recursively along user-defined hpfanes until a minimum size
is reached or the dynamics are sufficiently partitioned.

Therelaxed affine dynamicsre given by a convex linear predicate for its deriva-
tives, i.e., a conjunction of constraints

alx+a x> by,  a,4 €Zb eZre{<,<,=} i=1..m (112
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for each location. In the following, we assume the equalit® be modeled using
conjuncts of pairs of inequalities. In a locatitot, the constraints (11.2) are overap-
proximated conservatively with constraints of the fomw < B, aj € Z", 3 € Z, by
finding the infimum of{(11.2) inside the invariaimv(loc). Let

p/a=_inf &'x,  pgeZ.
x€lnv(loc)

If p/q exists, the set of that fulfill (11.2) is bounded by x < bi — p/q, otherwise

the constraint must be dropped. The linear constraint isrnthien given byo; = ga;,

B =ab —p.

The resulting overapproximation error depends on the sizbeolocations and
the dynamics but can be made arbitrarily small by definingabiy small locations.
PHAVer does so by recursively splitting a location along iéedile hyperplane chosen
from a user-provided set. The splitting is repeated in reblghlocations until a certain
threshold, e.g., a minimum size, is reached. We accountiéodynamics of the system
using the spatial angle that is spanned by the derivativaddcation. Let thespread
<(X) of a set of valuations be defined as

<(X) = arccos mirx"y/|x||y|}
x,yeX

and the spreadigeriv(l0c, X,Y) of the derivatives of state¥ confined to state¥ in
locationloc as

<geriv(l0c, X,Y) = < ({v|(loc,v) € time deriv(X,Y)}).

The spread of the derivatives is used in two ways: The pamtiig of a location is
stopped once the spread is smaller than a given minimumearahstraints are prior-
itized according to the spread of the derivatives in thetiooaafter the splitting.

Recall that a hyperplaneis defined by an equatioaqT]x = by, where the normal
vectoray, determines its direction and the inhomogeneous tgyits position. Let the
slackof hin a locationloc be defined by

Alap) = max alx— min alx.
xelnv(loc) xelnv(loc)

In PHAVer, the user provides a list of candidate normal vecdg; and the minimum
and maximum slack that the hyperplanes will have in the fi@mgd locations, i.e.,

Cand= {(ah,LAmin,lyAmax,l), ce (ah,m7Amin,m7Amaxm)}~

This allows the user to include expert knowledge by choogilages and location
sizes suitable for the system. The candidate hyperplaegz@ritized according to a
user-controlled list of criteria. We consider the critdnde a map

split_crit : {a"xpablae Z", b e Z} x Locx 2% — (RUoo U —w)?
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that attributes a-tuple of prioritizing measures, evaluated lexicographyc to each
constraint, and takes into account set of valuations censiof interested. Two spe-
cial symbols are includede voids the constraint, but it can be overruled by,
which takes precedence over all other factors. The cugrémiplemented measure
split_crit(a"x>a b, loc,N), whereN is the set of reachable states in the location, takes
into account the following:

1. Prioritize constraints according to their slack:

split_crit, = { vo(ah)/Amin-,h 'c‘:tAh(earhvzlizeémin,m

2. Prioritize constraints that have reachable states anbyne side:

L 1 ifIx,XeN:a'x<bra'™x >b
spliterita =1 o Gherwise.

3. Prioritize constraints according to the spread of thévdtives. Discard con-
straint if a minimum spread iy is reached and the slack is smaller tiggn:

—<deriv(loC, N, Inv)  if <tgeriv(loc,N,InV) > <tmin
split_crity = V A(an) > Amaxh,
00 otherwise.

4. Prioritize constraints according to the derivative aprafter the constraint is
applied:

split_crit, = —max{<tgeriv(loc,N, {(I,x) € Inv| a'x < b}),
<IderiV(IOCaN7{(|7X) € |nV| aTXZ b})}

For efficiency, the partitioning is applied on-the-fly aswhan the reachability
algorithm of Fig/ 11.6. The algorithms for splitting a loicat, and partitioning the
location with the prioritized candidate constraints arevahin Fig. 11.7 and Fig. 11.8.
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procedure SplitLocation

Input: Hybrid I/O-automatorH = (Loc, Vars, Var,, Varg, Lab, —, Act, Inv, Init),
locationloc, constrainaTx > by, splitting labelry,
list {Y1,...,Yn} of set of states dfl for remapping

Output: Hybrid I/O-automatorH with split locationloc

Loc={l € Loc| | #loc} U{(loc,<),(loc,>)};

—:={(l,a,u,l") e— |l #locAl’ #loc}
u{(l,a,u,(loc,<)),(l,a u,(loc,>)) | (I,a,u,loc) e—}
U{((loc,<),a,u,1"),((loc,>),a,u,1") | (loc,a, p,l) e—}
U{(I, Tn,{X =x|x € Var},l") | 11" € {(loc, <), (loc,>) } };

Act={l — x(t) € Act| | #loc}

U{(loc,x) — Xx(t) | loc+— x(t) € Act,xe {<, >}
for Se {Y1,...,Ya} U{lInv,Init} do
S={(l,x) € S| #loc}
U{((loc,>),x) | (loc,x) € SAalxa by, <€ {<,>}}
od.

Figure 11.7: Splitting a location along a hyperplane

procedure partition_loc

Input: Hybrid I/O-automatoH = (Loc, Vars, Var,, Varp, Lab, —, Act, Inv, Init),
set of investigated stat®§ set of candidate constraints
Cand= {(ah,LAmin,LAmaxl), - (%,m»Amin,m7Amum)},
list {Y1,...,Yn} of set of states dfl for remapping

Output: Hybrid I/O-automatorH with locations inN partitioned

for loc € {l € Log3x: (I,x) € N} do

do

fori=1,...,mdo

i N

bi:=1/2( max al;x+ min aﬁ-x);

xelnv(loc) xelnv(loc)
ci:=split_crit(aﬁ7ix = bi,loc,N)
od;
k:=argming;;
i=1...m

if o0 ¢ ¢V —o0 € ¢ then
SplitLocatior{H, loc,af X = by, T, {Y1,...,Yn})
od '
while k exists andeo ¢ ¢,V —o0 € ¢, 0d
od.

Figure 11.8: Partitioning states with a set of candidatestraimts
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11.2.2 Example: Navigation Benchmark

We illustrate the reachability analysis of PHAVer with a blemark proposed in [F104].
It models an object moving in a plane, and following dynarhjca set of desired
velocitiesvy(i) = (sin(irr/4),cogin/4))T, i =0,...,7, wherei is attributed to each
unit square in the plane by a given mdp A special symbohk denotes the set of target
states, and denotes the set of forbidden states for the object. We wérifiat the
forbidden states are not reachable for the instances shoWwigi 11.9, whose maps

are given by:
2 4 2 4
3 4 | ,Mnavos = 2 4.
2 A 1A

The dynamics of the 4-dimensional state ve¢tqrxz,v1,v2)T are given by

x\ (01 x\ (0 0 witha— [ ~12 01

v) (0A v A vg(i) /)7 n 01 -12 /-
The initial states for for NAVO1-NAV03 are defined &y € [2,3] x [1,2], for NAV04
by xo € [0,1] x [0,1], and

NN
PN ®

Mnavo1 = Mnavoz = Mnavos = (

Vo,NAVO1 € [—0.37 0.3] X [—0.37 0], Vo,NAVO2 € [—0.3, 0.3] X [—0.3, 0.3],
Vo,NAVO3 € [—0.4, 0.4] X [—0.4, 0.4]7 Vo,NAVO4 € [0.1, 0.5} X [0.05, 0.25].

As splitting constraints we useand= {(v1, 01, %), (V2, &, )}, where appropriaté
were established by some trial-and-error runs, @miit_crit;) as splitting criterion.
Note thatxy, X, need not be partitioned, since they depend only.drhe other analysis
parameters were left at their default setting. While we neespecify bounds for the
analysis region, we can handle the unbounded case by clggbkitthe reachable state
space is strictly contained in the analysis region. Allanses shown were obtained
with a-priori bounds of—2, 2] on the velocities, and the reachable velocities remained
within an interval[—1.1, 1.1], which confirms our a-priori bounds as valid. Figure 5.2
shows the set of reachable states computed by PHAVer asla @smputation times
and memory consumption are shown in Tdble 11.2, and werénebtan a Pentium
IV, 1.9GHz with 768 MB RAM running Linux. For the instances NBY—NAVO03, the
analysis was fairly straightforward, wih = 0.5. For the instance NAV04 we had to
setd = 0.25, and the analysis did not terminate at first. We appliedwsistec: The
convex hull was computed for the first 20 iterations for spéeeh switched to normal
reachability, and at iteration 40 a bounding box simplifmatvas triggered manually.
In comparison, for a predicate abstraction tool the follgyvtimes were reported in
[lva03]: For NAVO1-NAV03 34, 153 (68MB) and 153 (180MB), respectively, on

a Sun Enterprise 3000 (4 x 250 MHz UltraSPARC) with 1 GB RAM.
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Figure 11.9: Reachable states of the navigation benchmajqped to thex;, xo-plane
(initial states darkest, arrows show terminal velocitylfmration)
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Table 11.2: Experimental results for the navigation beratkm

Automaton Reachable Set
Instance Time Memory lter. Loc. Trans. Loc. Polyh.

NAVO1 34.73s 626 MB 13 141 3452 79 646
NAVO2 62.16s 89.7MB 13 153 3716 84 1406
NAVO2 41.05s 53.7MB 13 148 3661 84 84
NAVO3 61.88s 90.0MB 13 153 3716 84 1406
NAVO4' 225.08s 116.3MB 45 267 7773 167 362

i convex hull,i convex hull up to iter. 20, bounding box at iter. 40

11.3 Managing Complexity

A set of symbolic states is described by a linear predichtcbnvex sub-predicates
of which define convex polyhedra, which in turn are descriwed set of constraints.
In exact fixpoint computations with polyhedra, the size afers in the predicate as
well as the number of constraints typically increases willes structure of the hybrid
system imposes boundaries, e.g., with resets or invariafdskeep the complexity
manageable, we propose the simplification of complex palgdnén a strictly con-
servative fashion by limiting the number of bits, i.e., tlmesof coefficients, and the
number of constraints. We reduce only inequalities to presthe affine dimension of
the polyhedron. In practice, both simplifications are agaplivhen the number of bits
or constraints exceeds a given threshold that is significaigher than the reduction
level. The resulting hysteresis between exact computaido overapproximations
gives cyclic dependencies time to stabilize.

11.3.1 Limiting the Number of Bits

We consider thé&h constraintafx > by of a polyhedron of the formx+ b< 0, where

a; is a vector of the coefficientg; € Z of A,i=1,....m, j=1,...,n, s a vector

of signsixi e {<,<,=}, andb is a vector of inhomogeneous coefficiebts Z. We
assume that the;; andb; have no common factor and that there are no redundant
constraints. The goal is to find a new constraiﬁb( > Bi with coefficientsajj having

less thare bits, i.e.,

|aij‘7|Bi|§22_l, (11.3)

with the least overapproximation possible. Expressingitve coefficients in terms of
a scaling factoff > 0, rounding errors;j, |rij| < 0.5 and an error; for the inhomoge-
neous term we get

aij = faj+rij,
B = fb+r;.
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procedure LimitConstraintBits
Input: Polyhedron as a set of constraifts= {a;(rx < bklk=1,...,m},
indexi to constraint to be limited, desired number of lats
Output: new constraintxiT X< by

success= false
f:=min{(2°—3/2)/|ajl,(2*—2)/|bi[ | j =1,...,n};
while —successlo

for j=1,...,ndo ajj :=round(fa;j) od;

q:=mina/x;

xeP

if oy = 0or g= —o then abort fi;

Bi = ceil(q);

if |Bi| < 22— 1then success=true

elsef :=min{f/2—-3/(4la|),(2°—2)/|B| | i =1,...,n} fi,
od.

Figure 11.10: Algorithm for limiting the number of bits of armstraint

There is no a-priori bound am, since it depends on the new directignand the other
constraints that define the polyhedron. With the bounds errifh we get|fa;; +

rij] < 2*—1, and get upper bounds dnusing|rij| < 0.5 and, in the best case, we
expectf; to be close tofb;. Sincef must be rounded strictly upwards to guarantee
conservativeness, we det| < 1 as an estimate:

(2°—3/2)/|aijl, (11.4)

<
< (22-2)/bi. (11.5)

To predict the effects of rounding precisely is difficult awduld lead to a mixed
integer linear prograrﬁ, so we employ a heuristic algorithm, shown in Fig. 11.10. Let
round(x) be a function that returns the next integer betwremd zero, andeil(x)

be a function that rounds to the next larger integer. Firgt,estimatef based on
(11.4),(11.5), then we compute a ngvusing linear programming. I8 has more
thanzbit, we decreasé and start over. The procedure is repeated until all coefffisie
aij = 0, in which case the problem is infeasible. Note that it is qudranteed that
the new polyhedron is bounded. Figlre 11.11 illustrated#sic scheme. The normal
vectorg; of the constraint, shown in (a), is approximateddpyas shown in (b). Linear
programming yields the inhomogeneous teythat makes the constraint tangent to the
polyhedron, as in (c). Rounding gfyields 3;, and the polyhedron outlined in (d).

2The problem is much simpler if the polyhedron is given as aégertices instead of constraints,
since the vertices only have to “snap” to the next points wWithrequired number of bits. However, we
try to avoid enumerating vertices since this is generallgrg expensive operation in higher dimensions.
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Figure 11.11: Scheme of limiting the number of bits

11.3.2 Limiting the Number of Constraints

A set of symbolic states is described by a linear predichtcbnvex sub-predicates
of which define convex polyhedra, which in turn are described set of constraints.
The number of constraints usually increases with the numkiggrations of a fixpoint
computation, which forces us to limit this number to remaithim a computation-
ally feasible complexity. This reduction has been impletadnn literature by means
of, e.g., bounding boxes [BM99], or oriented rectangulatshi$K03]. Instead, we
propose to simply drop the least significant of the constisaias this seems a good
compromise in terms of accuracy and speed. In addition, ¢hstraints in our ap-
plications are, as a whole, invariant with respect to thediogpcomputation. This
invariance has a greater chance of being preserved as gpodsible if we keep con-
straints instead of drawing up an entirely new set. As wittiting the number of bits,
we usually chose to not limit equalities in order to presehecaffine dimension of the
polyhedron. If an equality is to be limited, it must be regddy two inequalities.

We measure the significance of a constraint based on a oriteniit that measures
the the difference between the polyhedron with and withbatdonstraint. LeP be
a set of linear constraints describing a convex polyhedzadpP\' = P\ {alx o< by}
be the polyhedron without it'®#h constraint. Then the difference between the points
containedP andP\' is the polyhedro™ = P\'U {—al x5 — bj}, where(i<i,5) €
{(<,<),(<,<)}, obtained by simply replacing thth constraint with its complement.
It has less non-redundant constraints tRaand is therefore preferable in the formula-
tions below. We consider three methods:

1. volumetric: LetV(P) be the volume of the points containedRn Thencrit =
V(P\) =V (P) =V (P™). Requires”™ to be bounded.

2. slack: Letmnax= max a1-Tx s.t. xe P, Thencrit = (bmax—bi)/||aill, i.e., the
distance, measured in the direction of the constraint, @etwhe points farthest
apart inP™. RequiresP™ to be bounded in the direction &f.

3. angle:crit = —max;; aJ-Ta;. Measures the negative cosine of the closest angle
between the normal vector of th constraint and all others.



11.3 Managing Complexity 159

We consider two general procedures of selectingthest important out ofn original
constraints:

1. deconstruction: Starting from the entire set of constsaidrop then— z con-
straints with the least effect accordingdot.

2. reconstruction: Starting from an empty set of constsaiatld thez constraints
with the greatest effect accordingdat.

While deconstruction is more likely to preserve as much asipltesof the original
polyhedron, construction requires less iteratioma if 2z. The criteria based on vol-
ume and slack require the initial polyhedron to be boundadwhich one could use,
e.g., the invariant of the location. The following examphaltillustrate the difference
between volumetric and angle criteria, and its potentibloumdedness.

Example 11.1.Consider the polyhedron shown in Fiffl.12(a). It has 6 constraints
A-F, whose angles with the neighbors are noted in the graph. ¥olame based
deconstruction with 5 constraints, constraint A is removadesthat causes the small-
est change in volume. The resulting polyhedron is shown llash€&ig.|11.12(b).
The angle based reconstruction with 5 constraints resulteénshaded polyhedron in
Fig.|11.12(b), where the constraints are labeled in the orlhery are chosen: First,
an arbitrary initial constraint is chosen, say constraint The second choice is the
constraint that has the largest angle with C, i.e., that is maygtosed to it. In this
case, this is constraint F, since it has an anglel86° with C. The third choice is the
one that is most opposed to both C and F, here constraint Buseca has an angle
of 90° with both C and F. The fourth constraint is A, with minimum asg@#&5°, and
the fifth is D with a minimum angle 80°. Figure/11.12(c) shows the reduction to 4
constraints. Here the angle based method results in an umiedipolyhedron because
constraint D is not chosen. An algorithm should take thissgmkty into account and
test for boundedness.

The construction method with an angle criterion was thes&ish our experiments.
The angle calculations can be sped up by using a look-up tafdle) that maps an
angle to every pair of constraints. This yields an algorithincomplexity O(nn? +
m?), shown in Fig. 11.13, wher€ is the set of candidate constraints afds the
set of chosen constraints. It includes a test that preséineeboundedness &f. H
is initialized with the set of equalities, which are not redd to preserve the affine
dimension of the polyhedron, and an arbitrary initial coaist. Here we choose the
one with the smallest coefficients. In a while-loop, the ¢aist is chosen based on

the best of the worst-cases, i.e., the smallest angle wathdhstraints it. Sinceaj a;

is the cosine of the angle, choosing the smallest anglelatasdinto maximizingajTai.
The constraint is added té and removed from the candidat@sand the procedures
is repeated untilH| > z and the boundedness Bfimplies boundedness ¢f. This
algorithm is in our implementation 1000x faster than a slack based deconstruction
for limiting 400 constraints down to 32 in 4 dimensions.
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Figure 11.12: Example for limiting the number of constraiby volumetric decon-
struction (hashed) and angle based reconstruction (shaded

procedure LimitConstraintsByAngle
Input: PolyhedrorP as a set of constrainrf;{x g by, i=1,...,m,
desired number of constrairgs
Output: PolyhedrorH
fori=1....mj=1....mj>ido
ali,j) =4l a
od;
H := {a] x>y by | k = argmin(max; |axj|) } U {a x> bi| € {=1}};
C:=P\H;
while (|C| > OA (|H| < zV (boundedP) A —boundedH))) do
j =argmin (maxa(i, j)) s.t. a' x<j by € H,a] xqj bj € C;
H := Hu{a]x><j bj};
C:=C\ {aij1><1,- bj}
od.

Figure 11.13: Reconstructing a polyhedron with a limited bamof constraints by
angle prioritization



11.3 Managing Complexity 161

1.2 T I T T T T T T T i I '
10 - i ‘ i
08 | f ‘ _
< 06 -
(o)}
b
=
= 04 -
C
o
5 :
@) i J
0.2 1 —
0.0 _~ .............................. —
02 | -
i | i | i | i | L | i | L
-0.1 0.0 0.1 0.2 0.3 0.4 0.5 0.6

Voltage V [V]

Figure 11.14: Reachable states of tunnel diode circuit inMHeplane, invariants
dashed

11.3.3 Example: Tunnel-Diode Oscillator Circuit

Consider a tunnel-diode oscillator circuit as describedGIKIR04]. It models the
currentl and the voltage droly of a tunnel diode in parallel to the capacitor of a
serial RLC circuit, which are in stable oscillation for thegh parameters. The state
equations are given by

Vo= 1/C(—la(V)+1),
I = 1/L(=V —1/G-1+Vp),
whereC=1pF,L=1uH,G=5mQ1, Vi, = 0.3V, and the diode current

6.0105/3 — 0.991A/2 + 0.0545/ if V <0.055
lg(V)={ 0.0692/3—0.042v2+0.004/ +8.957%—4 if 0.055<V < 0.35,
0.2634/3 —0.2765/2 + 0.0968/ —0.0112 if 035<V.
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Figure 11.15: Reachable states of clocked tunnel diodeitircu

The dynamics were approximated with LHA, similar to the ayh in Sectf. 11.2.1.
Figure 11.14 shows the convex hull of the reachable statetingt from states de-
fined byV € [0.42Vv,0.52V], | = 0.6mA It also shows the invariants (dashed) gen-
erated by the partitioning algorithm using constrai@end= {(V,0.7/128 0.7/16),
(1,1.5/128 1.5/16)}, i.e., max. 128 partitions in both directions, and splgtcrite-
rion (split_critg, split_crit;) with <(min = arcco$0.99). The analysis with PHAVer took
52.63sand 55MB RAM, with the largest coefficient taking up 7352 bitsl @t most 7
constraints per polyhedron.

A stopwatch was added to the system to measure the cycleiténeéhe maximum
time it takes any state to cross the threshiold 0.6uA,V > 0.25V twice. For the
clocked circuit, the number of bits and constraints growsdigt and a more precise
analysis, such as shown in Fig. 11.15 is only possible witfit$ on both. We compare
the exact analysis for constrainBand= {(V,0.7/32,0.7/16), (1,1.5/32,1.5/16)}
with an analysis limiting the bits to 16 when a threshold o &ts is reached, and
a limit of 32 constraints at a threshold of 56. Figures 11al@&nhd 11.16(b) show a
polynomial increase in the number of constraints, and aomsmtial increase of the
number of bits in the new polyhedra found at each iteratidme analysis takes 979s
(210MB) when exact, and 79s (39.6MB) when limited. At a moratiesafold increase
in speed, the overapproximation is negligible and resules ¢ycle time estimate that
is only 0.25 percent larger.
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Figure 11.16: Reduction in bits and constraints for the adctunnel diode circuit,
exact (dashed) and with limits on bits and constraintsq3oli
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11.4 Related Work

Earlier attempts to improve over HyTech started with an@lym specialized on rect-
angular automata, which are LHA whose linear predicatesiéefiulti-dimensional
rectangles, was proposed in [PKWTH98] and implemented basdtle HyTech en-
gine. The set of reachable states is represented by thed Btaites and the intersection
of the reachable states with the faces of the invariants. sEhef reachable states in
a location is then the convex hull of the faces and the ing#l The post operator is
simplified by computing the minimum and maximum time it taka&rsa state to leave
the invariant. A computation of these bounds can be donéyéasi conservative way
with limited precision, and allows the complexity to rembw. The successor sets on
faces are overapproximated with hyperrectangles. Whiteapproach has been suc-
cessfully applied in the two-dimensional case [PSK99], diaerapproximation with
rectangular regions can become excessive for higher diorens

An improvement of this face-based approach was proposdtt@®p], by general-
izing from rectangular regions on the faces of invariantartutrary convex sets. The
algorithm exploits the fact that the faces of invariantsestangular automata are in the
directions of the axes and orthogonal. The precision of tietp defining the convex
region is limited conservatively by replacing each vertigethe 2' vertices ( being
the number of dimensions) resulting from the possible coatiins of component-
wise rounding to the next lower and higher value. The algoribperates solely with
the vertices of polyhedra, whose number can increase erpialig with the dimen-
sion of the system, in addition to the increase introducelinbying the precision.

A later improvement over HyTech by Henzinger et al. usedritiearithmetic to
speed up computations and reduce the complexity [HHMWTOOvéver, the use of
interval arithmetic can quickly lead to prohibitively l&rgverapproximations.

While tools for timed automata usually use exact computatititere are no tools
for hybrid systems apart from HyTech known to us that do sce fliist HyTech pro-
totype was based Mathematica and did not have any numeeistaiations, but it also
was a factor 50—1000 times slower than the later versionchvvas written in C++
[HHWT95]. Our on-the-fly overapproximation essentially foems a partitioning of
the automaton similar to the approach in [HHWT98], where htgger et al. approxi-
mate arbitrary nonlinear hybrid automata with LHA. We uséared passed and wait-
ing list in the reachability computation, a method proposeBDL *01]. A detailed
overview on algorithmic verification of hybrid automata danfound in [SSKEO1].

The partitioning of hybrid automata according to the dyrehias been applied in
literature to simplify the verification problem in variousys, although with different
criteria. The formal foundation for such partitions wasaétished in [HHWT98] by
showing that a timed bisimulation exists under very genesaditions. In [HHB0Z2],
hybrid automata are discretized completely, and discretgetnchecking is applied to
the discrete abstractions. In [SK99], nonlinear hybricbedta are approximated with
rectangular automata.
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To our knowledge, the only other tool with algorithmic suppfor circular as-
sume/guarantee reasoning is Mocha [HLQR99], see p. 62. # nesetive modules,
which can be used to approximate hybrid systems by diset@iiz






Chapter 12

Conclusions

The verification of hybrid systems suffers greatly from tiegtes explosion problem,
more so than discrete systems because of the drastic irdreasmplexity with the
number of continuous variables. The best known solvers dotdan operations on
linear predicates, which are interpreted as polyhedi&"inare limited to around 20
variables for non-trivial problems, with computation tisnef several days even when
using floating point arithmetic. This warrants the applmaof compositional meth-
ods, such as the well established framework for compositi@asoning based on sim-
ulation relations by Grumberg and Long, which we revisitad anhanced in Pdrt I.
As the main contribution of this thesis, we proposed its rsittn from discrete to hy-
brid automata, which required a new semantics to be ablertdl&ahared variables.
This extension takes two forms, presented in Parts Il anof this thesis:

In Part Il we follow a definition of simulation for hybrid autwata given by Hen-
zinger [Hen96], using an equivalence relation to connextestand variables in the
comparison. E.g., a variableiri a specification might represent a physical quantity
with an identical representation in a variakilef the system, while another varialile
in the specification might model timing properties that avé explicit in the system.
An equivalence relation can be used to require xhaiXin all states of the simulation
relation, so that any property expressed in termg whplies that the same property
holds forx. This concept is very general in that arbitrary combinatioflocations
and variables can be related, and other properties, su@irasds, can be included in
the equivalence relation. However, the structural infdiomaseparating locations and
variable valuations is lost during the composition of sggeso that arguing about
shared variables is not possible on the semantic level. ppiecation of this approach
is therefore limited to systems without shared variables.

In Part IIl, we retain the separation of discrete locationd eontinuous variables
in a novel semantics for hybrid systems basechghbrid labeled transition systems
We impose an Input/Output structure on the system and dedjmeadence based on
the values of input- and output-variables. The semantisarerthat automata control
the evolution of their output variables and encode the iavés of hybrid automata




in stutter transitions, thus making invariants expressiblsimulation. Compared to
Part 1l, we lose the ability to restrict the equivalence afdtions, and only consider
identity as equivalence of variables. Most importantly, @e& show with these se-
mantics that simulation based on timed transition systamaséics is compositional
for hybrid automata with unrestricted inputs, and for thedamental class of linear
hybrid automata, which can be used to approximate any hyridmata arbitrarily
close, and are accessible to algorithmic verification.

The results from applying simulation relations in composial reasoning, and the
above extensions to hybrid systems, are summarized in tlog/fog sections.

12.1 Discrete Systems

Simulation relations are an intuitive concept for compagraystems. They are read-
ily and intuitively applicable in compositional reasonjrags proposed by Grumberg
and Long [GL91]. Originally, simulation was defined only Wween automata with
identical alphabets. We propose an extension of this sitmual@oncept to arbitrary
alphabets called-simulation. It is consistent with the classic definitiomce it co-
incides with simulation in the case of identical alphab&test importantly, it retains
the precongruence properties of simulation and we showatdttrs the largest such
extension of simulation. The freedom to compare automagatifrary alphabets en-
ables simpler proofs and slightly smaller models for speaifons. Conveniently -
simulation can be implemented effortlessly in classic $ation frameworks and tools,
since simulation and-simulation easily transpose with the helpGiiaosautomata,
which simply introduce self-loops in every location. Thigrtslation has inspired more
compact simulation proofs and tautologies and should beenégl relevance to the
verification of discrete systems.

Our compositional framework follows in its basic structtinat of Grumberg and
Long. It differs through the use @@haosautomata an&-simulation, and extends
it with some stronger theorems, such as the decompositidhheo$pecification. For
circular assume/guarantee-reasoning, we propose a nm@ qule. Contrary to a
rule by Henzinger et al. proposed in [HQRTO02] we do not rezjuiiceptiveness. We
believe it to be the most permissive rule possible in a sitrarddramework, although
this is yet to be proven.

12.2 Hybrid Systems with Discrete Interaction

Thomas Henzinger proposed in [Hen96] to define simulatiohybrid systems based
on their timed transition system (TTS) semantics, and ttude an equivalence re-
lation for that identifies which states in the system showdeaspond to which in
the specification. We were able to show that, if the systerasesho variables, the
TTS-semantics and the parallel composition operator caimnand all properties of



labeled transition systems can be transferred directlytoith automata. As a con-
sequence, TTS-simulation for such hybrid systems is coitipoal, and the com-

positional framework of Part | can be applied as long as thrikition relations are

contained in the equivalence relations associated withdh@parison of automata. We
extend the major rules for compositional reasoning from[Pamd obtain the restric-

tions imposed by the equivalence relations.

12.3 Hybrid Systems with Continuous Interaction

In the TTS-semantics of Pdrt Il, locations and variablesaamnalgamated to a state
of a labeled transition system, and it is impossible to extvariable valuations from
states of a TTS. This prompted us to introduce an extensitabefed transition sys-
tems, called hybrid labeled transition systems (HLTSs)ctvietains the structure of
locations and variables. We use HLTSs to define semantidsylotid input/output-
automata (HIOAs), and require in simulation that input- aatput variables of the
same name in automata under comparison must have the sames.vaiternal vari-
ables of the systems in the comparison are considered torblated. We also propose
a corresponding path semantics, and show consistency WBasEmantics.

Simulation is defined based on the TTS-semantics, and we #hatwthis defi-
nition is consistent with and weaker than simulation basedraces. Because the
TTS-semantics abstract from the continuous activitiesaofbles by existential quan-
tification, TTS-simulation is in general not compositioialthe presence of shared
variables. We show that compositionality holds for two intpat classes of hybrid
systems: hybrid automata with unrestricted inputs, anelalirhybrid automata with
convex invariants. Since any hybrid automaton can be appaird arbitrarily close
with a linear hybrid automaton, this opens a way to verify ynaybrid systems com-
positionally by approximating the components and the sipation with linear hybrid
automata. Our definition of unrestricted inputs implied tha inputs can not directly
affect the activities of the controlled variables, and texsludes dynamics such as
X = u. They can, however, be used to model sampled feedback systémee for
those the value of the input is relevant only at discrete timstants.

For other classes, the TTS-semantics must be applied in @gitigmal reasoning
before the composition operator, which introduces an abttm from the continuous
interaction of the components. With respect to the contisudynamics, this corre-
sponds to assuming open inputs, and can also lead to a giolatinonconvex invari-
ants. E.g., a differential equation= u with open inputu means thak(t) can take
arbitrary values fot > 0. This is a gross overapproximation that prevents the cempo
sitional analysis of, e.g., systems with continuous feeklbd his overapproximation
can be remedied to an extend by assuming bounds on the inptitsinderivatives
(especially in A/G-reasoning).

Assume/Guarantee-reasoning seems particularly wad amteé useful when deal-
ing with hybrid systems. For one, even if the abstractiort@ios just one continuous



variable less than the concrete system, it can cut the catiputcosts by several
orders of magnitude. Secondly, since the continuous spateeshas a metric, proper-
ties like invariants often find a compact representations hparticularly interesting
when one is able to give proper specification, i.e., one that is independent of the
actual implementation.

12.4 PHAVer

The computational complexity of hybrid systems remainsallehging problem, and
is hard to predict. In the general case, neither reachalnitt simulation are guar-
anteed to terminate in finite time. This prompted us to ob&iperimental results
as early as possible during the work on this topic. Starte@dtober of 2002, the
algorithms have evolved into a tool called PHAVer (Polytedidybrid Automaton
Verifyer). It was, to our knowledge, pioneering in two resfze and was initially more
a proof of concept than a full-fledged implementation of alyetn-use tool. Firstly, it
was the first application of exact arithmetic with unboundepresentation in hybrid
systems verification, and it was totally open how the contpriangine — the Parma
Polyhedral Library (PPL), which had been released only arfeaths earlier — would
compare to other tools or be useful at all. Secondly, it waditkt implementation for
checking simulation for hybrid systems, as well as assuosantee reasoning, and
we chose to first implement a simple but rigorous approactbtaiw sound results,
rather than optimizing algorithms and data-structuresftioe start.

The results with respect to the performance of exact ariticyregre rather positive,
in no small amount thanks to the quality of the PPL. The apfibo of exact arithmetic
and not-necessarily-closed polyhedra has paid off notloykide-stepping numerical
problems, but with a separation of concerns: Phenomenawecgence, overapprox-
imation and termination can be clearly identified and cowattied correspondingly,
rather than being intertwined beyond recognition throughmerical limitations. On
several occasions, we would have wrongly identified problesbe of numerical ori-
gin, and consequently might have given up on solving theimerathan tracing their
roots. Naturally, the complexity of linear predicates uluacreases drastically dur-
ing the course of a computation. Similarly to a limited-psém approach, we have to
resort to overapproximation in those cases, but have thengalge that we can do so
intelligently and with guaranteed conservativeness. Rigrwe proposed algorithms
for limiting the number of bits and coefficients of a convenelar predicate.

The results with our crude implementation of simulationaiieg are mixed. On
the bright side, the simulation check is actually fastentheachability for a few ex-
amples, and sometimes it terminates quickly while exaahahility (without limiting
bits and constraints) does not terminate at all. On the dage) sur implementation
suffers greatly from the complexity of computations witlgliner dimensional poly-
hedra, and is orders of magnitudes slower than a reaclyahiilysis of the same
property. To check simulation fét < Q, the current, simple, version computes a sim-



ulation relatiorRin the state space & x &g, i.e., over the product of the state spaces
of PandQ. A transition inP is checked by intersecting the target states with the simu-
lation relationR, which yields an operation i x S x &. This is dramatically more
expensive than a computation in the state spadealbne. A further limitation is the
costly difference operation in the course of the fixed-poarputation of a simulation
relation. It requires very expensive simplification progex$ for the polyhedral sets
to keep the number of convex polyhedra at an acceptable [&h& simplification is
implemented very crudely, and could probably be much imgdoun Sect] 6.312 we
mentioned a number of improvements to alleviate these pnob) but their implemen-
tation was beyond the timeframe of this thesis.

12.5 Future Research

Simulation Recall that we could show with-simulation that the parallel composi-
tion of two specifications corresponds to their logical cmjtion. It should be pos-
sible to also define disjunction and complement operato tlaus obtain a boolean
algebra. Such a construction could be applied, e.g., integusolving, controller syn-
thesis, and to generate assumptions for assume/guaraasmning algorithmically.

We did not take into account weak simulation, i.e., sileahsitions that are un-
detectable through simulation relations. This, howeveheé essential to compare
approximations of hybrid automata with linear hybrid autathat have not the exact
same state partitioning. According to our formalism, thesak simulation should still
be strong with respect to environment labels, and only comxariants should be par-
titioned with silent transitions. This does not preventphaetitioning of the automaton
with labels with respect to which the simulation is strongf, grevents the specification
from having partitions that are not in the system.

Compositional Reasoning The successful application of compositional reasoning
to a more general class of hybrid automata requires a moadetbtmodel of the inter-
action than the TTS-semantics used in this thesis. Furtbet should try to establish

a simulation concept that also describes the trajectagigs, by providing bounds for
the derivative. This can be generalized to a paradigm of anged states, in which
the trajectories are described by bounded parameters damnilg of functions.

PHAVer Onthe implementation side several possible improvements aglined in
Sect! 6.3.2, and they can be expected to yield several avfleragnitude improvement
over the current simulation algorithms.

To be able to check simulation between LHA-overapproxioretiof nonlinear
hybrid automata, silent transitions, i.e., checking of kv&aulation, should be imple-
mented. While this is straightforward if done in a naive waig i challenge to devise
an efficient implementation that avoids the redundant cdatjmn of time elapse sets
over several locations connected with silent transitions.



In applying our on-the-fly overapproximation to hybrid s with affine dy-
namics it has become evident that an effective partitiorsrige key factor to success.
Currently, all reachable states are partitioned, indepathdef whether they are rel-
evant to the specification or not. Significant advances ih beachability and simu-
lation checking should be possible by iterative refinemienthe case of reachability
with respect to a set of forbidden states. Initially, we asswa coarse partitioning. A
first analysis identifies which states are violating the Bjpation or are forbidden in
this coarse partition. Through backtracking or backwaedhability analysis, one
can identify a subset of the reachable states that conteéngalating runs, and refine
the partition only for this subset. The analysis is repeatetthe forward direction,
this time restricted to the runs that are violating, and witbmaller partition in only
those states. In this manner, the number of partitions uexkEmnination can decrease
as the partitions get smaller, while in a conventional asialythis is never the case.
This approach is closely related to Counter Example GuidestrAbtion Refinement
(CEGAR) in [CFH"03].



Appendix A

PHAVer Language Overview

We have tried to construct a textual input language that issas friendly as possible,
while keeping the parser simple. In the syntax, we have b@doextensively from

the creators of HyTech [HHWT97], since their language isitively understandable.
The following sections describe the syntax of PHAVer's esgntation of automata,
states, relations etc., and brief descriptions of the amlyommands, followed by a
section on the user-definable parameters.

A.1 General

Comments are preceded by eithiér, - -, or enclosed iri = ... x/. An identifieris

a letter plus any combination of letters, digits and the abtrs_ (underscore) and
~ (tilde), where~ is designated for joining the identifiers of locations of qused
automata. A number can be given in floating point format, 8.914 or 6. 626e- 34,

or as a fraction, e.g9/ 5. Note that numbers are internally represented as exact rati
nals, and no conversion to binary floating point format tgiase (which would lead
to rounding errors). E.g., the inpat 1 is parsed and represented in PHAVer 480,
while a 64-bit floating point representation of 0.1 woulduadly be the number

0.10000000000000000555111512312578270211815834045@291

Commands, constants, parameters and automata can occlarisitaary sequence. A
command is terminated hy(semi-colon).

A.2 Constants

Constantsare defined in the forndentifier : = expression whereexpressioris any
combination of expressions, identifiers and numbers withy = ,(,) .



A.3 Data Structures

There are four types of data structures that can be assignddritifiers: linear pred-
icates, sets of symbolic states, symbolic relations andnaatia. Alinear expression
is specified over an arbitrary set of variables, numbers andtants that can be com-
bined using+,- / ,+,(,) as long as it yields a linear expression as defined in|Def. 5.5.
l.e., itis not allowed to multiply two variables, or dividg k variable, and the attempt
to do so will result in an error message. A linear constraird combination of two
linear expressions with one of the signs,<=,>=,==. A convex linear predicatés
given as a conjunction of linear constraints that are joimeé (ampersand). Ainear
predicateis a disjunction of convex linear predicates joined byBrackety,) can be
used to avoid ambiguities. A linear predicate can be asdigma variable in the form
identifier= linear predicate .

A symbolic statés a combination of a location name and a linear predicaitee¢b
byg&, e.g.start & x>0 & y==0. A set of symbolic statas a list of symbolic states,
joined by, (commata). A set of symbolic states of an automatonis assigned to a
variable in the formdentifier= aut { set of symbolic statgs Symbolic relations are
returned by the simulation relation algorithms. There angently no provisions for
specifying relations. Identifiers can be assigned to otthemtifiers simply using.

In the following, letvar_identbe an identifier defining a variablec_identa name
for a locationJabel_identan identifier defining a synchronization label. An automaton
with identifierautis specified in the following form:

aut omat on aut
state_var: var_identvar_ident ...;
i nput _var: var_ident var_ident ...;
par anet er: var_ident var_ident ...;
syncl abs: lab_ident lab_ident ...;
| oc loc_ident whil e invariant wai t { derivative };
when guard sync label_identdo {trans_re} goto loc_ident
when ...
| oc loc_ident while ...
end

Theinvariantand theguard are linear predicates over the state and input variables
and the parameters. Tlerivativedefinition depends on the dynamics:

e For “linear” (LHA) dynamics, it is a convex linear predicateer the state vari-
ables. E.g.0 <= x & x < 1forxe|0,1).

¢ For affine dynamics, it is a convex linear predicate over tugables and their
derivatives. The non-differentiated variables are indideby’ (single quote),
e.g.x == -2 * x’ forx=-2x

Note that parameter uncertainties can be incorporated img uisequalities. A lin-



ear predicatérans_relspecifies the continuous transition relatipnwhere the post-
transition value of the variable is indicated bysingle quote). State variables that are
not changed by the transition must be specified, @:g==x & y’' ==y. The reset of

a variable to 0 would be defined, e.g., By== 0. Automata are composed usi&g
(ampersand), e.gconp_aut = autl & aut 2;

A.4 Commands

PHAVer provides commands for computing reachable setsatéstnd simulation re-
lations, plus a number of commands for the manipulation arpolt of data structures.
In the following list, square brackets [] are used to indécaptional argumentsden-
tifier is used to denote the identifier for an arbitrary objpotdicate_idenfor a linear
predicate,state_identfor a set of symbolic statesel _identfor a symbolic relation
andaut_identfor an automaton. Leitate_or_rel_idenstand for either a set of sym-
bolic states or a relation. Letate_listbe an explicit comma separated list of symbolic
states, e.gstart & t==0, stop & t==1. Recall that objects can be copied with
an assignmentew_identifier= old_identifier

A.4.1 General

e echo "text';
Displaystextand starts a new line.

e Who;
Displays a list of identifiers currently in the memory.

o identifier. pri nt ([file_namg{, methoq) ;
If file_namas specified, writes a representationidgntifierto the filefile_name
otherwise to the standard output. An optional integethoddetermines the
format:

— 0: (default) Location names and linear predicates are prdiut textual
form.

— 1: Output the linear predicates as a sequence of linear eanistin float-
ing point form. Equalitiesp = 0, whereg is some linear predicate, are
converted tap > 0A —@ > 0. The coefficients of a constraifitajx; + b0
are output separated by spaces, one constraint per line e€pnedicates
are separated by a blank line. No location information i€givThis form
can be used for output with polyhedral visualization paesagrhe order
of variables is the same as in the list provided by the automatitput.

— 2: Output the linear predicates as a sequence of verticesatirftppoint
form. The vertices belonging to a convex predicate are s¢géby a blank



line. No location information is given. This form can be udedoutput
with plotting tools likegr aph. If 2-dimensional, the points are in counter-
clockwise order and represent a closed line for each comedliqate, i.e.,
the last point is equal to the first. The order of variablehésgsame as in
the list provided by the automaton output.

A.4.2 Reachability Analysis

e state_identaut_identr eachabl e;
Returns the set of states reachable in the automatbridentfrom the initial
states.

e state_identiaut_identr eachabl e( state_identp;
Returns the set of states reachable in the autonsibridentfrom the states in
state_ident2

e state_identiaut_identr eachabl e_st op( state_ident®;
Computes the set of reachable states, but stops as soon tsia state_ident2
is found. Returns the states gtate identZhat were found to be reachable
before termination, i.e., the ones of the last iteration.

A.4.3 Simulation Checking

e rel_identget _si m( aut_identlaut_ident2;
Returns a simulation relation faut_identlxaut_ident2

e i s_si m(aut_identlaut_ident?;
Computes a simulation relation and displays whethdr identlxaut_ident2

e i s_bisin(aut_identlaut_ident?;
Computes a simulation relation and displays whethdr identlxaut_ident2

e ag_si m(aut_identlaut identZaut_ident3aut_ident4;
Computes a simulation relation using assume/guaranteeniegsand displays
whetheraut_identl|| aut_ident2=< aut_ident3|| aut_ident4

A.4.4 Refinement

e aut_identset _refine_constrai nts((lin_exprl,diminoimay
(lin_expr2dmin,d2max , \ dot s) ;
Defines the refinement constraints used in subsequent aralidocation will
be split by a constraint of the fortm_expri< ¢, wherec is the center of the
location with respect to the linear expressiafimin and d1max define the min-
imum and maximum extent of every location in the refinementcess. The
constraints are prioritized according to the refinemeraipaters.



A.4.5 Manipulation Commands

e identifier. renove(var_identvar_ident...) ;
Existential quantification over the specified variables.

o identifier. pr oj ect (var_identvar_ident...);
Existential quantification over all except the specifiedatales.

e identifier. get _par anet er s( bool) ;
Performs existential quantification over state and inptttdes, i.e., non-para-
meters. A boolean parametaool specifies the quantification over locations:

— fal se: Disjunction, the parameters are common to all locationsy.,E
compute the set of reachable states, intersect it with &f skfsired states,
and get the parameters for which all desired states areabkhvith option
fal se.

— true: Conjunction, the parameters occur in any of the locationg., E
compute the set of reachable states, intersect it with afsktrisidden
states, and get the parameters for which any of the forbidtizties are
reachable with optionr ue.

e predicate_identstate_or_rel_identl oc_uni on;
Returns the states unified over the locations.

e predicate_identstate_or_rel_identl oc_i nt er secti on;
Returns the states intersected over the locations.

e identifierl cont ai ns(identifier? ;
Writes whether the objeddentifier2is contained in the objeddentifierlof the
same type to the standard output.

e identifier. i s_enpty;
Writes whether the objeadentifieris empty to the standard output.

e rel_identkErel_ident2 i nver se;
If rel_ident2is a relationR, thenrel_identlis assignedr 1.

e rel_identkrel_ident2 project _to_first;
If rel_ident2is a relationR(p,q), thenrel_identlis assigned the relation defined

by R = {p|3q: R(p,q)}.

e aut _identadd_| abel (lab_idenj;
Adds the labelab_identto the alphabet of the automatawt_ident Can be
used to add dedicated labels for refinement to an existingeinod



A.5 Parameters

The following is a summary of the parameters used in PHAVgrarameter is defined
in the formidentifier = value . The default setting is given in brackets, and the type
is boolean unless specified otherwise.

A.5.1 General

ELAPSE_TI ME (true): Can be used to switch off the time-elapse operatorfulse

for the analysis of purely discrete systems, but the spged-tnodest.

A.5.2 Reachability Analysis

REACH MAX_| TER (0): Integer specifying the maximum number of iterations
used, i.e., the number of discrete transitions exploredy @xtive if > 0.

CHEAP_CONTAI N_RETURN_OTHERS (true): Determines the type of containment
test used:

— false: exact, i.e., a convex polyhedrpris considered contained in a non-
convex polyhedrou if the differencep\ q is empty.

— true: a convex polyhedropis considered contained in a non-convex poly-
hedrong=q; U...Udqy (a union of convex polyhedra) if there is a convex
polyhedrong; in the union that contains it, i.edi € {1,...,n} : q C q.
This method is generally faster than exact testing, althatigesults in
more polyhedra.

REACH_STOP_AT_FORB (false): When checking for reachability of a set of for-
bidden states, stop as soon as a forbidden state is encedinter

USE_CONVEX_HULL (false): Use convex-hull overapproximations. Highly rec-
ommended when using on-the-fly refinement, and usually a gteed

REACH_STOP_USE_CONVEX_HULL_| TER(1000000000): Integer specifying the
maximum number of iterations for which the convex-hull amgroximation is
used. Can be set to a lower value to improve termination.

REACH _USE BBOKX (false): Causes the overapproximation of the post-tramsiti
states with a bounding box. Can be used to force terminatigrnydually leads
to excessive over-approximation.

REACH USE _BBOX_| TER (1000000000): Integer specifying the frequemcfa
number of iterations) with which the bounding-box overapmnation is used.
It is only applied at one iteration, then followed hyterations with the normal



setting. Can be set to a lower value to improve termination. eNbat it is
independent oOREACH_USE_BBOX.

REACH_ONLY_EXPLORE (false): Toggles a specialkplorationmode: There is
no testing if newly reached states are contained in previmgs. Terminates
only if the number of iterations is set WiREACH_MAX_| TER.

CONSTRAI NT_BI TSI ZE (0): Integer specifying the number of bits used in con-
straints, i.e., in the polyhedral computations. Equalitee not affected. If a
constraint can not be specified with that amount of bits, arésrthrown. Only
active if> 0.

REACH_BI TSI ZE_TRI GGER (0): Integer threshold for limiting the number of
bits used. The bits are reduced as specifiecddNSTRAI NT_BI TSI ZE only if
they exceed this threshold. Can significantly improve teatim and reduce the
overapproximation, usually set to 20-30x the limit.

REACH_STOP_USE_BI TSI ZE (1000000000): Integer specifying the maximum
number of iterations for which the number of bits are comsé@d. Can be set to
a lower value to improve termination.

LI M T_CONSTRAI NTS_METHOD (1): Integer specifying the method with which
the number of constraints is reduced:

— 0: those constraints are preserved, whose extent is maxirnhedy were
omitted (slow).

— 1: those constraints are preserved that maximize the angfealliother
constraints (very fast).

REACH _CONSTRAI NT_LI M T (0): Integer specifying the maximum number of
constraints allowed in a convex polyhedron. Exceedinglpedya will be over-
approximated as specified hy M T_CONSTRAI NTS_METHOD. When using
convex-hull overapproximations, the limiting is perfomirigefore the time-elapse
operator, so that the resulting number of constraints camdieer. Usually set
to at least 2if nis the number of variables. Only activesif0.

REACH_CONSTRAI NT_TRI GGER (0): Integer threshold for limiting the number
of constraints. A convex polyhedron is reduce®EACH CONSTRAINT_LIM T
constraint once it exceeds this threshold. Can significamihyove termination,
usually set to 2—8 the constraint limit. Boundedness of the polyhedron is pre-
served, with more constraints if necessary. Only active @f.

TP_CONSTRAI NT_LI M T (0): Integer specifying the maximum number of con-
straints used for describing the derivative. Exceedingvdtive predicates will



be overapproximated as specifiedldyM T_CONSTRAI NTS_METHOD. Bound-
edness of the polyhedron is preserved, with more constrdinecessary. Only
active if > 0.

A.5.3 Simulation Checking

e PRI ME_R W TH_REACH (true): Initialize the simulation relation with the reach-
able states oP||Q.

e USE_CONVEX_HULL_FOR PRI M NG(true): Use convex-hull reachability for the
initialization if PRI ME_R_ W TH_REACH is true.

e PRI ME_R W TH_DI SCRETE_REACH (true): Overapproximating initialization of
the simulation relation with the locations Bf|Q that are reachable by discrete
transitions.

e STOP_AT BAD STATES (true): Stop as soon as bad states are encountered. Only
useful if PRI ME_R_W TH_REACH=t r ue.

e SHOW BAD_STATES (false): Output bad states as they are encountered.

e SI M SI MPLI FY_R (true): Simplify the simulation relation, i.e., remove ved
dant polyhedra and join convex unions where possible, &beh difference
operation. Costly, but usually indispensable.

A.5.4 Refinement

e TI ME_PCST_I TER (0): Integer specifying how many iterations are performed
between reachable states and restricting the derivatitheoge reachable states.
Higher numbers improve the accuracy of refined dynamicsnbuatbers > 0
require that the derivative is re-computed every time tilecexamined, which
significantly slows down the analysis.

e REFI NE_CHECK_TI ME_RELEVANCE (true): Eliminate refinement transitions that
are never crossed by timed transitions and are therefaievant.

e REFI NE_DERI VATI VE_METHOD (0): Integer determining how the set of deriva-
tives is determined:

— 0: convex hull of the derivatives occurring in the location,

— 1: bounding box of method 0 (faster),

— 2: center of method 0. This method is useful for creating damms of the
system for a single state. The reachable set for a singkecatusually be
determined very fast, and can be compared with resultsgf,®mulation
tools.



REFI NE_PRI ORI TI ZE_REACH_SPLI T (false): Prioritize constraints that have
reachable states strictly on both sides.

REFI NE_PRI ORI TI ZE_ANGLE (false): Prioritize constraints according to the
maximum angle spanned by the derivative in the resultingtions.

REFI NE_SMALLEST_FI RST (false): Prioritize constraints according to their ex-
tent in the location. True corresponds to smallest first.

REFI NE_DERI V_MAXANGLE (1): Floating point numbegiyax A location is only
refined if amax > €O 0max), Where amax is the max. angle between any two
derivative vectors in the location. A value smaller thanduits in a refinement
based loosely on the “curvature” of the derivative, tydichbtween 85— 0.99.
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Samenvatting

Ten gevolge van de hand over hand toenemende integratie ieaopmocessoren in
bijna alle elektrische apparaten, toepassingen en tettimgrocessen, speelt software
een steeds belangrijkere rol bij de besturing van fysiektesyen. De interactie tus-
sen software en fysieke apparaten en processen kan leidsmtplex, gecombineerd
continu-discreet gedrag dat de analytische mogelijkheadvan zowel de klassieke
regeltheorie, die zich primair richt op systemen met zuieettinue tijd en waarden, als
van de technieken uit de informatica, die betrekking heldyediscrete tijd en waar-
den. Systemen met gecombineerd continu-discreet gedredpwbybride systemen
genoemd. Veel veiligheidskritische toepassingen, zgoadtemen voor luchtverkeers-
leiding en “drive-by-wire”, vertonen hybride gedrag. Hetllvanformele verificatie
dat wil zeggen het wiskundig modelleren van een systeem tfohmeel bewijzen
van zijn eigenschappen, is op ontwerpniveau te garandexeeeth systeem voldoet
aan zijn specificatie (en dus veilig is). Terwijl formele Wieatie een standaardgereed-
schap is geworden bij het ontwerp van discrete systemes dagitale circuits, wordt
de toepassing voor hybride systemen gehinderd door deeinteecomplexiteit van
discreet-continu gedrag. Verificatie is slechts toepashiaeelatief eenvoudige syste-
men omdat de rekenkosten exponentieel toenemen met hat eamiponenten en toe-
standsvariabelen. Dit fenomeen wordt aangeduid alsdestandsexplosie-probleem
Alhoewel toestandsexplosies zich ook voordoen bij zuivecréte systemen, hebben
hybride systemen bovendien te kampen met de complexiteiheger dimensionale
continue dynamica, die dramatisch toeneemt met het aaastiindsvariabelen.

Om de verificatie van grotere systemen mogelijk te makernd&neve in dit proef-
schrift abstractie en compositioneel redeneren, tweedunahtele benaderingen die
succesvol worden toegepast in het discrete domein, uit d@avereld van hybride
systemen. In eeabstractievan een system wordt informatie weggegooid die irrele-
vant is voor het bewijzen van gewenste eigenschappen. Heteeende vereenvou-
digde model dient de geldigheid van deze eigenschapperhtautien. Eercompo-
sitionele analys&an een systeem onderzoekt de delen van een systeem opgedani
wijze dat eigenschappen van het gehele systeem kunnen mafdeleid uit eigen-
schappen van de delen. Een bijzonder effectieve manieraapasitioneel bewijzen
is aanname/garantie-redeneren (assume/guarantee, Hig®)ij wordt de specificatie
van een deelsysteem gebruikt als een aanname die het gagragdere deelsystemen
beperkt, hetgeen leidt tot circulaire of kettingregelaghbewijzen.
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Om formeel aan te tonen dat een model inderdaad een abstisagdin een ander
model, construeren we esimulatierelatietussen de toestanden van de modellen. Een
toestandsimuleerteen andere indien hetzelfde (of meer) gedrag mogelijk tsiitiaf
is dit behoudend in de zin dat als iets niet kan plaatsvindesfei abstractie, het ook
niet kan plaatsvinden in het concrete systeem. Dezelfdpakakan gebruikt worden
om een systeem en zijn specificatie te vergelijken; hiedmijespondeert het systeem
met het verfijnde model en de specificatie met het abstracteem®f een composi-
tionele analyse altijd geldig is hangt af van de manier waa® notie van simulatie
is gedefinieerd. Niet alle soorten simulaties zijn berekantyoor hybride systemen.
Het voornaamste doel dat met dit proefschrift wordt beosgzbmpositionaliteit aan
te tonen voor een notie van simulatie die berekenbaar ise@orelevante klasse van
hybride systemen. Het proefschrift is onderverdeeld ie dglen. In het eerste deel
wordt een uitbreiding beschreven van de theorie van simeslabor discrete systemen
van Grumberg and Long [GL91] met een verbeterde notie vanlaiie en additione-
le bewijsregels voor compositioneel redeneren. In het deekel wordt aangetoond
dat dit raamwerk direct toepasbaar is op hybride systemederayedeelde variabelen
door gebruik te maken van gelabelde transitiesystememblijdzpar met die van Hen-
zinger [Hen96]. In het derde deel worden hybride systemengedeelde variabelen
in een invoer/uitvoer setting behandeld. We introducessngewijzigde semantiek die
ons in staat stelt om compositionaliteit aan te tonen voaetfundamentele klassen
van hybride systemen: die met onbeperkte invoer en die mksgéwijze constante
begrenzingen van de afgeleiden en lineaire beperkingetadigte klasse is in het bij-
zonder relevant aangezien ieder hybride systeem met elikergge nauwkeurigheid
benaderd kan worden door systemen uit deze (beslisbassgekla

Hieronder geven we een meer gedetailleerde samenvattmdeveesultaten in de
drie delen van het proefschrift.

Discrete Systemen Simulatierelaties vormen een intuitief concept voor heget-
ken van systemen. Zoals aangetoond door Grumberg and Lar8i]@ijn ze gemak-
kelijk en intuitief toepasbaar ten behoeve van compoggbredeneren.
Oorspronkelijk waren simulaties alleen gedefinieerd tusagomaten met dezelf-
de alfabetten. Wij stellen een uitbreiding voor van dezéenatn simulatiez-simulatie
genaamd, naar willekeurige alfabetten. Deze uitbreidrapnsistent met de klassieke
definitie, aangezien ze overeenstemt met simulatie in val de alfabetten gelijk zijn.
De belangrijkste verdienste is dat de precongruentiensitcfeappen van simulaties ge-
handhaafd worden; we laten zelfs zien dat het de grootdteciding van simulaties
is die hier aan voldoet. De vrijheid om willekeurige autoemate vergelijken leidt
tot eenvoudiger bewijzen en kleinere specificaties. Ergligais dat>-simulatie pro-
bleemloos geimplementeerd kan worden in klassieke raakewemn gereedschappen
voor simulaties: simulatie eB-simulatie kunnen eenvoudig getransponeerd worden
met behulp varChaosautomaten, die simpelweg zelf-lussen introduceren ieried
locatie. Deze vertaling leidt tot meer compacte bewijzemsianulaties en tautologie-
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€n, en is derhalve van algemeen belang voor de verificatieligarete systemen.

Ons compositionele raamwerk volgt in zijn basisstructuatr whn Grumberg en
Long. Het verschilt door het gebruik v&haosautomaten ez-simulaties, en breidt
het uit met enkele meer krachtige stellingen, onder andeze de decompositie van
specificaties. Voor circulair aanname/garantie-redenstiedlen we een nieuwe bewijs-
regel voor. Een aanname/garantie-regel is een compaaigidrewijsregel die meer
stringente specificaties toelaat door de modules van h&tesyste combineren met
aannames over het gedrag van hun omgeving, en levert daarmetalgemeen een
kleinere verzameling problemen. Indien deze aannamesropieilaire manier af-
hangen van de specificatie, is de regel alleen geldig incdheredditionele voorwaar-
den is voldaan die deze circulariteit doorbreken. Wij pnésieen aanname/garantie-
condities voor simulatierelaties en laten zien dat dezelities noodzakelijk en vol-
doende zijn voor het bestaan van een simulatierelatie. gentgelling tot een regel
die door Henzinger et al. is beschreven in [HQRTO02] eisergegn ontvankelijkheid
(“receptiveness”).

Hybride Systemen met Discrete Interactie Thomas Henzinger stelde in [Hen96]
voor om simulaties voor hybride systemen te definiéren ofsb&as hun getimede
transitiesystemen (Timed Transition System, TTS) seralpnén met een equivalen-
tierelatie aan te geven welke toestanden van het systeemndie corresponderen met
welke toestanden in de specificatie. Wij laten zien dat.endle systemen geen vari-
abelen delen, de TTS-semantiek en de parallelle compagiteator commuteren en
datin dit geval alle eigenschappen van gelabelde trasgdiemen direct overgedragen
kunnen worden naar hybride automaten. Als gevolg hiervaii &-simulatie compo-
sitioneel voor zulke hybride systemen, en het compositioreamwerk voor discrete
systemen kan toegepast worden, mits de simulatierelatieg bijn in de equivalentie-
relaties die geassocieerd zijn met de te vergelijken autemaVe breiden de belang-
rijkste regels voor compositioneel redeneren uit van diecnaar hybride systemen
en leiden beperkingen af die opgelegd dienen te worden aaqulealentierelaties.
Het concept van simulatie met equivalentie is zeer algenmeéa zin dat willekeurige
combinaties van locaties en variabelen kunnen wordenaessd en andere eigen-
schappen, zoals fairness, opgenomen kunnen worden in deleqtierelatie. Indien
echter normale gelabelde transitiesystemen gebruikt evoeds semantische funde-
ring, raakt de structurele informatie die locaties en viédisavan variabelen scheidt
verloren bij de compositie van systemen, waardoor reden@rer gedeelde variabe-
len niet mogelijk is op semantisch niveau. De toepassingieare aanpak is derhalve
beperkt tot systemen zonder gedeelde variabelen.

Hybride Systemen met Continue Interactie In de TTS-semantiek van Henzinger
worden locaties en variabelen samengesmolten tot toesiarah een gelabeld tran-
sitiesysteem, en is het onmogelijk om valuaties van valgmbte extraheren uit de
toestanden van een TTS. Dit bracht ons ertoe een uitbretdiimgroduceren van gela-
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belde transitiesystemen, hybride gelabelde transitiesyen (HLTS) genaamd, die de
structuur van locaties en variabelen behoudt. We gebruikar5s om de semantiek
van hybride invoer/uitvoer-automaten (Hybrid Input/Quitfutomata, HIOA) te defi-
niéren en eisen in de definitie van simulatie dat de invoeti®ervariabelen van de
automaten onder beschouwing gelijk zijn. We nemen aan Katggregelde variabele
die geen deel uitmaakt van de uitvoer niet in relatie staatdmeariabele van het an-
dere systeem. We definiéren ook een corresponderende pademtiek en tonen de
consistentie hiervan aan met onze TTS-semantiek.

We stellen een notie van simulatie voor die gebaseerd is A @esemantiek, en
tonen aan dat deze consistent is met en zwakker dan simogebi@sis van traces. Aan-
gezien de TTS-semantiek abstraheert van de continuetaitivan variabelen door
existentiéle kwantificatie, is TTS-simulatie in het algemaiet compositioneel in aan-
wezigheid van gedeelde variabelen. Het is ons echter getalktompositionaliteit aan
te tonen voor twee belangrijke deelklassen van hybrideesysn: hybride automaten
met onbeperkte invoer, en lineair hybride automaten meteaninvarianten. Aange-
zien iedere hybride automaat met elke gewenste nauwkeidigenaderd kan worden
door een lineair hybride automaat, opent dit de weg om veer hgbride systemen
compositioneel te verifiéren door zowel componenten alsipatie te benaderen met
lineair hybride automaten. Merk op dat onze definitie vanepalokte invoer impliceert
dat de invoer niet direct invloed kan uitoefenen op de gddegeariabelen, waardoor
een dynamiek alg = u uitgesloten is. Deze automaten kunnen echter wel gebruikt
worden om bemonsterde systemen met terugkoppeling te fapgtelaangezien voor
deze systemen de waarde van de invoer alleen relevant isoet tijdstippen. Voor
andere klassen dient bij compositioneel redeneren de Efgustiek te worden toege-
past voér de compositie-operator, die abstraheert varnnteninteractie tussen com-
ponenten. Dynamisch correspondeert dit met het aannemepem invoer en kan het
leiden tot een schending van nonconvexe invarianten. Zkbat een differentiaalver-
gelijking x = u met openu datx(t) willekeurige waarden kan aannemen voos 0.
Dit is een drastische overapproximatie die de composikioaealyse van bijvoorbeeld
systemen met continue terugkoppeling verhindert. Dezeappeoximatie kan tot op
zekere hoogte worden ondervangen door aan te nemen datade wivde afgeleide
daarvan begrensd is (in het bijzonder bij aanname/garegdieneringen). Het gebruik
van aanname/garantie-redeneringen voor hybride systijkteronder meer gerecht-
vaardigd en nuttig. Allereerst kan de abstractie van zelfsankele continue variabele
de rekenkosten met diverse ordes van grootte reducerentwbele, aangezien een
continue toestandsruimte een metriek heeft, kunnen eigappen zoals invarianten
vaak compact gerepresenteerd worden. Dit is met name $stameindien men in staat
is om eemettespecificatie te geven, dat wil zeggen een specificatie dithankelijk
is van de feitelijke implementatie.

Experimentele versies van algoritmen voor het checken waulaties en aanna-
me/garantie-redeneringen, alsmede voor het uitvoererbeagikbaarheidsanalyses,
zijn geimplementeerd in een software tool genaamd PHA&rydj beschikbaar is
[Fre05].



Zusammenfassung

Mit dem Einzug von Mikroprozessoren in nahezu alle ele&lvs) Apparate und tech-
nischen Prozesse spielen auch Software-Regelungen vowdtax®$ystemen eine zu-
nehmend wichtige Rolle. Die Interaktion von Software mit gikglischen Elemen-
ten und Prozessen kann ein komplexes, gemischt kontiruhetiskretes Verhalten
hervorrufen, das sowohl die analytische Kapazitat dersidaken, kontinuierlichen,
Regelungstheorie als auch die der klassischen, diskretearmatik Gbersteigt. Sol-
che Systeme werden digbrid bezeichnet. Viele sicherheitskritischen Anwendungen,
z.B. Flugsicherungen oder Drive-by-Wire-Systeme, weiserselches Verhalten auf.
Es ist das Ziel deformalen Verifikationd.h. einer mathematischen Modellierung des
Systems und eines formellen Beweises, die Sicherheit eyster8s auf der Entwurfs-
Ebene zu garantieren. Wahrend formale Verifikation sich @ladardwerkzeug in der
Entwicklung von diskreten Systemen etabliert hat, so z.Bdigitalen Schaltkreisen,
steht der Anwendung bei hybriden Systemen die inherentepkdatat kontinuierlich-
diskreten Verhaltens im Weg. Verifikation ist in der Anweadteit auf relativ einfa-
che Systeme beschrankt, da der Berechnungsaufwand exjdimaittder Anzahl der
Komponenten und Variablen ansteigt. Dieses Phanomen vgrdustandsexplosion
bezeichnet. Bei hybriden Systemen ist sie besonders diiastia die Komplexitat der
Analyse kontinuierlicher Dynamik dramatisch von der Anzddr Zustandsvariablen
abhangt.

Um die Verifikation grosserer Systeme zu ermdglichen, desteiliese Disserta-
tion zwei fundamentale Ansatze aus dem Bereich der diskf&yeteme, Abstraktion
und kompositionelle Beweise, auf den Bereich der hybriderte®ys aus. In einer
Abstraktioneines Systems wird versucht, Information, die fir den BeweisSicher-
heit unwesentlich sind, zu vernachlassigen, und so eiadhgfres Modell zu erhalten.
Ein derart vereinfachtes Modell muss also konservativ inugezuf diese Eigenschaf-
ten sein. Ein&kompositionelle Analysentersucht Teilsysteme derart, dass daraus auf
Eigenschaften des Gesamtsystems geschlossen werderEkammesonders effekti-
ve Form der kompositionellen Analyse ist d®@nname/Garantie-Beweif dem die
Spezifikation eines Teilsystems als Annahme das Verhakermwderen Teilsysteme
berlcksichtigt wird, und so zu einem zirkularen oder kettégen Beweis fuhrt.

Um formal zu zeigen, dass ein Modell tatsachlich eine Alktisa eines anderen
ist, konstruiert man einBimulationsrelatiozwischen den Zustdénden der Modelle. Ein
Zustandsimulierteinen anderen wenn von dort aus das gleiches, oder sogar\Veehr
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halten moglich ist. Intuitiv ist dies konservativ in Bezud &icherheits-Eigenschaften,
da Verhalten, das im abstrakten Modell nicht mdglich isthamicht im konkreten Sy-

stem auftreten kann. Ob eine kompositionelle Analyse koisg, hangt davon ab, wie
man Simulation definiert, und nicht alle Arten von Simulatlassen sich fiir hybride
Systeme effizient berechnen. Das zentrale Ziel dieser & ist, Kompositiona-

litét fuer eine einfach berechenbare Art von Simulation filvceine relevante Klasse
von hybriden Systemen zu zeigen.

Die Arbeit gliedert sich in drei Teile: Im ersten Teil wird d&nsatz der kom-
positionellen Simulation fur diskrete Systeme nach Grumled Long [GL91] ver-
allgemeinert, und zusatzliche Beweisregeln fuer die kotitipoglle Analyse aufge-
stellt. Im zweiten Teil wird gezeigt, dass sich dieser Angiitekt auf hybride Syste-
me anwenden lasst, wenn die Teilsysteme keine gemeinsaar@bln haben. Als
Semantik werden dazu beschriftete Transitionensysterok Hanzinger eingesetzt
[Hen96], die sogenannte TTS-Semantik. Im dritten Teil veartiybride Systeme mit
gemeinsamen Variablen betrachtet. Dazu wird ein Modellhfiride Systeme mit
Ein-/Ausgabe-Verhalten erarbeitet, und die Semantikggetimodifiziert. Damit lasst
sich zeigen, dass sich zwei relevante Klassen an hybridee®gn kompositionell mit
TTS-Semantik analysieren lassen. Bei den Klassen handgitiesm hybride Syste-
me mit unbeschrankten Eingdngen, und um hybride Systemstinckweise konstant
begrenzten Ableitungen und linearen Beschrankungen.dretitlasse ist besonders
relevant, da sich damit nach Henzinger et al. jedes hybrydees beliebig genau kon-
servativ approximieren lasst [HHWTO8]. Somit 6ffnet diesedertation den Weg zu
einer algorithmischen kompositionellen Analyse beliebigybrider Systeme.

Algorithmen fir die Berechnung von Simulationsrelationi@mpositionellen Be-
weisen und fuer Erreichbarkeitsanalyse wurden in einenk¥éelg namens PHAVer
implementiert, dass Offentlich verfligbar ist [Fre05]. Rl¢A benutzt exakte Arith-
metik, und kann damit Simulationsrelationen und Erreickéia fir Lineare Hybri-
de Automaten exakt berechnen, und fur hybride Systeme firieafDynamik eine
garantiert konservative Uberapproximation erzeugen.Kdenplexitatszuwachs wah-
rend der Analyse wird mittels Limitierung der Anzahl der Bitsn Koeffizienten und
der Anzahl der Beschrankungen in linearen Pradikaten kiiettoDieser Ansatz zur
Erreichbarkeitsanalyse hat sich an einem Benchmark-Systmst gegentber nicht-
konservativen Methoden als vorteilhaft erwiesen, und tedamit gelungen, Systeme
zu analysieren, die bislang von keinem anderen Werkzeugrigeit werden konnten.
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